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Free energies and partition functions
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Statistical mechanics

Equilibrium thermodynamic state

Ω" # number of equally-likely
accessible microstates

$ % = ' () *+ ,

- =
./

.#

01

2,4

5 = -
./

.6 7,4

8 - = ∑: ;
0<=> counts the microstates when they don’t

have the same probability at a given T

() ? @ = ?

• What is the thermodynamic potential for this system that is 
analogue to the entropy for an isolated system?

⋯

# - ,
5(6, -)-

E

U is	fixed
/ # , -, 5(6, -)

S, U
T, P, V

Isolated system System in a thermal bath



Systems at constant ! and Helmholtz free energy "(!, %, &)
q The Hemholtz free energy ( is the thermodynamic potential given by the internal 

energy of a system minus the available heat exchange with the thermal bath fixed !

" = * − !,
q Thermodynamic identity for an infinitesimal reversible process

-( = −./0 − 1/2 + 4-5
d" = 7"

7! 8,9
dT + 7"

7% ;,9
d% + 7"

7& ;,8
d&

q Thermodynamic inequality for any infitesimal process (reversible «=», irreversible «>»)

/( ≤ −./0 − =-2 + 4/>

Ø ( is minimized for the equilibrium state at a given T, V and N
Ø Changes in " at a fixed T equals to the available work that a system can do -( =
?@

q ((0, 2, >) is the thermodynamic potential that is determined by A(0, 2, >), just like 
entropy .(B, 2, >) is determined by the multiplicity function C(D, E, 5)
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System in contact with a thermal bath: 
Partition function !(#)
• !(#, &, ') is for a system in contact with a thermal bath, what Ω(#, &, ') is for an isolated

system

• The probability that the system is in a given microstate s at equilibrium with a thermal bath
depends on the energy of that microstate )(*) --- BOLTZMANN’s FACTOR 

+ *,
+ *-

=
Ω/ *,
Ω/ *-

= 0
123
4 = 0

153
46 = 07

18
46 → : ; ∼ =7

>(;)
?@

• Partition function «counts» the number of available microstates weighted by the
Boltzmann’s factor for a system at fixed T

A @ =B
;

=7
>(;)
?@ , ;C DEFD : ; =

G
A =7H>(;), H =

G
?@

Fys2160, 2018 4

#, &, '#

I

System+thermal bath = 
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System in contact with a thermal bath: 
Partition function !(#, %, &)
• One particle in a thermal bath

() * =,
-
./

0(-)
1* , -2 3453 6) - = )

()
./70(-), 7 = )

1*
• N-distinguishable, identical and independent classical particles

!8 #, % = ∑ -),-:⋯-< ./
0< -),⋯-<

1* = ∑=> ?/@ A>(=>) ∑=B ?/@A>(=B) ⋯ ∑=C ?/@A>(=C) = !D8(#, %)

• N-indistinguishable, identical and independent classical particles

(<(*, E) = )
<! ()

<(*, E)

So, if we know !D(#), we know the partition function of & independent, identical particles !8(#)
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! " = −%" ln ((")

Let’s check that
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.ln ( and !
! " ↓ towards equilibrium ln ( " ↑ towards equilibrium



! " = −%" ln ((")

From the Legendre transform: ! = + − ", → , = ./0
1

From the thermodynamic identity: 2! = −,2" − 324 + 627 → , = − 80
81 9,;

Thus, 
<!
<" 9,;

=
! − +
"

• Verify that this equation is also satisfied by the free energy determined by the partition function =! = −%" ln (

< =!
<" = −% ln ( − %"

< ln (
<"

< =!
<" = −% ln ( + %"

1
%"?

< ln (
<@ →

< =!
<" = −

=!
" −

+
" → ! = =! + ABCDE.

• At " = 0H: ! 0 = +J, ZJ = e/M .N → =! 0 = +J. "ℎPD, ABCDE = 0 → Q R = −SR TUV(R) √
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ln # and $
• 1- particle

$% & = −)& ln #%(&)

• N-distinguishable, identical and independent classical particles

$, & = −)& ln #, & = −-)& ln #%(&)

• N-indistinguishable, identical and independent classical particles

$, & = −)& ln #%
, &
-! =,≫% −-)& ln #%

- − 1
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Entropy
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!, #, $!

