
Exercises

Planck constant h = 6.63 ! 10!27 erg s
Boltzmann constant k = 1.38 ! 10!16 ergK!1

= 8.62 ! 10!5 eV K!1

Stefan–Boltzmann const. ! = 5.67 ! 10!5 erg cm!2 K!4 s!1

speed of light c = 3.00 ! 1010 cm s!1

electron mass me = 9.11 ! 10!28 g
hydrogen atom mass mH = 1.67 ! 10!24 g

hydrogen ionization energy "H = 13.6 eV
energy of 1 eV= 1.602 ! 10!12 erg
photon energy in eV E = 1239.85/# (in nm)
solar radius R" = 6.96 ! 1010 cm
solar mass M" = 1.99 ! 1033 g
solar luminosity L" = 3.86 ! 1033 erg s!1

solar e!ective temperature T e!
" = 5780 K

Abundance values and ionization energies are given in Table 7.1 on page 144.
Wavelengths of principal spectral features are given in Table 8.1 on page 176.
The VALIII model is specified in Table 8.2 on page 182.

1. Bound-free edges (Section 2.2 on page 14 !)

These questions concern the appearance of bound-free edges in the spectrum of a constant-S
object. Assume source function equality Sbb

! = Sbf
! = Scont

! = S, where “cont” identifies
other continuous processes than the given bound-free transition, and assume S invariant
both with location within the object and with frequency.

a) Sketch a figure similar to Figure 2.2 on page 16 for a hydrogenic bound-free ionization
edge.

b) A homogeneous cloud of pure hydrogen shows the H I Lyman lines in emission. The
cloud is optically thick at the Lyman bound-free threshold. Is the H I Lyman edge in
emission, in absorption, or absent? What is the shape of the edge? And of Ly!? Which
of these two reaches the highest intensity?

c) Devise a spherical star which shows the Lyman edge in emission in its irradiance spectrum
even though S is invariant as defined above (hint: extended atmosphere). Is the Lyman
edge also in emission in its intensity spectrum?

d) Now drop the assumption of homogeneity and source function constancy. Imagine your-
self to be the first astronomer taking an near-infrared spectrum of an unknown unresolved
object. It shows the Paschen edge and the Paschen lines in emission. Formulate at least
three possibilities and suggest corresponding diagnostics.

2. Linear source function (Section 2.2.2 on page 17 !)

Assume that the source function in a plane-parallel atmosphere obeys S!("!) = a0 + a1"!

and that there is no irradiation from outside.

a) Express I+
! ("! , µ), J!("!) and F!("!) for "! = 0 in a0 and a1.
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b) Use the results to derive the Eddington-Barbier approximations for these quantities.

c) Compare the outer-boundary values I!(0, 1), J!(0) and F!(0) with S!(0) for a1 = 0 and
a1 = 5a0.

3. Redman’s eclipse spectrum (Section 2.2.2 on page 17 !)

This problem illustrates the transition from optically thick to optically thin line formation
near the solar limb. R.O. Redman obtained a spectrum of the Ca II K line at !K = 393.3nm
during a total solar eclipse. A tracing made from his plate is sketched in Fig. 10.10. The K
line shows four peaks which we try to explain.
The density in the solar atmosphere drops with height h as N ! exp("h/H), with scale
height H # 100 km. Assume that the ratio of line-center extinction over continuum ex-
tinction " = #l/#c has "K = 106 at all heights. Assume also, for the moment, that the
atmosphere is isothermal with T = 6000K for all h and that LTE holds.
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Figure 10.10: Sketch of a spectrum obtained by R.O. Redman in 1952 in Khartoum.
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Figure 10.11: Geometry, with lines of sight towards the center of the disk (ignore the presence of the moon
during the eclipse) and towards the limb, tangential at h = 300 km and h = 600 km.

a) First the instrument. Redman used a heliostat mirror and a lens of 20 cm diameter to
project a 10 cm solar image on the spectrograph slit (width 20µm). The spectrograph
consisted of a slit, a collimation mirror, a reflection grating and a camera mirror. It
projected the slit monochromatically 1:1 on a photographic plate. Give a rough esti-
mate of the fraction of the intensity that leaves the sun radially that was irradiating his
photographic plate when the telescope was pointed at disk center.

b) Now the geometry (Fig. 10.11). Let us use $ for radial optical depth and t for optical



EXERCISES 227

thickness along the beam. The zero point of the radial height scale h = 0 km is defined
as the location with radial optical depth !c

1 = 1 in the continuum close to the K line,
i.e., measured along line of sight number 1. Why is this a logical definition? Where is
!c
1 = 0? What is the optical thickness of the sun along this line of sight?

The lines of sight 2 and 3 are tangential to the sun. The solar limb is defined to be the
location hi at which the continuum optical thickness tci of the sun along a tangential line
of sight i equals unity: that direction i for which tci = 1. In the continuum near the K
line this is number 2, cutting through shells with h > 300km and touching the limb at
hL = h2 = 300km. Why isn’t the limb at h = 0km?

Are there wavelengths in the spectrum with hL < 300 km?

Line of sight 3 is tangential to the shell with h3 = 600km. Estimate the continuum
optical thickness tc3 of the sun for this viewing direction.

c) Give equations which express the observed intensity in the Planck function and optical
depth ! or thickness t, for the lines of sight 1, 2 and 3. Estimate the fractions of B!

observed along 1, 2 and 3.

Is the Eddington-Barbier approximation valid along 1, 2 and 3?

d) Sketch the observed spectral profiles I ! " for lines with # = 0.1 and # = 106 along 1, 2
and 3.
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Figure 10.12: Temperature distribution in the solar atmosphere.

In reality the solar atmosphere is not isothermal and the assumption of LTE is often wrong.
We now drop these assumptions. Fig. 10.12 specifies the temperature distribution T (h).

e) Give a sketch of the spectral profile which the K line should show along direction 2 if
LTE were valid.

f) Now explain all humps and dips in Redman’s tracing in Fig. 10.10. What is the physical
cause of the central dip?

The viewing direction was not exactly known. Argue that it must have had 300 < hi <
600 km.

g) Is the assumption that #K does not vary with h realistic? What are the height depen-
dences of $l and $c?

h) Why was a total eclipse necessary to obtain this tracing? May such just-o!-the-limb
spectra also be obtained outside eclipses? How?


