
Lecture notes 8: The end states of stars

We have seen that the two most important properties governing the structure
of a star such as the Sun are

1. self gravitation; a star obeying the ideal equation of state must have a hot
center in order to counteract gravity.

2. Space outside the star is cold; heat therefore flows into space from stars.

These facts have as a consequence that stars evolve and lose energy in the
process. Nuclear energy generation is only a temporary respite on the way
towards stellar death. A stars corpse can take four forms.

1. Nothing left

2. Degenerate white dwarf

3. Neutron star

4. Black hole

White Dwarfs

The first white dwarf discovered, by astrometry in the early 1860’s, was Sirius
B: a star with of roughly M=1 MS , R=1 RE , and a surface temperature of some
7000 K. This gives a high density

ρ ≈ 106ρS ≈ 109 kg/m3,

and a surface gravity

g ≈ 10 000gS ≈ 2.7× 106 m/s2;

a small star-massed object has an enormous surface gravity. The question be-
comes what supports a white dwarf against surface gravity?

Electron degeneracy pressure

Electrons are fermions and therefore obey the Pauli exclusion principle that no
two fermions may share the same quantum state. This means that when the
density of stellar material and hence the average distance between electrons ∆x
becomes small, there is little room in phase space and electrons must increase
their momenta. Heisenbergs uncertainty principle comes into play such that
the mean momentum of electron rises ∆px ' h/∆x. In effect these principles
together imply that a degenerate gas has a pressure even when T → 0.

We may compute a rough estimate of this pressure as follows: Recall that
the gas pressure in general may be written Pg = n〈vxpx〉. If ∆x ≈ n

− 1
3

e is the
average particle spacing then we have

px ' ∆px ' h/∆x ≈ hn
− 1

3
e
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Assuming further a non-relativistic gas i.e. that v << c then gives that vx =
px/me. Inserting all this into our expression for the pressure gives

Pg = h2n
5
3
e /me

We can also do this calculation more precisely by going directly to the dis-
tribution function for fermions

f(p) =
2
h3

1
exp [(E − µ)/kT ] + 1

)

in the limit kT → 0 and remembering the normalization∫ ∞

0

f(p)4πp2dp = ne

and that E = p2/2me, while inserting µ ≡ p2
F /2me. The normalization condi-

tion gives

pF = (
3h3ne

8π
)

1
3

and since Pg = 1
3 〈vp〉 = 1

3

∫∞
0

pvf(p)4πp2dp we eventually find

Pg =
1
20

(
3
π

)
2
3

h2

me
n

5
3
e .

We will often want to write this pressure in terms of the density ρ instead
of the electron number density ne.

Assume that most material in the stellar core is of type ‘+’ (heavier than
H) of atomic mass (essentially baryon number) A and charge number Z. Then
ρ = Ampn+ +mene ' Ampn+, while at the same time ne = Zn+. Substitution
then allows us to write

Pg =
1
20

(
3
π

)
2
3 (

Z

A
)

5
3

h2

me
(

ρ

mp
)

5
3 .

Mass-radius relation for white dwarfs

We have seen that the pressure in a stellar core must be of order

pc ≈ gµ ≈ GM2

R4
,

where µ is the mass of a column of material of unit area (the ‘column mass’).
For a white dwarf the precise expression is multiplied by 0.77 while the central
density is ρc = 5.99ρ̄ (remember that ρ̄ = M/V , where V is the volume of the
star). Combining the expression for the pressure in a degenerate electron gas
with the expression above gives the following white star radius

R = 0.114
h2

Gmem
5
3
p

(
Z

A
)

5
3

1
M

1
3

Note that this implies that V ∝ 1/M !
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The Chandrasekhar mass

As the mass of white dwarfs grow their sizes decrease and their densities grow.
At some point the mean velocity of electrons approaches the speed of light c.
We then have

Pg =
hc

8
(
3
π

)
1
3 n

4
3
e

For a self gravitating sphere, where P ∝ ρ4/3, hydrostatic equilibrium requires

Pc = 11.0
GM2

R4
, ρc = 54.2ρ̄ where ρ̄ =

M

V
.

This gives an expression where all mention of the radius R cancels and we end
up with

MCh = 0.198
[
Z

A

]2 [
hc

Gm2
p

] 3
2

mp,

which is the rightly famous Chandrasekhar mass. All white dwarfs so far
discovered have masses MWD < MCh.

