Lecture 3

ldeal gas model

Equipartion of energy

27.08.2018



ldeal gas in a box at equilibrium

Equation of state: PV = nRT
Experimental fact

Pressure [P] = 1 atm = 1.013x10° Pa

Volume [V] = 1 liter = 1073 m3 GAS
PTV

Temperature [T] = 1 K

Gas constant R = 8.31 ] mol™ 1K1

N
Number of molesn = —
Ny

Avogadro’s number Ny = 6.02x1023 of molecules in 1 mole
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Isotherms

P = RT1
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P-T diagram: isocores

nR
P=—T "1
14
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ldeal gas: Microscopic (statistical) model

Equation of state: PV = NkT

* Number of gas molecules N

 Boltzmann’s constant

R
k=—=1.381x10"%3J K1
Ny
(conversion factor between energy and
temperature?)
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ldeal gas model: Pressure

Newtonian gas particle:

* Independent, identical particles

Q: What is the pressure in the ideal gas model?



ldeal gas model: Pressure

Q: What is the pressure in the ideal gas model?

* pressure is isotropic and the same on all walls

 compute the pressure on the piston



|deal gas model: Pressure

What is the long-time averaged pressure
exerted on the piston by one particle?

Fyopi F
e P = xpiston _ Fx _ _m (Avx)
A A A \ At

o Time it takes to go round-trip across the box

2L
At ==
vx

o Change in velocity after one perfect collision
with the piston

AVy = Uxafter — Vx,before — —2Vx




|deal gas model: Pressure

What is the average pressure exerted on
the piston by the gas particles?

.P:_
AL %

m (Avx) _ mvi _ mvg
A\At /)

using

0Av, = Ux,after — Ux,before = — 20Uy




|[deal gas model: Pressure

What is the average pressure exerted by the gas
particles?

Pressure is the long-time average ofv?

_m

Y
Consider ALL N particles at a given time and average
over their velocities (ensemble average)

N
PV = Nm(v2) = gm(vz)

2N 1 5
PV = ?(Ktrans): (Ktrans> — §m<v )
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|[deal gas model: Temperature

2N
PV = ?(Ktrans>

PV = NkT

Average kinetic energy of a particle gives a
measure of the gas temperature

3
(Ktram‘) — E kT

1
In 1-D: (Kerans) = 5 kT

d
In d-D: <Ktrans> — EkT
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|deal gas model: Equipartition

Equipartion of energy (theorem):

At equilibrium with temperature T, any quadratic form of the

internal energy equal %kT per degree of freedom

U =K+ Upotential = ];NkT
What is a degree of freedom?
e Translation Kiqns = %mvz
e Rotation Ky, = %Ia)2
* Vibration/oscillation Uy grm = —%k(Ax)2
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|deal gas model: Equipartition

Equipartion of energy (theorem):
At equilibrium with temperature T, any

quadratic form of the internal energy is %kT
per degree of freedom

Example:

What is the internal energy of a diatomic
gas:

U=K+ Upotential

U=§NkT
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|deal gas model: Equipartition

Equipartion of energy (theorem):

U= gNkT

What are the heat capacities Cy, Cp?

v f

v\ 42
Cp :CV+P<6_T)P — 2 Nk

[T T TTTTTI [ R AR R R I T T TTTTI
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Temperature (K)

The molar specific heat of hydrogen as a function of temperature. The horizontal
scale is logarithmic. Note that hydrogen liquefies at 20 K.
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Mean free-path .

’// ' v /// /// d ,.--V\‘ \\\
. ! E—) )/ [ e : \
Free path between collisions \\ /, S e FE
Number of molecules per unit volume (density): | Creecl] !
N \\ :\ ,: /,' ‘— ,:
nV = — \\\\\\ /,//’, \\ ///
V DRI _z= s _-

Effective collision area: 0 = wd?

Effective collision volume:

V. = vto = nd*vt

vt
Mean free path: 1 = -
1 1
B T[dleV
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Mean free path —— —

I} \‘ /, 1 d e 4 \\
. - | — T N
Gas particles spend most of their time
between collisions | }
\\\ {: :} ,,"1—
Mean free path: 1 = —
d“ny

Average time between collisions:

A _ kT
t= % ’ v _m The mean-free path A and mean lagtime t
dictate the kinetics of the gas
2 1 \/m (diffusion and heat conduction properties)
T nd?ny kT
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Relaxation to equilibrium by diffusion

Diffusion:

Net transport of energy, momentum or particles
through random thermal motion and particle
collisions until thermodynamic equilibrium is

reached

e Atany T > OK, particles are in thermal motion

* Collisions between particles -> particle
trajectory is a zigzag -- random (diffusive particle)
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— | N

1
1=5

: Random walk (RW)

Particle diffusion
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Random walk and diffusion
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Fick’s first law:

 Diffusive particle drift from high to low concentration C =
particles

J = -DVC

 Diffusivity D: mobility of the diffusing particles

N ANV1
~D( )

~

AAt Ax
moles moles - m™3
m2s m
="
s

2
cm= . .
* D¢ =0.2 — inair

2
* Dgo = 2x107° =—in water
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Flow and dispersion

Molecular dispersion
(Diffusion) Dispersion by flow
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Molecular Diffusivity: gas kinetics

* Flux across a surface in a average time interval

between collisions 0. ( N
..... ..
;=N _N o s
At A1
B Ddc Dc
J="Dx~P3
D =~ Av

3
1 kT ~KT T2

~S A  ——

D= X
nd* P m P
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Heat conduction

Fourier’s law:

Rate of heat conduction is proportional to the
temperature difference

Q

Jo = Zat

— _ktVT

* Isocoric heat conduction Q@ = AU = Cy, AT

CAT _ AT v . _fPV
~ki—-o k; ~ — = ——
e t Ty AV V=TT

P
ktzFD_)ktN\/T
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Fick’s second law:

* Rate of change in the number of particles = net flux

times the cross-section area

dN

E = Jnet X4

dN
E = (Jx—Jx+ax) XA

d(N/A) _ —%dx
dt dx
dc d%c

ot Do
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Summary

* Equipartition of energy

U= ng, f quadratic degrees of freedom

 Kinetic properties of gas depend on the mean-free path and mean
velocity of the gas particles

3
_ TI2
DzAUNF, ktzv)l’U’V—

Fys2160 2018 27



