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Introduction




Relevant learning outcome

o «You can apply statistical methods and computational tools
in the interpretation of results from measurements»

» and

« have sufficient knowledge about measurement techniques
to assess detector usage in different situations. »
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Typical cases

Best estimate and uncertainty of the mean of a data set
(uniform or different errors/data point)

Counting rates, with uncertainty
limit of a half-life (or lifetime) with a null result
Efficiency of a detector, with uncertainty

Propagating uncertainties through functions of observed results

x £ 6x — F(x) + 6f(x,8%) — (%) £ 6f (% 6%)
Parametric fit to data, i.e., «curve-fitting»

Is the data consistent with a statistical model of the data?
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Typical inference process

» Define what has been measured

o «Let’s write down the », i.e construct the statistical
(probability) model for the data x of our experiment:

» Identify the Parameters of Interest (POI): u

» Identify the Nuisance Parameters (NP): 0

> Model parameters we need but aren’t of primary interest

s Quantify additional sources of uncertainty and associate them to
probability distributions and parameters (advanced topic)

o w.r.t the parameters of the model L(x|u,8)

» Estimate (« » or «confidence limits»)
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Maximum likelihood

Maximizing the likelihood L gives efficient (and in the large- sample limit,
unbiased) point-estimates of the model parameters.

It turns out to be very convenient to minimize —2InL

—2InL often has a parabolic shape with a clear minimum

Normally distributed data will lead us naturally to and
used, e.g., in fitting a curve to data points with or without specified
uncertainties

Uncertainty per point specified: y* —minimization
No specified uncertainty/point: least-squares

More reading:
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https://www.uio.no/studier/emner/matnat/math/STK1000/h23/forelesningsfoiler/maximum_likelihood_h23.pdf
https://github.uio.no/FYS4505/data-analysis/blob/main/python/binomialProfile.ipynb

Jupyter (python) notebooks

o Nearly all of the figures here with "data” were
made in Jupyter notebooks that are available
on

o Depend on scipy, numpy, matplotlib, and LaTeX
commands such as dvipng - they must be in the
PATH

If this is difficult on your laptop, all this is set
up on
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galaxy-hepp.hpc.uio.no

1. = Galaxy Zpath A Workflow Visualize SharedData~ Help~ Userv 1&
= Galaxy Zpath Go to Tools

/# JupyterLab for HEPP courses (Galaxy Version 0.2)

search tools Select tebook setup (FYS5555 or FYS4505),
N elect course notebook setup or .
Tools H

Create your own user & vpss s

Get Data Start with the defaults for FYS4505 or upload your own.

search tools

Start with defaults

Interactive Tools

o C I l (of k on I I'I 'l'erdc five foo I S i n + h e menu JupyterlabifofHERFlcourses Include data into the environment

JupyterLab for HEPP courses - ML
90: Executed Notebook
bled Do
Get Data on left ena

COMPHEP
Interactive Tools ATLASOpenData/13TeV

JupyterLab for HEPP courses C l | c k on J‘upy ferl-a b For HEPP Polarquest2018

SUSYPheno Email notification
JupyterLab for HEPP courses - ML

enabled COUT‘S es Statistics @

Send an email notification when the job completes.
Test Tools

COMPHEP WORKFLOWS

AL ENISELE O Select the FYS4505 course notebok
Polarquest2018

= Galaxy Zpath A Workflow Visualize SharedData~ Help~ User~ 7= M i

4 Tools
C | C o n x e c u e There is an InteractiveTool result view available, click here to display.

Statistics search tools

SUSYPheno

You may also access all active InteractiveTools from the User menu.

Test Tools £ Upload Data

~ 1Y H Executed JupyterLab for HEPP courses and successfully added 1job to the queue.
WORKFLOWS After 730 seconds “click here to Get Data o e oo s
Interactive Tools ‘

orkiows d is P l ay ” [I n 1'2 rac 1- i \' eTOO l resu I 1.] JupyterLab for HEPP courses (pree S tbEHETS
becomes aval l ab I e -¢C l | Ck on 1,ha.|. A i S + 91: Executed Notebook

You can check the status of queued jobs and view the resulting data by refreshing the History panel. When the job has beer
COMPHEP s oot i
finished" if completed successfully or ‘error' if problems were encountered.
ATLASOpenData/13TeV
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Jupyter-lab on galaxy-hepp