%

&(() = +
,
is	constant

Ω(U) = 7879: # 8< =>?@8(797A( 97 B

C = −E F
G

& ( ln& (

C = E F
G

1
Ω lnΩ = E

1
Ω lnΩF

G

(1)

C = E lnΩ

& ( =
1
J A

KLM(G), J =F
G

AKLM(G)

C = −E F
G

& ( ln& (

C = −E F
G

& ( ln
AKLM G

J = ENF
G

& ( O ( + E ln J

C =
1
! O −

1
! Q → Q = O − !C

Isolated system System in a thermal bath

& ( is	the probability that the system	is	in	a	given	microstate with energy OG

«Generalization»	of Boltzmann’s formula for	entropy

e = −f ∑hi h jki(h)
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Statistical mechanics

Equilibrium thermodynamic state

Ω" # number of equally-likely
accessible microstates

$ % = ' () *+ ,

- =
./
.#

01

2,4

5 = # − -/

7 - = ∑9 :0;<= counts the microstates when they don’t
have the same probability at a given T

> = −'? ()@ A

# = −
. ln7
.D 2,4

/ =
# − 5
-

# - , E(G, -)
-

I

U is	fixed
/ # , -, E(G, -)

S, U, T, P, V..

Isolated system System in a thermal bath



Example: Isolated Paramagnet 
(localized spins on a lattice with the dipole magnetic moment  !↑/↓ = ±')

• ( independent spins with	3↑ out	of 3 spins and	fixed energy set by	the applied magnetic field

@ = −'B 3↑ − 3↓ = −'B 23↑ − 3

ØThe	multiplicity function of the macrostate at	energy @:		Ω @,3 = Ω(3↑, 3) =
J!

J↑! JLJ↑ !

Ø Entropy M = NO lnΩ(3↑) ≈ NO 3 ln3 − 3↑ ln3↑ − 3 − 3↑ ln 3 − 3↑
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Temperature ! and Entropy " #, %, &
Temperature ! measures system’s ability to give or received energy in order to 

maximize its entropy (occupy the largest macrostate) 

! = ("
(# ),*

+,

Paramagnet
" = 56 & ln& − &↑ ln&↑ − & − &↑ ln & − &↑

1
! =

("
(&↑

(&↑
(# = 5 − ln&↑ − 1 + ln & − &↑ + 1 1

−2=>

! = 2=>
5 ln &↑

& − &↑
+,
→ 1
! =

5
2=> ln

&
2 −

#
2=>

&
2 +

#
2=>
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Temperature ! and Energy "

1
! =

%
2'( ln

+
2 −

"
2'(

+
2 +

"
2'(

+
2 −

"
2'(

+
2 +

"
2'(

= exp 2'(
%! → +

2 −
"
2'( =

+
2 +

"
2'( exp 2'(

%!

2 = 3456789: ;45
<=

6>89: ;45
<=

→ 2 = −345 ?@AB 45
<=
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Helmholtz free energy !(#,%)
• From ' = −*+ 2%↑ − % → /↑ =

0

1
/ − 2 , with 3 = 4

56
. Eliminate %↑ from 7(%↑, %) and find 7(3, %)

7 3 = 8 % ln% −
% − 3

2
ln

% − 3

2
−
% + 3

2
ln

% + 3

2

= 8 % ln% −
% − 3

2
ln % 1 −

3

%
−
% + 3

2
ln % 1 +

3

%
+
% − 3

2
ln 2 +

% + 3

2
ln 2

7 3 = %8 ln 2 −
1 − 3/%

2
ln 1 −

3

%
−
1 + 3/%

2
ln 1 +

3

%

• The equilibrium condition implies that energy and temperayure are related by > = −/?@ABCD E?@ →
2

/
= −FGHI (E?@).  Find 7(#).

7 # = %8 ln 2 −
1 − tanh(M)

2
ln 1 − tanh(M) −

1 + tanh(M)

2
ln 1 + tanh(M , M = N*+

7 # = %8 ln 2 −
OP

2 cosh(M)
ln

OP

cosh(M)
−

OTP

2 cosh(M)
ln

OTP

cosh(M)
= %8 ln 2 −

OP

2 cosh M
M +

OTP

2 cosh M
M +

OP + OTP

2 cosh M
ln(cosh(M))

7 # = %8 −M tanh M + ln 2 cosh M =
1

#
−%*+ tanh N*+ + %8# ln (2 cosh(N*+)) =

' − !