Source of luminosity of a white dwarf

White dwarfs are not dependent on a hot interior to supply the pressure needed
to resist gravity. They may therefore continually radiate their energy and cool
without disturbing their fundamental structure. At some point the temperature
in white dwarfs will fall far enough that the potential energy of interactions
between atoms will approach their thermal energy.

If the average spacing r between ions is n
−1/3
+ , where n+ is the number

density of ions, the electrostatic interaction energy between ions is roughly

(Ze)2/r = Z2e2n
1/3
+

per ion. The average thermal energy per ion is of order kT .
Close to the point where these quantities become equal, white dwarfs —

which generally consist of either carbon or oxygen ions — will go through a phase
transition to a solid form such that their atoms form a crystalline structure; i.e
they will become giant diamonds.

Neutron stars

What happens to stars that have core masses larger than MCh? At high enough
densities electrons are forced to enormous energies, large enough to press them
into protons and a neutronization of the stellar core material ensues. Neutrons
are also fermions and we can expect that they will eventually fill phase space
and become degenerate. At that point we may perform the exact same analysis
as above for white dwarfs, substituting the neutron mass for the electron mass.
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This gives a possible solution for a neutron star supported by the degenerate
fermion pressure of neutrons with a radius

R = 0.114
h2

Gm
8
3
p

1
M

1
3
,

or roughly 15 km for a star with M = MCh!
Neutron stars were first suggested by Zwicky and Baade in the 30’s, shortly

after Chadwicks discovery of the neutron in 1932. This suggestion was not taken
seriously for quite a number of years, in essence because the existence of neutron
stars would imply the existence of atoms with an baryon number A ' 1057!

A neutron star implies a central density of ρNS ≈ 2 × 1017 kg/m3which is
of the same order as nuclear densities. Or said in another way: the mass of
humanity is roughly 5×109 kg. Compressing humanity into a volume of 1 /cm3

gives an equivalent density.
The escape velocity from neutron stars is also impressive:

vesc = [GMNS/RNS]
1
2 ' 1

2
c

Neutrons stars were ignored up until 1967 when Jocelyn Bell and Anthony
Hewish discovered a pulsar with a period of 1.33 s. A pulsar was eventually
found to be, by the method of elimination, a rapidly rotating neutron star. The
case was eventually closed with the discovery of a pulsar in the heart of the
Crab Nebula with a period P = 0.033 s.

The light house model

The reason neutrons stars are expected to rotate rapidly is the conservation of
angular momentum; J = Iω = 2

5MR2ω for a sphere. The Sun at 15 km would
rotate 700 times per second. The magnetic field is conserved in the same manner,
thus we expect white dwarfs to have magnetic field on the order of 106 Gauss
and neutron stars 1012 Gauss starting from the Sun’s 1 Gauss average field.

The magnetic and rotational axis are in general not aligned, this implies
strong electric fields and pair production leading to directed emission in the
vicinity of the neutron star poles. The charged particles are forced to flow
along the magnetic field lines which they spiral around. This accelerated mo-
tion around magnetic field lines gives a characteristic radiation; synchrotron
radiation.

The slowing of pulsar rotation

It is the rotational energy of pulsars which feeds their emission. This implies that
they must eventually slow down. The Crab Nebula radiates with a luminosity
' 75 000LS . In the Crab Nebula highly energetic charged particles are forced to
flow along the magnetic field lines which they spiral around. This accelerated
motion around magnetic field lines gives a characteristic radiative spectrum;
synchrotron radiation.

The rotational energy of a pulsar is given by E = Iω2/2.
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Pulsar interiors

It is thought that neutron stars have solid outer crusts comprised of heavy
nuclei (Fe) and electrons. Interior to this crust the material is comprised mostly
of neutrons, with a small percentage of protons and electrons as well. At a
sufficiently deep level the neutron density may become high enough to give rise
to exotic physical phenomena such as super-fluidity (neutrons are fermions
but with sufficient density may form “pairs” as described by Bardeen, Cooper,
and Schrieffer when explaining classical superconductivity) and perhaps even a
quark-gluon plasma where one could find free quarks.

Millisecond pulsars

In 1982 PSR 1937+1 was discovered with a rotation period of 1.558 ms. Since
then some 30 have been discovered with periods of 1 − 10 ms. These are old
neutron stars with little gas and dust associated with them and it does not seem
they have slowed down appreciably in the time they have been observed.

