Lecture 5

Large multiplicity limit
03.09.2018



Two-state paramagnet model —4—4—4—4—4—46—4494—

* A system of N independent, localised particles with spin s = +1 at finite temperature

» At zero applied magnetic field, each spin can flip due to thermal vibrations with an equal probability

* Number of microstates with N; up-spins out of Nspins (multiplicity of that macrostate)

N!
Ny (N = Np)!

.Q(N, NT) -

e Total number of microstates N

S N
A = ) =2
&, £ Ny! (N — Np)!

* Probability of a macrostate with N; spins up

P(N;) = 27NQ(N, N; )
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Einstein crystal

* Collection of independent and identical quantum harmonic oscillators
* Each quantum oscillator has a discrete spectrum of energy levels, n = 0,1,2 ---

1
en=(n+§)hw

* Energy of N independent oscillators

nits of hv0)

Energy (in u

N

Energy units for N quantum harmonic oscillators at frequency w

Uy —hw N
q-= znl
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Multiplicity (g, N) of a macrostate with N oscillators and g units of
energy distributed between them

#1  #2 #3 . #N

q energy units ~ q identical balls

N oscillators ~ N identical boxes

Number of ways of distributing g balls between N boxed is the same as the number of

combinations with g balls and (N-1)-walls between the lined up boxes

Number of ways of combining (N-1)-walls and g balls

(N=1+¢q)!

e N) =" TN =)
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Stirling’s approximation for N! when N > 1

Let’s look at
InN!'=In[N-(N—1) - (N —2)---2-1]

N
InN! = Z Inn
n=1

When N — oo, we can replace the sum by an integral
InN!'=3N_.Inn~ [ dnlnn
: n=1 0

dlnn
dn

f dn—Inn =nlnn —j dn n
o dn o Jy

=NInN—N

InN!'~ NInN — N

N
N! ~ NN e N = (ﬂ)
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Stirling’s approximation for N! when N > 1

Improved approximation from the Gamma function

0]

nl=Tn+1) = j dx x"e™
—X — pnlnx—x °

* nlnx—x =@y nIn(y +n)—y—n

n

xX-e

=n1nn—n+n1n(1 +%)—y

- () <320

2
y y
nlhx—-—x~=nlhn—-n+y—->——-—y=nlhn—-—n—=>—
2n 2n
2 2 2
y y (x—n)
- nlnn—-n—s— - — - —
xNe™ ~ e 2n = ne Me 2n = ne "Me 2n
o _ (x—n)? o _ (x—n)?
n! =~ n"e‘"f dxe 2n = n”e‘"j dxe 2n =n"e ™ 2mn
0 —00

N! =~ NNe Ny2mN
InNN'~xNInN—-N+In(2nN) =~ NInN — N, sinceN > InN for N -
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Large N Paramagnet

N!
N:! (N — Ny)!

Q(N, N;) =

With
N! = NNe=N+/2N

FindQmayx: Ny==, N =73
NNe N\2nN
-Qmax ~ 2
N N N
((%)2 e? 2”7)
NNe Ny2nN
'Qmax ~ N = Slmax ¥



Large N Paramagnet

NN = T m Np)!

Find the multiplicity of a macrostate for large N using N! ~ NNe~V

an=N1nN—N—NTlnNT+NT—(N—NT)ln(N—NT)+(N—NT)

InQ=NInN — NT ll’lNT — (N - NT) ln(N - NT)
Boltzmann entropy
S=kIlnQ

For a paramagnet
S =k[NInN — N;InN; — (N — Np) In(N — Np)]
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Large N Paramagnet v

A e A gAY

With
N! ~ NNeg=N

Find the multiplicity of a macrostate around the one with maximum multiplicity

e . N N
Small deviation away from the state with Q,,,x: N; = St N, = > =X forx K N

N N
an=NlnN—(§+x)ln(—+x>—(

an=NlnN—(g—i—x)ln(g)—<g+x)ln(1+zﬁx>—(g—x)ln(g)_(g_x>ln(1_iv_x)

useIn(1+y)~y— %yz
nQ~NInN — NI (N) (N+ ) 2Xx 1(2x>2 (N ) 2Xx 1(2x>2
et~ A "2) 2T N\ N 2\ 2 Y)\" N 2\

Keep the lowest order terms on x

N| =
I
=
N———
=3
R
| =
I
=
N———

N
anlen2+§

Q(N,Ny) =2Ne 2
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Large N Paramagnet

