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Two-state paramagnet model

• A system of N independent, localised particles with spin ! = ±1 at	finite temperature
• At	zero	applied magnetic field,	each spin can flip due	to	thermal vibrations with an	equal probability

• Number of microstates with @↑ up-spins out of @spins (multiplicity of that macrostate)

Ω @,@↑ = @!
@↑! @ − @↑ !

• Total number of microstates

H
I↑JK

I

Ω(@↑) = H
LJK

I @!
@↑! @ − @↑ !

= 2I

• Probability of a macrostate with @↑ spins up

N @↑ = 2OIΩ @,@↑
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Einstein crystal
• Collection of independent and identical quantum harmonic oscillators 
• Each quantum oscillator has a discrete spectrum of energy levels, ! = 0,1,2⋯

() = ! + 12 ℏ,

• Energy of N independent oscillators 
-. = ∑012. ()3 = ∑012. !0 ℏ, + .

4 ℏ,

Energy units for N quantum harmonic oscillators at  frequency 5

6 =
78 − 8: ℏ5

ℏ5 =;
<1=

8
><
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Multiplicity Ω(#,%) of a macrostate with % oscillators and # units of
energy distributed between them

' energy units  ∼ ' identical balls 
) oscillators ∼ N identical boxes

Number of ways of distributing q balls between % boxed is the same as the number of

combinations with q balls and (N-1)-walls between the lined up boxes

Number of ways of combining (N-1)-walls and q balls

* ',) = )− - + ' !
'! ) − - !

#1 #2 #3 #%⋯

4

⋯
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Stirling’s approximation for !! when ! ≫ $

5

Let’s	look at	
ln0! = ln[0 ⋅ 0 − 1 ⋅ 0 − 2 ⋯2 ⋅ 1]

ln0! = 9
:;<

=

ln >

When 0 → ∞, we can replace the sum by an integral

ln0! = ∑:;<= ln > ≈ ∫D
= E> ln >

F
D

=
E>

E>
E> ln > = > ln > G

D

=
− F

D

=
E> >

E ln >
dn

= 0 ln0 − 0

IJ!! ≈ ! KL! − !

!! ≈ !! MN! =
!
M

!
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Stirling’s approximation for !! when ! ≫ $
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Improved	approximation from the Gamma	function

8! = Γ(8 + 1) = ?
@

A

BC CDEFG

CDEFG = ED HI GFG

• 8 ln C − C = LMGFD 8 ln N + 8 − N − 8

= 8 ln 8 − 8 + 8 ln 1 +
N
8
− N

• ln 1 + L
D
≈ L

D
− P
Q

L
D

Q

8 ln C − C ≈ 8 ln 8 − 8 + N −
NQ

28
− N = 8 ln 8 − 8 −

NQ

28

CDEFG ≈ ED HI DFDF
LS
QD = 8DEFDEF

LS
QD = 8DEFDEF

(GFD)S
QD

8! ≈ 8DEFD ?
@

A

BC EF
(GFD)S
QD ≈ 8DEFD ?

FA

A

BC EF
(GFD)S
QD = 8DEFD 2T8

!! ≈ !!UF! VW!

XY !! ≈ ! XY ! − !+ XY VW! ≈ !XY ! − !,	since ! ≫ XY ! \]^ ! → ∞
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Large N Paramagnet 
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Ω ","↑ = "!
"↑! " − "↑ !

With	
"! ≈ "./0. 22"

Find	Ω678: "↑ = .
: , "↓ = .

:

Ω678 ≈
"./0. 22"

"
2

.
: /0

.
: 22"2

:

Ω678 ≈
"./0. 22"
"
2

.
: /0

.
: 22"2

→ Ω678 ≈ 2. 2
2"
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Large N Paramagnet 
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Ω ","↑ =
"!

"↑! " − "↑ !

Find the multiplicity of a	macrostate for	large N	using "! ≈ ">?@>

ln Ω = " ln" − " − "↑ ln"↑ + "↑ − " − "↑ ln " − "↑ + (" − "↑)

ln Ω = " ln" − "↑ ln"↑ − " − "↑ ln " − "↑

Boltzmann	entropy

F = G HIJ
For	a	paramagnet	

K = L " ln" − "↑ ln"↑ − " − "↑ ln " − "↑
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Large N Paramagnet 
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Ω ","↑ =
"!

"↑! " − "↑ !
With	

"! ≈ "./0.

Find the multiplicity of a	macrostate around the one with maximummultiplicity

Small	deviation away from	the state with ΩDEF: "↑ =
.

H
+ J, "↓ =

.

H
− J, for	J ≪ "

ln Ω = " ln" −
"

2
+ J ln

"

2
+ J −

"

2
− J ln

"

2
− J

ln Ω = " ln" −
"

2
+ J ln

"

2
−

"

2
+ J ln 1 +

2J

"
−

"

2
− J ln

"

2
−

"

2
− J ln 1 −

2J

"
use ln 1 + O ≈ O −

P

H
OH

ln Ω ≈ " ln" − " ln
"

2
−

"

2
+ J

2J

"
−
1

2

2J

"

H

−
"

2
− J −

2J

"
−
1

2

2J

"

H

Keep the lowest order terms on J

ln Ω ≈ " ln 2 +
"

2

2J

"

H

−
2JH

"
−
2JH

"
= " ln 2 −

2JH

"
→ Ω ≈ 2. /0

HST

.

Ω ","↑ ≈ 2. /
0

.↑0
.
H

T

.
H
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Large N Paramagnet 
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Ω ","↑ =
"!