Presumably these are stars that have received angular momentum from some
stellar neighbor, since devoured.

X-ray bursters

These are double star systems that consist of a single pulsar and a ‘common’
star in which some mass is passing from the common star to the pulsar. If
material (i.e hydrogen) falls onto a pulsar it will be heated enough to fuse to
He as it hits the pulsar crust. The material will, after all, fall with near light
speed, giving a calculated temperature of some T=108 K as it strikes the pulsar
surface. This helium “snow” will cover the surface until it becomes a layer
roughly 1 m thick at which point it will explosively fuse to heavier materials
as the “snow” is degenerate (and will burn as in the He-flash phase of stellar
evolution described later).

Upper mass limit of neutron stars

Is there an upper mass limit also for neutron stars? Clearly yes, but the exact
value of this mass limit is not quite so easy to derive. With densities approaching
nuclear we cannot ignore the strong interaction between nuclei which are lying
adjacent to one another. As the strong interaction is not well understood, this
means that the properties of neutron stars are more difficult to predict than
that of white dwarfs.

A general argument involving the facts that sound waves, carrying the infor-
mation of how the pressure should respond to perturbations in a stars structure,
will eventually reach an upper limit in the speed of light, and that the energy
that is expended in resisting gravity itself is the source of additional gravity
(E = mc2) set an upper limit to neutron stars M ' 2− 3MS .
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Black Holes

What radius do we expect if we naively set the escape speed equal to the speed
of light, as Laplace did late in the eighteenth century? Setting the kinetic energy
of a photon to E = 1

2mphotonc2 and using Newton’s theory of gravity gives

RSch =
2GM

c2
' 3 km for M = 1MS

This is in fact incorrect in two ways: the kinetic energy of light is not 1
2mphotonc2

and Newton’s theory of gravity is incorrect in the vicinity of a black hole, but
the errors cancel and this is the correct expression for the Schwarzchild radius
describing the ‘radius’ of a black hole.

A photon which starts with a wavelength λ0 at a position r outside a spher-
ical gravitating mass M with have a wavelength λ at infinity according to
Schwarzchild. This gravitational red-shift is given by

λ

λ0
=

[
1− 2GM

c2r

]− 1
2

. (1)

Notice that starting at r = 2GM/c2 gives a photon of infinity wavelength and
zero energy hc/λ.

It is instructive to consider the inverse of eq 1 when r >> RSch. Then we
obtain

λ0

λ
= 1− GM

c2r

or, multiplying by the energy E = hc/λ0 of the original photon and identifying
m = E/c2 as the “gravitating mass” one finds

hc

λ
=

hc

λ0
− GMm

r

Which has a clear Newtonian interpretation!

Gravitational distortion of space-time

The below is stolen from Frank Shu’s“The Physical Universe”Chapter 7; as is a
lot of the other material in this lecture.

• There is no way to measure the radius! But the circumference of the event
horizon, “The surface where photons barely escape”, is measurable to be
4πGM/c2.

• “Rocket experiment” - the geometry of space-time in the vicinity of a, say
3 km Schwarzchild radius, black hole can be elucidated by measuring the
circumference of a circle around the black hole.

1. The first measurement gives 2π × 30 km.
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2. Fly 10.67 km closer to the black hole. The circumference measured
is 2π × 20 km.

3. Fly 21.92 km from original point: Circumference 2π × 10 km.

4. Fly 28.52 km(!) from original point: Circumference 2π × 5 km!

• “Cable experiment” - lower someone from a rocket placed at a safe distance
towards the event horizon. At 1.5× RSch looking parallel with the event
horizon surface, perpendicular to the black hole, shows you the back of
your own head: The photons are in orbit around the star! Lowering
further is a very bad idea. No force in nature can stop the fall into the
black hole. This fall formally takes forever as seen from the save distance
of the rocket. But effective communication is impossible as the photons
one sends from the falling body are red-shifted into undetectability.

The singularity: zero volume, infinite density. Black holes only have a center
and a surface, nothing in-between.

There are no naked singularities.
Spin and the ergosphere.

Thermodynamics of black holes

In any natural process the surface are of a black hole always increases, or at least
remains constant, it never decreases in the absence of quantum effects. Jakob
Bekenstein used the above to hypothesize that the surface area of a black hole
was proportional to its entropy.

