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Ideal gas in a thermal bath
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Statistical mechanics

Equilibrium thermodynamic state

Ω " counts all equally-likely accessible microstates
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Isolated system

System in a thermal bath



System in contact with a thermal bath: 
Partition function !(#, %, &)
• One particle in a thermal bath
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• N-distinguishable, identical and independent classical particles
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System in contact with a thermal bath: 
Partition function !(#, %, &)
• One particle in a thermal bath
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• 2-indistinguishable, identical and independent particles in 2 states
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/70(-9) + ./70(-9) ./70(-;) + )8.
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• Configurations in which the two particles are in the same state are also «double-counted». The probability that two
particles are in the same state is very low for dilute ideal gas , so this error is very small.   

• N-indistinguishable, identical and independent classical particles

(<(*, =) = )
<! ()

<(*, =)
So, if we know !?(#), we know the partition function of & independent, identical particles !@(#)
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ln # and $
• 1- particle

$% & = −)& ln #%(&)

• N-distinguishable, identical and independent classical particles

$, & = −)& ln #, & = −-)& ln #%(&)

• N-indistinguishable, identical and independent classical particles

$, & = −)& ln #%
, &
-! =,≫% −-)& ln #%

- − 1
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One isolated free particle in 1D 
• Consider one free quantum particle in a 1D box of «volume» L 

• Quantum states are standing waves with wavelengths !"# =
%&
"#

,  with '( = 1,2,⋯ is the state number

• Standing waves are superposition of travelling waves in opposite directions with the same momentum in 
magnitute
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.
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• The energy levels of a free particle in 1D are
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2#3
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→ 678 =
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• Multiplicity ΩBBC(D, E) is given by the state number corresponding to the fixed energy D (number of
microstates with energies ≤ G)

ΩBBC D, E = ' 1" = D → HIIJ G, = =
:=
9 :<G

(technically it should just be one microstate, but that will lead to inconsistent thermodynamics)

K = L M7 NIIJ →
I
O
=

PK
PG

=
L
:G

→ G =
LO
:

!! For many particles, counting all the states with energy ≤ G is more or less the same as counting the states with energy
G, and all is good!
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N isolated free particles in 3D 
• Consider N independent and free quantum particles in a 3D box of volume ! = #$

• The energy levels for each free particle in 3D are
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• Multiplicity ΩI$Jis the volume of the hyperspehere in the 3N-dimensional «L-space»
corresponding to a fixed energy M = ∑4OP

I %&'

• Hyper-surface in the «n-space» with equal energy is described by the quadratic form  
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One free particle in 1D in a thermal bath
• Given the particle’s energy levels in 1D  
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• One-particle partition function
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One free particle in 3D in a thermal bath
• Given the energy levels of a free particle in 3D 
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• One-particle partition function
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Quantum length Λ " [$%&$'(() − +,]
• One-particle partition function counts the number of quantum volumes that fit into

the box of size .×.×.

01 2 =
45

65(8)
, 6 8 =

;<

<=>?2

• One @< molecule at room temperature 2A = 5AAB has 6 8A ≈ <×1AD<E> . 
So, if the molecule is confined to a box of length 4 = 1 F>, its partition function

would G1 =
H

6 8A

5
= I5 ×1A<J!

• Unless 2 is close absolute zero or the box size is on atomic scale, the quantum
length (proportial to the de Broglie wavelength) of the particle is much smaller
than any other lengthscale

• Classical limit   
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Average kinetic energy of one particle in 1D
• One-particle partition function (1D) counts the number of quantum lengths that fit

into the box of size !

"# $, & = &
((*) , ( * = ,-

-./0$

• Energy of the particle will fluctuation due to thermal fluctuations about an average

1 = −3 45 "# $, &36 = 7
76 45 ( 6 = 7

76 45 6 = #
-0$

• Equipartition of energy for one translational degree of freedom
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When does the equipartition of energy apply? (revisit)
• Quadratic degrees of freedom (! " = $"

%): 

translations !&'( ) =
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• Sufficiently large number of distinct microstates with significant probability (that are thermally accessible)  

(«high temperature limit»): 6*(8) =
*

%
∫
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>" ?
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C

∼ E8

q 1D	free particle has	 T =
U

V
WX, in the limit of a continuous spectrum of available energies (so at sufficiently low temperatures

and in the quantum world this will not be valid) 

q Harmonic oscillator has ℏ[

\]ℏ^;*
→`→< E8
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Maxwell-Bolzmann distribution (revisit) 
• Equilibrium distribution of particles in a gas between (non-degenerate) energy levels !" at a given T 

Probability distribution of a particle between energy levels !"

# $ = 1
' ()*+

• Equilibrium distribution particles in a gas with speeds between , and , + ., at a given T

Probability that a particles moves with a speed between , and , + .,
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Maxwell-Bolzmann velocity distribution (revisit) 
• Probability of a free particle to have a velocity along one direction between !" and !" + $!"

% !" ∼ '()* +, ∼ '(
-
./0 +,

1

Using the normalization condition ∫(3
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• Velocity statistics
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Maxwell-Bolzmann velocity distribution (revisit) 
Probability of a free particle to have a velocity along one direction between "⃗# and "⃗# + %"⃗#

& "⃗' %"⃗' =
)
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/ 0
123 456%"⃗'
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Maxwell-Bolzmann velocity distribution (revisit) 
Probability density of a free particle to have a speed along one direction between !" and !" + $!"
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Maxwell-Bolzmann velocity distribution (revisit) 
Probability density of a free particle in 3D to have a speed between !
and ! + #! (!% = !'% + !(% + !)%)

+ ! #!
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Maxwell-Bolzmann velocity distribution (revisit) 
Probability density of a free particle in 3D to have a speed between ! and ! +
#! (!% = !'

% + !(
% + !)
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Speed	statistics :														 ! = ∫
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,
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5
( ! PQRmax+ ! )

UVWX < U < UZ[\

So the most likely speed is actuallty smaller than the average speed! (Non-Gaussian
distribution!) 
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N-free particles in a thermal bath
• One-particle partition function
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• N-particle partition function
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• Helmholtz free energy
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N-free particles in a thermal bath
• N-particle partition function
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N-free particles in a thermal bath
• N-particle partition function
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N-free particles in a thermal bath
• Helmholtz	free energy

/0 1, 3 = −061 78 3
09:(1) − =

• Equation of state

> = − ?/
?3 1,0

= 61
3

• Chemical potential
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?0 1,3

= −61 78 3
09: 1

@ 1, 3 = 61 78 A − :B61 78
BCD61
EB

Fys2160, 2018 22