Drill down to FYS4505/data- |pEEEEETEETE

4 Launcher X | [W normalPdf.ipynb

analysis/python e L e KD O acn e

Display the pdf as a series of lines, but with a fine grid it looks like the continuous curve it actually is.
@ / ... [ data-analysis / python /

Name - Last Modified fig, ax = plt.subplots(1,1)
ax.plot(x
W] binomialP... 4 minutes ago Y, )

. . 2
Dou b l e— C I I C k On a n y Fl I e (a ™| binomialPr... 4 minutes ago :i:::ﬁ:ﬁ:gztg ;':)\(ieltrm{d}P(x |\mu, \sigma)/\textrm{d}x$"')

W chisquare. 4 minutes ago ax.set_title(r'Normal pdf with $\mu=0.80, \sigma=0.10%")

notebook or README) to get 5 comined.. 4 mites a0

[W covariance... 4 minutes ago
9 Normal pdf with 2 = 0.80.0 = 0.10

[®] exponentia... 4 minutes ago
s f a r f ed O helperFun... 4 minutes ago
O helperFun... 4 minutes ago
[®] linefitDem... 4 minutes ago
3 [® MyRDataF 4 minutes ago

Browse, edit, and execute the
[W] pearsonsC... 4 minutes ago
A plottingTo... 4 minutes ago
n O + e b OO k C e I l s [W poissonPd... 4 minutes ago
[®] poissonPr... 4 minutes ago
[ README 4 minutes ago

[®] samples.py 4 minutes ago

Cdn download as .ipynb or .Py Check the normalization
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Part 1

Review some basics of statistics

Gaussian distribution We will also:
* maximize some likelihoods

Confidence infervals * do some combinations of results
Bibomial dist R tian * identify association between
errors, confidence intervals, and

Poisson distribution changes in log-likelihood

Exponential distribution
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Point-estimate and confidence interval

» Use data to infer a of the true value pr,q. of a
physical parameter u

o Also infer a range of u that tells us something about how wrong the
estimate could be

o Our inferences will generally report i+, i.e., a

and an g, or
f—o,spu<p+oa,

u
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Probability distributions

Given parameter(s) u, the data x will have a characteristic distribution.
The f(x,u) (pdf, sometimes prob.

func.) describes the theoretical distribution of outcomes for a specific
value of u for an infinitely large sample, normalized fo 1.

f(x,u)dx is the probability in the interval [x,x + dx]

Jg fO,w)dx =1 (S is the domain of x), i.e., total probability is 1

If the data are integers n ( ), the integral is replaced
by a sum Y5 f(n,u) =1 (S, is the domain of n)

Examples: n = [0, N] for N trials, n = [0, 0] for counting

14

Normal pdf with 1 = 0.80. ¢ = 0.10

Binomial pdf with N=15, p=0.75
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https://github.uio.no/FYS4505/data-analysis/blob/main/python/binomialPdf.ipynb

Properties of distributions: mean

s fg xf(x)dx
fs f(x)dx j

s The , or

» Where [ f(x)dx =1

o For , the integral is replaced by a

sum: E[n] = (n) =Ys nf(n)/Xs f(n),
s Where )¢ f(n) =1
o Also called the of the distribution
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Properties of distributions: variance

2
The VIx] = E[(x — E[x])?] = [, (x = (x)*f(x)dx = (x*) — (x)

Wy = E[(x — EXD(y — EDD)]
. j (x = (XD = WNF e y)dx dy
S

For Vin] = E[(n — E[n])?] = Zs (n — (n))*f ()

The variance is often written 0, so ¢ is the root-mean-square of the deviations
from the mean, i.e., the “spread” of the distribution

Also called the of the distribution

17
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Histograms

We frequently use histograms fo visualize data,
both continuous and discrete data

Break up the x-axis into “bins” of width Ax and count how often a
measured x ends up in bin i:

Ax Ax
xl-—2—<xSxi+2—

If the data are integers n, the smallest An is 1

For a sufficient number of observations, a histogram of many bins
whose is normalized to 1 can be a good approximation

of the

Vi SE s where y; is the number of counts in bin /

18

Events/bin

Normally distributed toys with p = 0.80, ¢ = 0.10

Il Monte Carlo
—— Theoretical distribution

—— Theoretical pdf
I Monte Carlo




Gaussian (normal) distribution

o Most experimental results have several or many sources of
uncertainty or fluctuations.

Even if some of them are obviously not described by a Gaussian
distribution, the tells us that their
combination tends toward a or !