"↑! " − "↑ !
With	

"! ≈ "./0.

Multiplicity of a	macrostate around the one with maximummultiplicity

Small	deviation away from	the state with ΩDEF: "↑ =
.
H + J, "↓ =

.
H − J, for	J ≪ "

Ω(N, x) ≈ 2. /0
HQR
. → Tℎ/ VWXYZY[\[T] [^ _(J) ∼ /0

HQR
.

a^[bc Tℎ/ bXWdZ\[eZT[Xb fXbg[T[Xb

h
0i

ji
gJ _ J = h

0i

ji
gJ /0

HQR
. =

"k
2

Ω ","↑ ≈ 2. /
0

.↑0
.
H

R

.
H

2
"k

→ P ","↑ ≈ /
0

.↑0
.
H

R

.
H

2
"k
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Large N Paramagnet 
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The	probability around the peak 2 = 4↑ −
7
8

9 2 ≈ 8
7;
<=

>?>
@

9 2 falls	of to		1/< of its peak when 228 = 4 → 2 = 7
8

Full	width of 9(2) around the peak K = 2 4/2 = 24
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Large N Paramagnet 
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The	probability around the peak 2 = 4↑ −
7

8

9 2 ≈
8

7;
<=

>?>

@

Full	width of 9 2 : E = 2 4/2 = 24

Fluctuations		 J
⟨L↑⟩

=
NL

L/N
≈

O

L
→ Q
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Einstein crystal: «low T» limit
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! ",$ =
$− ' + " !

"! $ − ' !
≈

$ + " !

"!$!
, $, " ≫ '

Assume		2 ≪ 4 and		ln 9! = 9 ln 9 − 9:

lnΩ = 4 + 2 ln(4 + 2) − 4 + 2 − 2 ln 2 + 2 − 4 ln4 + 4

lnΩ = 4 + 2 ln 4 1 +
2

4
− 2 ln 2 − 4 ln4

lnΩ = 2 ln
4

2
+ 4 + 2 ln 1 +

2

4

lnΩ ≈ 2 ln
4

2
+ 4 + 2

2

4

lnΩ ≈ 2 ln
4

2
+ 2 +

2?

4
≈ ln

4@

2

A

!BCD E ", $ ≈
$F

"

"

, GCH " ≪ $

Similarly,		

!MNOM E ", $ ≈
"F

$

$

, GCH $ ≪ "
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Two large Einstein crystals: 
«high T» limit
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!" = !$ ⋅ !&≈
() + +) !
+)!()!

⋅
(- + +- !
+-!(-!

, /01 (), +), (-, +- ≫ 3

Assume 9 ≫ : and		:? = :@ = :, 9? + 9@ = 9:

!" ≈
+)B
(

( +-B
(

(
=

B
(

C(
+)+- (

!D is	maximum when 9? = 9@ =
I

J

!D
KLM =

B+
C(

C(
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Two large Einstein crystals: 
«high T» limit
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!" = !$ ⋅ !&≈
(
)

*)
+,+- ), /01 2 ≫ 4 45 = 46 = 4, 25 + 26 = 2

Expand	around the peak:	25 =
G
H
+ I, 26 =

G
H
− I

KL ≈
M
4

HN 2
2

H
− IH

N

lnΩL ≈ 24 ln
M
4
+ 4 ln

2
2

H
− IH = 24 ln

M
4
+ 24 ln

2
2
+ 4 ln 1 −

2I
2

H

lnΩL ≈ ln
M2
24

HN
− 4

2I
2

H

= lnΩLSTU − 4
2I
2

H

!V = !VWXY ⋅ (Z) *Y/+ *

!V +, = !VWXY ⋅ (
Z\)
+*

+, Z
+
*
*

, !VWXY =
(+
*)

*)
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Crystal	A
4, 25

Crystal	B
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Two large Einstein crystals: «high T» limit
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!" = !$ ⋅ !&≈
(

)

*)

+,+-
),

/01 2 ≫ 4 45 = 46 = 4, 25 + 26 = 2

Expand	around the peak:	25 =
G

H
+ I, 26 =

G

H
− I

!K = !K
LMN ⋅ (

O)
*N
+

*

, !K
LMN =

(+

*)

*)

ΩQ falls	off to	1/W of its maximum when

4
H[

G

H

= 1 → I =
G

H ]
→ ^ =

G

]

Fluctuations around the mean

a

G
=

G/ ]

G/H
≈

b

]
→ 0
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Two large Einstein crystals: «high T» limit
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!" = !$ ⋅ !&≈
(

)

*)

+,+-
),

/01 2 ≫ 4 45 = 46 = 4, 25 + 26 = 2

Expand	around the peak:	25 =
G

H
+ I, 26 =

G

H
− I

!K = !K
LMN ⋅ (

O)
*N
+

*

, !K
LMN =

(+

*)

*)

∫
QR

OR
SN(

O
T)

+*
N*

=
+

*

U

)

Probability of having 25 energy units	

_ 25 =
*

+

)

U
(
O
T)

+*
+,O

+
*

*
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Take home---
• Stirling approximation for large systems !! ≈ !!$%! &'!, )*+ ! ≫ -

• Paramagnets: Multiplicity near its maximum

Ω /,/↑ ≈ Ω123 4
%

5↑%
5
6

7

5
6

• Interacting Einstein crystals: Multiplicity near its maximum

89 :; ≈ Ω<,123 4
% =5>7 >?%

>
6
7

• In the thermodynamic limit / → ∞, any random fluctuation away from the most likely
states is extremely unlikely
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Crystal	A
/, :;

Crystal	B
/, :L


