Lecture 14

29.09.2018

Free energies and partition functions



Equilibrium thermodynamic state

S(U), T,P(V,T)

Statistical mechanics

Isolated system .
Y System in a thermal bath

Qn(U) number of equally-likely

accessible microstates Z(T) = Y. e PFs counts the microstates when they don’t

have the same probability at a given T
S(U) =kIn2y(U)
N InZ(T) =?
aS\ "
T = (—>  What is the thermodynamic potential for this system that is
é)l] V.N .
’ analogue to the entropy for an isolated system?

p_ T(GS)
\aV/yw
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Systems at constant T and Helmholtz free energy F(T,V,N)

O The Hemholtz free energy F is the thermodynamic potential given by the internal \
energy of a system minus the available heat exchange with the thermal bath fixed T

T T,V,N
F=U-TS
O Thermodynamic identity for an infinitesimal reversible process /
dF = — PdV + pudN
dF = dT + (0F> dV + <6F> dN
- V)N N/ 7y

O Thermodynamic inequality for any infitesimal process (reversible «=», irreversible «>»)
dF < —-SdT — PdV + udN

» F is minimized for the equilibrium state at a given T, Vand N

» Changes in F at a fixed T equals to the available work that a system can do dF =
oW

O F(T,V,N) is the thermodynamic potential that is determined by Z(T, V, N), just like
entropy S(U,V, N) is determined by the multiplicity function Q(U,V,N)
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System in contact with a thermal bath:
Partition function Z(T)

« Z(T,V,N) is for a system in contact with a thermal bath, what Q.(T,V, N) is for an isolated
system

* The probability that the system is in a given microstate s at equilibrium with a thermal bath
depends on the energy of that microstate E (s) --- BOLTZMANN’s FACTOR

System+thermal bath =
isolated system

P Q) AS AU AE E(s)
(54) _ R(SA):QTR:QR_TB:Q_R_T—)P(s)'ve_W
P(SB) 'QR(SB)

* Partition function «counts» the number of available microstates weighted by the
Boltzmann’s factor for a system at fixed T

_E(s) 1 1
Z(T) = z e kT, so that P(s) = - e BE®) g =_—
{s}
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System in contact with a thermal bath: \Q
Partition function Z(T,V,N)

* One particle in a thermal bath

_E(® 1 E 1

Z,(T) = E e kT, so that P,(s) = — e BE®), B=—
s} 4 kT
S

* N-distinguishable, identical and independent classical particles

_En(sys

N)
IN(T V) =Yg 5,5y € = (Xs, e B El(sl))(zsz e~ PE1(s2)) ... (Zsy e PELSN)) = ZN(T, V)

* N-indistinguishable, identical and independent classical particles
1
Zy(T,V) = Z{(T,V)
So, if we know Z4(T), we know the partition function of N independent, identical particles Zy(T)
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InZ and F

F(T) | towards equilibrium InZ (T) T towards equilibrium

F(T) = —kT In Z(T)

Let’s check that
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InZ and F

F(T) = —kT'In Z(T)

From the Legendre transform: F = U — TS - § = g
From the thermodynamic identity: dFF = —SdT — PdV + udN - § = — (3—;)
V,N
Thus,
<6F> _F-U
oT)yy T

* Verify that this equation is also satisfied by the free energy determined by the partition function F = —kTInZ

GF_ Y inZ kTaan
or 1 oT
oF Iz + kT 1 dlnZ OF F U P Fac
_— = — = —— =
T " kT2 98 oT T T + Const.

e AtT =0K:F(0) =U,, Z,=e PV - F(0)=U,. Thus,Const =0 — F(T) = —kTInZ(T) Vv
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InZ and F

e 1- particle

* N-distinguishable, identical and independent classical particles

Fn(T) = =kT In Zy(T) = =NkT In Z{(T)

* N-indistinguishable, identical and independent classical particles

Zy (T)

Fy(T) = —kTIn——

— NkT [1 (Zl) 1]
=N>1 n N
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Entropy

P(s) is the probability that the system is in a given microstate with energy E

«Generalization» of Boltzmann's formula for entropy

S=—-k ),P(s)InP(s)