A black hole has no hair.
The mass, spin and charge are the only quantities that survive passage into

a black hole. This implies that there is a large loss of information, which in
turn is ∝ −S. Let us now see if we can find an expression for a change in the
entropy of a black hole. The surface gravity is defined at the event horizon and
must be

gSch =
GM

R2
Sch

=
c4

4GM
,

which is inversely proportional to the mass of the star. Given that the surface
area A is proportional to M2 we can show that the infinitesimal change dA is
proportional to MdM . In this manner gSchdA ∝ dM ∝ dE, since E = Mc2.

The first law of thermodynamics states TdS = dQ. This law is very close to
the law derived above and led Bekenstein to associate the surface gravity of a
black hole with its temperature. But this leads immediately to a paradox since
any body with a temperature not equal to zero must radiate (with a Planck
spectrum), which emphatically a classical black hole does not.

Quantum mechanics to the rescue! Stephen Hawking proposed that in the
vicinity of a black hole, vacuum energy pair production may sometimes result
in one particle being sucked into the black hole (carrying negative energy) while
the other particle or anti-particle escapes. Hawking found that the radiation
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resulting from this process has a thermal spectrum. A heuristic derivation
(stolen from Frank Shu’s The Physical Universe) of this result is done as follows:

We may assume that the vacuum fluctuations produce particles and antipar-
ticles of energy ∆E for a time ∆t such that the ∆E∆t ≈ h̄/2. If the maximum
distance that a virtual pair can separate is comparable to the half the circumfer-
ence of the event horizon, c∆t/2 ≈ π2GM/c2, then one of pair has a reasonable
chance of escaping to infinity while its partner falls into the black hole. If the en-
ergy ∆E that materializes at infinity is characteristic of a thermal distribution,
∆E ≈ kT .

c∆t/2 = ch/8π∆E = π2GM/c2,

or

∆E = kT =
hc3

16π2GM

Exercises: Nuclear Reactions, White Dwarfs

1. The total energy of a system of two particles sharing gravitational attrac-
tion may be written

E =
1
2
m1v

2
1 +

1
2
m2v

2
2 −G

m1m2

r

where the m’s are the masses of particles, v the velocities and r the dis-
tance between them. Show that using the center-of-mass reference frame
such that

m1r1 + m2r2

m1 + m2
= 0

and defining the reduced mass

µ ≡ m1m2

m1 + m2

the total mass M ≡ m1 + m2 and the relative velocity v, we may express
this as

E =
1
2
µv2 −G

Mµ

r
.

(Hint: Take a peek at your first year physics book!)

2. (a) Calculate the amount of energy released or absorbed in the reaction

12
6 C + 12

6 C → 24
12Mg +0

0 γ.

The mass of 12
6 C is 12.0000 u, by definition, and the mass of 24

12Mg is
23.98504 u. Is the reaction exothermic or endothermic?

(b) What is the efficiency of this reaction?
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(c) Explain the importance of this efficiency for the lifetime of the later
burning cycles of heavy stars.

3. (a) Give short definitions of the words boson, meson, fermion, lepton,
baryon. Give examples.

(b) At least one of these five are subject to the Pauli exclusion principle.
Formulate this principle.

(c) Heisenberg’s uncertainty principle may be written ∆x∆px > h. For-
mulate this principle in words and define the symbols in the formula
written.

(d) The pressure in any gas may be written as the force per unit area it
exerts on a real or imaginary wall. This force per unit are is given
by the momentum transferred to the wall per unit time and area
from the gas to the wall. We have shown earlier that a completely
general expression for the gas pressure may be written Pg = 1

3n〈vp〉.
Show that an non-relativistic electron gas that which obeys Pauli’s
exclusion principle and Heisenberg’s uncertainty principle will have
a pressure Pg ∝ h2n

5/3
e /me.

(e) Write this pressure in terms of the gas matter density ρ.

(f) At what electron density ne can we expect relativistic effects to be-
come important?

(g) Derive an expression for the gas pressure of a relativistic degenerate
electron gas.

(h) The central pressure in a star must be of order Pc ∝ GM2/R4. Find
the relation between the mass and radius of a star where the pressure
is given by an degenerate electron gas - i.e a white dwarf.

(i) What radius do you find for a 0.5MS white dwarf, where MS is the
solar mass? How about a 1MS white dwarf?

(j) What happens to our expression for the radius when the electron gas
in such a star becomes relativistic?
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