N!
Q(N,N;) =
(N, Np) Nt!U(N — Np)!
With
N! =~ NNeg=N

Multiplicity of a macrostate around the one with maximum multiplicity

. : N N
Small deviation away from the state with Q,: Ny = St N, = =X forx K N

2x2 2x2

Q(N,x) ~ 2N e™ N - the probability is P(x) ~ e~ N

Using the normalization condition

+ oo + oo _sz NT[
dx P(x) = dx e N = =
N\? N\?
_(wm—3) _(vm=3)
- N 2 - N |2
Q(N,Ny) =2Ne 2 /N—n - P(N,N;) = e 2 N
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Large N Paramagnet

N

The probability around the peak x = Ny — 5

> 2x2
P(x) = /E e N

P(x) falls of to 1/e ofits peak when 2x?> = N — x = \/g

Full width of P(x) around the peako = 2\/N/2 = V2N

‘"__‘__*'__EE____'___D

N/2



Large N Paramagnet

8 X10- T T T T
. N
The probability around the peak x = Ny — > i :
5 _ 2x2 °r |
P(x)~ |—e N
( ) NT[ 5 B
. 4+ _
Full width of P(x): 0 = 2,/N/2 =~ 2N
10° 8 |
. o V2N 1 ‘ * I ' ’ '
Fluctuations — = —~ — >
(N+1) /2 /N 1 .
0.08 1F =
0.07 ﬂ 0 | | | | | | | |
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Einstein crystal: «low T» limit

(N—1+q)!~(N+q)!

Q(g,N) = ~
@N) =" TN T g

N,g > 1

Assume q K N and Inn! =nlnn —n:

nQ=WN+g)In(N+q)—(N+q)—qlng+gq—NInN+N
InQ=(N+qg)In N(1+%)—qlnq—NlnN

N q
InQ = qln;+(N+q)ln(1 +N)

InQ 1N+m+)q
n~qnq qN

na~gin™tg+ L~ (Ne)q
nl~qgn—r+q+—=In{—
q N q
Ne\?
Qiowr(q,N) = (7> , forq<N
Similarly,
qge\N
Qpight(q,N) = (W) , forN <<gq
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Two large Einstein crystals:
«high T» limit

(Ng+qa)! . (Ng + qp)!
qal Ny! qg' Ng! ’

forNAJqA;NB;qB > 1

Assume q > N and Ny = Ng = N,qq +qg =q:

2~ (%) (%) = (7) @aw
), is maximum when g4 = gz = %
max (;T(\I,)ZN



Two large Einstein crystals:
«high T» limit

e 2N

Q; = Qp - Qp~ (ﬁ) (qaqp)",  for q» N Ny=Np=N,qa+qp=q

q_
2

NORORS

e A e q 2x\°
antzZNlnN+Nln[(—) — X ]=2N1nﬁ+2Nln—+N1n 1—(—)

Expand around the peak: q, = g +x, qg = b

N

2 2 q
eq\2N 25\ 2\
In 'Qt ~ |n (%) — N (7) = |n .anax — N (;)

'Qt — Q{nax . e—N(Zx/q)2

-9

ea~2N
Q(qa) = O - € @ e = (o)

2N
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Two large Einstein crystals: «high T» limit

2N

Q; = Qy - Q= (%) (qaqp)",

for q > N Ny=Ng=N,q4+q5 =¢q
q

Expand around the peak: q, = g tXx qg=7,—x

2x

2
o, apee. ) g - (50"

2N

(), falls off to 1/e of its maximum when

2x 2 q q
N(?) —1—>X—ﬁ—>0—\/—ﬁ
Fluctuations around the mean

0_q/\/lv~ 1

@ az w0
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Two large Einstein crystals: «high T» limit

e\ 2N

Q; = Qy - Q= (ﬁ) (qaqp)",

for q > N Ny=Ng=N,qa+q5 =q

q q

Expand around the peak: q, = StX qg=7—x
2x\2 2N
Q= Q" - e_N(T) , Q™ = (%)

— 00 L xz

2 q fﬂ
dxe q =
f+oo 2 /N

Probability of having g, energy units

2 [N (g9
P(qA>=5j;e 7z 173)
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Take home---

3.0 ' ' ' I p——
QZ.O
« Stirling approximation for large systems N! ~ NYe=N+/2mN, for N >» 1 l ]
0'00 fl‘» 1[0 1|5 2|o
X
e Paramagnets: Multiplicity near its maximum * Y ? ‘ ‘ ? | ? ‘ ?
N 2
(v-32)
N
Q(N' NT) ~ Qmax e 2

* Interacting Einstein crystals: Multiplicity near its maximum

states is extremely unlikely

* In the thermodynamic limit N — oo, any random fluctuation away from the most likely
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