Isolated system System in a thermal bath

P(s) = %is constant
Q(U) = total # of microstates at U

S=—k ZP(S) InP(s)

1 1
S=k zalnﬂ - kaanZ(l)
S S

S=kln(Q

1
P(s) = —e PE®)
(s) €

S =—k ZP(S) InP(s)

Z = 2 e_:BE(S)
S

—BE(s)
S=—k Zp(s) In (e — ) - k,BZP(S)E(S) +kInZ

1 1
S=?(E)——F—>F=(E)—TS

T
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Equilibrium thermodynamic state

U is fixed & N

S(U), T,P(V,T)

Isolated system

S,U,T,P V. < >

X 4

T Uu(r),P(V,T)

Statistical mechanics

Qn(U) number of equally-likely
accessible microstates

S(U) = kn 2, (V)

_— (05)'1
- \oU/) yn

F=U-TS

System in a thermal bath l

Z(T) = Y. e PFs counts the microstates when they don’t
have the same probability at a given T

5y | F= —KT In Z(T)

dlnZ
U:_( op )V'N
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E
Example: Isolated Paramagnet VUSSTSIeY |B
(localized spins on a lattice with the dipole magnetic moment my,, = *u)

* N independent spins with Ny out of N spins and fixed energy set by the applied magnetic field
U= —uB(Ny — N}) = —uB(2Ny — N)

N!
N;!I(N—=Np)!

» The multiplicity function of the macrostate at energyU: Q(U,N) = Q(N;,N) =

» Entropy S = kgInQ(N;) = kzg[NInN — Ny In Ny — (N — Np) In(N — Np)|



Temperature T and Entropy S(U,V,N)

Temperature T measures system’s ability to give or received energy in order to

maximize its entropy (occupy the largest macrostate)

70

s\ !

= (ﬁ)w

50

Paramagnet

S/k

S =kg[NInN — NyInNy — (N — Np) In(N — Ny)]

20

L 95 N Ny =1 4 In(N = Np) + 1) —
T an,ou R 1 f —2uB 0
) N U
2uBf Ny 7Y 1 k27 7uB
k L N—N T 2up N, U
2  2uB

60 r

40 -

30

10

]

U/(Npu B)



Temperature T and Energy U

N__U
1k 2 2iB
~ 2B N, U
2  2uB
N U
2 2uB (ZMB) N U (N U) (ZuB
= _— ] > — — — =
N, U “Per) 72 2uB = \2 " 2uB) P\ kT
2  2uB
2uB
1—-exp B
U=NuB (Car) — U = —NuB tanh (i—T)

oyl
S/k

i)

U/(Np B)

0.57

-0.57¢

0
U/(Np B)

-0.5 0 0.5
11 B/(KT)




Helmholtz free energy F(T, N) U”l”” e

* FromU = —uB(2Ny —N) - N; = %(N — x), with x = “iB. Eliminate Ny from S(N3, N) and find S(x, N)

N —x N —x N+ x N+ x
SG) =k|NmN = 1( )— ( )]
(x) [ n 5 n 5 5 In 5

eV

N —x x N + x x N —x N + x 1+tanhy =
:klNlnN— . 1n<N(1—N>>— . ln<N(1+N)>+ ——In2+— anI cosh(y)
e_y

1 —tanhy =
Ay cosh(y)

—n(1-3) - (14 3)

S(x) = Nk [an —
N 2 N

* The equilibrium condition implies that energy and temperayure are related by U = —NuB tanh(BuB) - 1"7: —tanh (fuB). Find S(T).

S(T) = Nk [ln 2 — 1—t+nh(y)ln(1 — tanh(y)) — 1-}_taTnh(y)ln(l + tanh(y)], y = fuB

S(T) = Nie|In2 = —5——1n (=2 Y —Nk[l pe e T cosh
B " 2 cosh(y) " cosh(y)) 2cosh(y) n cosh(y)/| " 2cosh(y)y 2cosh(y)y 2 cosh(y) n(cosh(y))

[-NuB tanh(SuB) + NkT In (2 cosh(fSuB))] = —

S| =

S(T) = Nk[—ytanh(y) + In(2 cosh(y))] =

* Helmholtz free energy:
F(T,N) = —NKT In [2cosh (fuB)]