Many measurement errors in NP and HEP are approximated very well
by the normal distribution.
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Gaussian (normal) distribution

sl gl
pdf f(xlp,0) = ==z~ 2

Normal pdf with ;1 = 0.80. 0 = 0.10

mean E[x] = fj;oxf(xm, o)dx = u

variance E[(x — u)?] = f_oooo(x — wW?f(x|u, 0)dx = o*

A peculiarity of our fields is that we tend to have
good estimates of o before looking at our data. In
many fields they have to estimate both ¢ and pu.

Easy to show that Full-Width, Half-Maximum
(FWHM) is FWHM = 2\/2In20¢ =~ 2.35¢

20
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No Confidence intervals

99.7% of the data are within
3 standard deviations of the mean

95% within

2 standard deviations P(H —_ NO‘ << ‘L[ -I— NO') P(x > l,l + NO-)

68% within <
<— 1 standard « » 1hn %

deviation

68.26 0.1587
95.45 0.0228
99.73 1.35 1073

9995 3.17-107°
~ 1 2.87-1077

_— )]

—

u—30 u—20 nw—a u u+ao u+20 u+ 30

"Empirical Rule" by Dan Kernler - Own work. Licensed under CC BY-SA 4.0 via
Wikimedia Commons -
http://commons.wikimedia.org/wiki/File:Empirical_Rule.PNG#mediaviewer/File:Emp

irical_Rule.PNG i m pl ies

o The integrated areas (probabilities) within is the mythical threshold for
+ No of the normal distribution are used to

define what we mean by

“discovery” in particle physics

21
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Confidence intervals

99.7% of the data are within
3 standard deviations of the mean
95% within
2 standard deviations
68% within
<— 1 standard
deviation

—

u+o u+ 20 u+ 3o

"Empirical Rule" by Dan Kernler - Own work. Licensed under CC BY-SA 4.0 via
Wikimedia Commons -
http://commons.wikimedia.org/wiki/File:Empirical_Rule.PNG#mediaviewer/File:Emp
irical_Rule.PNG

A frequentist/classical
expresses the probability of such intervals to
contain the true value.

A Bayesian expresses the
probability that the true value is within this
interval.

These are not the same thing, but in most
practical situations (generally when there is
plenty of data), they will be numerically very
similar.

Let’s not worry about the difference in this
course!

22
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Binomial distribution

o A fixed number of N «events» sorted into two classes
o A coin toss giving «heads» or «tails>»
- A charged particle crosses a detector and is either detected or not (Y/N)
- An electron hitting a detector is identified correctly or not (T/F)

- The fraction of occurances that is detected by a detector is called the
efficiency €.

g : : _ ano
- For example, - = — detections gives € = 80%.

- Come back to: But what is the uncertainty o, on €?! (The width of the

confidence interval)
23
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Binomial distribution

For N frials and n «successes» with probability of

success per trial of p, we have
| Binomial pdf with N=15, p=0.75

fel NG L DYl B S

o Combinatorics X Probability of n T x Probability of (N-n) F

What distribution do we expect/predict for
N=15p =05 2

In our example we observed 12, which seems compatible
with the distribution, but how do we quantify this?

25
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https://github.uio.no/FYS4505/data-analysis/blob/main/python/binomialPdf.ipynb

Binomial distribution

> What is the expectation value of N, E(n),
given N = 15,p = 0.757?

E[n] =XN_,nP(n|N,p) =Np = 11.25

Note that the expectation value doesn’t have
to be an integer!

So if we observed 12, this appears fo be a
likely outcome,

- but we want to be a bit more quantiative...

26
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Binomial distribution

Binomial pdf with N=15, p=0.75

The variance of the binomial distribution is the weighted

average of the squared deviations w.r.t. the mean:
N

VIn]= o7 = X (n—Np)’P(n) = Np(1-p)

n=0

In our measurement we don’t know p (e.g., €) , we are trying
to measure it!

We use the observed number to infer p = Z—

We use the variance to estimate the uncertainty g, on p:

(oF

op =5 =P —p)/N
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Binomial distribution

s Since € = I%, and N is constant, we have
o
O = Ni: \/6(1 —€)/N

Binomial pdf with N=15, p=0.75

- So, coming back to our example (n =12, N = 15), we

could quote
12 12
e U,
1577 15

= 0.80 £ 0.10

€

» Leo recommends to require N > 30 and p > 0.05

-]
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Maximizing binomial likelihood

» We assumed that the «best» p (i.e. €) to quote was Z— This can
be justified by application of Maximum Likelihood (ML).