#

• Helmholtz free energy:    

U(V,/) = −/WV XH [1Z[\I (E?@)]
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Isolated Paramagnet

• Energy:    

! = −$% 2'↑ − ' = −)*+ ,-./ *+
01

• Entropy:    

2 = )0 −3*+ 4567 3*+ + 96 (; <=>7(3*+))

• Helmholtz free energy:    

@ = ! − 12 = −)01 96 [;<=>7 (3*+)]

Fys2160, 2018 15

%C



Example: Paramagnet in a thermal bath

• 1	spin at	temperature T	can be	in	two microstates 2↑ = −67 or		2↓ = 67

9: ; = <
=
>↑
?@ + <

=
>↓
?@

9: ; = <
BC

?@ + <
=
BC

?@ = 2 cosh
67

F;
= 2 cosh 67G , G =

1

F;

• Average energy of 1 spin

2 =
1

9:
2↑<

=I>↑ + 2↓<
=I>↓ = −

1

9:

J9:

JG
= −67 tanh(67G)
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Example: Paramagnet in a thermal bath
• N	spins at	temperature T	

./ 0 = .2/ 0 = 2/ cosh/
78
90

• Average energy of N spins

: ≡ </ =
1
./

>↑@↑ABC/↑D↑ + >↓@↓ABC/↓D↓

: = −
1
./

H./
HI = −78> tanh 78I = > @

• Helmholtz free energy

J = −>90 ln 2/ cosh/ I78
• Entropy

L =
: − J
0 =− −>I78 tanh 78I + >9 ln 2/ cosh/ I78
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Example: harmonic oscillator in a thermal bath
• N identical, non-interacting harmonic oscillators. Each harmonic oscillator has the available energies: 0, #, 2#, 3#,⋯ , where # = ℏ)

• One-particle partition function
*+ =,

-

./012 = 1 + ./01 + ./501 + ./601 ⋯ =
1

1 − ./01

• Average energy of one harmonic oscillator at energy 8

# = −
9 :; <=
90

=
9 :; +/>?@A

90
=

1>?@A

+/>?@A

• Average energy of N harmonic oscillators at energy 8

B = CD =
D1

>@A/+

• Helmholtz free energy
E = −F8 ln *+

D = IF8 ln 1 − ./01

• Entropy
J =

B − E
8

= IF
K#

.01 − 1
− ln 1 − ./01
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Example: harmonic oscillator in a thermal bath
• Average energy of N harmonic oscillators at 

energy !

" = $% = %&
'()*+ →-→. /0!

• Helmholtz free energy

1 = −0! ln 5+% = /0! ln 1 − 7*8&

• Entropy
9 = /0 :;

78& − 1 − ln 1 − 7*8&
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Example: isolated harmonic oscillator
• N identical, non-interacting harmonic oscillators and ! = #

$ energy units  

• Multiplicity function of that equilibrium macrostate

Ω !,' = ! + ' − 1 !
!! ' − 1 ! ≈

! + ' !
!!'!

• Entropy
- = . lnΩ = . ! + ' ln ! + ' − ! ln ! + ! − ' ln' + '

-(!, ') = . ! ln 1 + 3
4 + ' ln 1 + 4

3

• Temperature of the equilibrium state
5
6 =

78
7# =

94
9#

78
74 =

:
$ ln 1 + 3

4 − 4;
4<3

3
4; +

3
4<3 = :

$ ln 1 + 3$
#

• Energy as a function of temperature

= = 3$
>?@A5

• Helmholtz free energy

B = = − C-... After more albegra of expressing - C …we arrive at the same expression B = '.C ln 1 − EAF$
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Statistical mechanics

Equilibrium thermodynamic state

Ω" # number of equally-likely
accessible microstates

$ % = ' () *+ ,

- =
./
.#

01

2,4

5 = # − -/

7 - = ∑9 :0;<= counts the microstates when they don’t
have the same probability at a given T

> = −'? ()@ A

# = −
. ln7
.D 2,4

/ =
# − 5
-

# - , E(G, -)
-

I

U is	fixed
/ # , -, E(G, -)

S, U, T, P, V..

Isolated system System in a thermal bath