Isolated Paramagnet

* Energy:

B
U= —uB(2N; — N) = —NuB tanh (‘;—T)

* Entropy:

S = Nk[—BuB tanh(BuB) + In (2 cosh(BuB))]

* Helmholtz free energy: -
F=U—TS = —NkT In [2cosh (BuB)] ©~

5
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15 20
KT/(12 B)
il { I —
In(2)
0.6F
0.5
=04}
£
P03}
0.2
0.1
0 L
0 5 10
KT/(1 B)

] 1 1
w N —
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KT/(u B)
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Example: Paramagnet in a thermal bath

» 1 spin at temperature T can be in two microstates e; = —uB or €, = uB

_& _&
Zl(T) =e KT 4+ e kT

Z,(T) = kT 4 ¢~ = 2 h(”B)—z h(uBB) _ 1
1 =e e = 2 Cos ) = COS u,B,,B—k—T

e Average energy of 1 spin

(€) = i(e e Pe 4+ e Fe) = _1o4 = —uB tanh(uBp)
7 ) ! 7, 3B H H
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Example: Paramagnet in a thermal bath | %

* Nspins at temperature T

B
Zy(T) = ZN(T) = 2N cosh? (i—T>

* Average energy of N spins

1
U=(Ey)= Z—(NTEre_ﬁNTET + Nye e PNer)
N

"o 5 10 15 20
KT/(1: B)

U= ————= —uBN tanh(uBf) = N{e)

* Helmholtz free energy

F = —NkT In[2" cosh™ (BuB)]
* Entropy

U—-F
S = —— =— —NfBuB tanh(uBB) + Nk In[2" cosh" (BuB)]

KT/(u B)
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Example: harmonic oscillator in a thermal bath

N identical, non-interacting harmonic oscillators. Each harmonic oscillator has the available energies: 0, €, 2€, 3¢, -+, where € = hw

One-particle partition function

1
7., = —Bes — —Pe —2pe -3f€ ... —
1 Ee 1+e +e +e 1 — o-Pe

S

Average energy of one harmonic oscillator at energy T
(€) = — dInz; _0dln(1-eP€)  eeBe
- g ap "~ 1-eBe

Average energy of N harmonic oscillators at energy T

Helmholtz free energy
F = —kTInZY = NkT In(1 — e~5¢)

Entropy




Example: harmonic oscillator in a thermal bath

* Average energy of N harmonic oscillators at X
energy T 5

—U/(Ne)
- - KT/e

0 5 10 15 20

Ne KT/e

0 il

* Helmholtz free energy F o

-80

F=—kTInzZ) = NkTIn(1—e ™€) ™ ° & = =°

* Entropy

—S/(NK)
- - 14In(kT/e)




Example: isolated harmonic oscillator

N identical, non-interacting harmonic oscillators and g = ~ energy units

Multiplicity function of that equilibrium macrostate

ﬂ(q’N)z(q+N—1)!~(q+N)!

g'(N—1)! ~  g!N!

Entropy
S=klnQ=k[(q+N)In(qg+N)—qlng+qg—NInN + N]

S(gN) =k [qln(1+%)+N1n(1+%)]

Temperature of the equilibrium state

1 9dS dqdS k N 2 N N k Ne
—=—=—q—=—[ln(1+—)— =4 — =—ln(1+—)
T OdU dudq € q q+N g% = q+N € U

Energy as a function of temperature

Helmholtz free energy

F = U —TS... After more albegra of expressing S(T) ...we arrive at the same expression F = NkT 1n(1 - e‘ﬁe)



Equilibrium thermodynamic state

U is fixed & N

S(U), T,P(V,T)

Isolated system

S,U,T,P V. < >

X 4

T Uu(r),P(V,T)

Statistical mechanics

Qn(U) number of equally-likely
accessible microstates

S(U) = kn 2, (V)

_— (05)'1
- \oU/) yn

F=U-TS

System in a thermal bath l

Z(T) = Y. e PFs counts the microstates when they don’t
have the same probability at a given T

5y | F= —KT In Z(T)

dlnZ
U:_( op )V'N
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