N! 1%
o LB VY= —mmp™ (L)t

- So, we are going to find the p that maximizes £ given our data N and N

31
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Maximizing binomial likelihood

N! =
LinlpiNY = - s il (L D)

N!
—2InL(n|p,N) = =2 lln (n!(N_n)!) + nlnp + (N — n)In(1 — p)]

dinL

Minimize: — 2 i == —7 (A

. A n
..a few lines later.. P = o

- in perfect agreement with numerical
minimization and our intuition
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https://github.uio.no/FYS4505/data-analysis/blob/main/python/binomialProfile.ipynb

Bonus: MINOS errors

Intersections of the likelihood profile with
min(—2InL) + 1(4,9) correspond much closer to
+ 10(20,30)

These so-called «“MINOS» errors are the most
advanced error estimation programmed in MINUIT (a
CERN statistics package built into ROOT).

Note the asymmetry of the likelihood profile - this

will lead to asymmetric errors, i.e. p = 0.8019:99

instead of our initial estimate p = 0.80 + 0.10
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https://github.uio.no/FYS4505/data-analysis/blob/main/python/binomialProfile.ipynb

Maximizing Gaussian likelihood

{ _(x—;é)z
e 2o
V2mo?

L(x|u, 0) =

= 2
_2InL = &1 4 1n2762

0-2
Assume that we know o

- 5 dinL
du
It's straightforward to show that —2InL
increases by 1 above the minimum at x o
(and by N? at x + No), i.e. we can quote
U=xte
36

o If we differentiate one more time we get

d?InL 1
a very powerful result: — o

0'2

- For any log-likelihood which is sufficiently
well described by a parabola w.r.t. a
parameter near the minimum,
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Poisson distribution

o Relevant any time you are (rather than a fraction),
including the number of entries in a histogram bin
o e.g. how many radioactive nuclear decays in a certain time

o e.g. number of Higgs boson candidates in an LHC data set

s BONUS:

o Can be derived as a limiting case of the binomial distribution for N, i.e., Np = constant while
N — oo,

dN
» Can also be derived from a constant average rate —= —AN and assuming that in each

microscopic time interval there are either zero or one occurrences.

("Poisson limit theorem»)

37
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https://en.wikipedia.org/wiki/Poisson_limit_theorem
https://en.wikipedia.org/wiki/Poisson_limit_theorem

Poisson distribution

Poisson distribution, u=1.5

n

e Hu .
pdf P(n|u) = and 2 P(nli) =.1

n!
n=oco

mean E[n] = nP(n|u) = u
=y

n

variance E[(n — )] = zf(n — WP (nl) =

o We (again) use expected variance as estimate for
uncertainty (squared)

012 3 456 78 910
n

Note that, unlike for the binomial distribution, 1 goes to

00 (but in practice the probabilities over a few times u
are tiny)

38
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https://github.uio.no/FYS4505/data-analysis/blob/main/python/poissonPdf.ipynb

Maximizing Poisson likelihood

n

o L(n|u) = i —u + nlny — Inn!

n!

dinf

o —2
du

0=-2(-
_dzlnL_l=

11 gl
= == = e
du? pe. [

4 )
0-2

» Consistent with the variance calculation!
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Poisson process in pieces

Poisson distribution, p
' e If you suspect your process may not be Poisson,
then you may break your data into pieces and see if
the distribution of the n;’s is Poisson.
s For example, if you find fi = 150, you could break
the data into 100 equal time intervals and see if
your data is distributed like the distribution on the

0123 456 78 910 |€ft.

n
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Poisson process in pieces

Say we want to compare a single measurement of i with N measurements of u/N

> e.g., a 10-minute measurement compared to 10 1-minute measurements

N

For the single measurement we just add the individual measurements ) n; = n and
ok i=1
have [l = n + +/n.

The for the N measurements is the

—u/N n; n;
i ﬁ e MR e_ﬂ.ﬁl (HQ’!)

=1 Tll!

InL = —u+ Yn;(Inu — InN) — Inn;!
i

43
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Poisson process in pieces

o InL =—u+¥n;(Inu — InN) — Inn;!
i

If you know you are making N
measurements of the same
Poisson process, you might as
well add them together!

1 <
ek Sl — U5 [ iy,
[ [
the same as above!

d?InL n : 2
' = S VL again, so U = Zni i \/Z?’li,
i i

du
the same as above!
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