
Lecture 9
Thermodynamic equilibrium: temperature, pressure, chemical potential
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Thermal equilibrium
Thermal equilibrium of two interacting systems	through energy exchange.		
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Temperature is	a	measure of system’s ability to	exchange energy
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Thermal equilibrium: Temperature
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q The decrease *+, balances the increase *+-, i.e
− *+, = *+-

q
/01
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→ −*6, < *6- decrease in the entropy for 
system A is smaller than the increase in the entropy of
system B, so that the total entropy increases when heat 
flows from A to B

q *(6,+6-) > 0

q The system with smaller $%$& (higher ") will tend to give
energy

q System with higher < gives heat the one with lower "
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Mechanical equilibrium: What stays the same? 
Mechanical	and	thermal equilibrium of two interacting systems	through energy and	volume exchange
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Pressure is	a	measure of system’s ability to	exchange volume
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Mechanical equilibrium: Pressure
! = # $%
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q The decrease *+, balances the increase *+-, i.e −*+, =
*+-

q
/01
/21

< /04
/24

→ −*6, < *6- decrease in the entropy for 
system A is smaller than the increase in the entropy of
system B, so that the total entropy increases when system 
B expands into system A

q *(6,+6-) > 0

q The system with higher $%$& (higher !) will tend to gain
volume (expand)

q System with higher ! expands into the one with lower !
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Thermodynamic identity
• Entropy computed from the multiplicity of a macrostate at fixed U , V, and N

((*, +, ,)
• Change in entropy due to energy change or volume change has a differential form 

.( = 0(
0* 1,2

.* + 0(
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• Using the definitions for 5 and 6
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5 .* +

6
5 .+

• Thermodynamic identity for *((, +)

.* = 5.( − 6.+

We have derived the first law of thermodynamics for a reversible change (system goes through equilibrium states)! 
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Pressure P in the ideal gas:
• Entropy: 

! ", $, % = ' () * ", $,% = ' () + % + %() $ + -%. () "

• Equation of state: 

/ = 0 1!
1$ ",%

= %'0 2
2$ () $ = %'0

$ → /$ = %'0

This is now derived from counting the number of microstates for the gas particles!

• Heat capacity 45: 
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.
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Gas expansion: Δ"
• Entropy: 

#(%, ',() = + ,- . ( + (,- ' +
0(
1 ,- %

• Isolated system (2% = 3, 2( = 3) only ' changes during expansion

From	Boltzmann’s formula of S:

2# = #1 − #F = +( ,-
'1
'F

From	1st	&	2nd	laws of thermodynamics:		(along the isothermal path)

S2T = UVWX = −YVWX = +(Z ,-
'1
'F

q 2T is related to heat during the quasistatic isothermal expansion

q 2T > 3 because of the heat absorbed by the expanding gas to keep its internal energy constant
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Δ" is path-independent
• What if we choose the path A-B (isochoric+isobaric) instead of the isothermal path? 

• What will happen then?  

Use the definition of entropy from	heat	34 =
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q Entropy change is the same as on the isobaric path

q Moral: Choose the simplest path between the states to compute Δ"
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Free gas expansion: Δ"
• Irreversible expansion with no heat, no work

#$ = &+( = ) + ) = )

• As the gas expands freely into the vaccum, its entropy changes because of
volume change

• The multiplicity of a state with higher volume is larger, hence the entropy
increases

#* = +, -. /01.2-
/1.1312-

> ), 61.78 /01.2- > /1.1312-

This is a spontaneous expansion
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Diffusive equilibrium: What stays the same? 
Diffusive,	mechanical and	thermal equilibrium of two interacting systems	through particle,	energy and	
volume exchange
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System A and system B have the same chemical potential: ZC
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Chemical	potential is	a	measure of system’s ability to	exchange particle
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Diffusive equilibrium: chemical potential
! = −$ %&

%' (,*
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q The increase +,- balances the decrease +,., i.e +,- = −+,.

q
/01
/21

> /04
/24

→ +6- > −+6. increase in entropy for system A is 
larger than the decrease in entropy of system B, so that the total 
entropy increases when particles flow from B to A

q +(6-+6.) > 0

q The system with higher %&%' (smaller !) will tend to gain particles

q Particles flow from the system with higher ! to the one with
smaller !
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Thermodynamic identity
• Entropy computed from the multiplicity of a macrostate at fixed U , V, and N

((*, +, ,)
• Change in entropy due to energy change, volume change or particle number changes has a differential form 

.( = 0(
0* 1,2

.* + 0(
0+ 4,2

.+ + 0(
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.,

• Using the definitions for 5, 6 78. 9
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• Thermodynamic identity for *((, +, ,)

.* = 5.( − 6.+ + 9.,
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Chemical potential !
• In a process with fixed internal energy " and	volume	-

! = −0 12
13 4,6

• In a process with fixed entropy 2 and	volume	-:		

8" = 082 − 98- + !83 → 8" = !83

! = 1"
13 <,6
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q ! has units of energy

q ! is the change in the internal energy by 
bring in or taking out a particle at fixed
entropy and volume

q When a particle is added, entropy
typically increases. Hence, to keep 2
constant some energy may be removed

q thus, typically ! < 0



Ideal gas: chemical potential !
• From "($, &, ') = *' +,
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• The chemical potential is ! = −6
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q typical distance between particles is	larger than thermal wavelength Λ =
XY

FTUVW

q thermal wavelenth is	very small at	room temperatures,	but increases with cooling the system	and	then the
chemical potential can change sign

q something fundamental	happens with the ideal	gas	at	sufficiently small temperature!	 (stay tuned to	find out)
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Einstein crystal: chemical potential !
• From "($,&) = ) & + $ +, & + $ − $ +, $ − & +, &

• The chemical potential is ! = −.
/0

/1 2,3

! = −4. ln 7 + 8 − ln7 = −4. ln 1 +
8
7

q Energetic limit: 8 ≫ 7 → ! ≈ −4. ln
=

1
< −4. entropy increases more	when a	particle with no energy is	added

q Dense limit: N ≫ 8 → ! ≈ −4.
=

1
very small entropy increase when a	new particle with no energy is	added

q In	energetic limit,	the system	can take in	more	particles to	gain entropy,	while in	the dense limit	is	more	saturated
in	its entropy already.		
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Recap

• 1st law of thermodynamics: 
Energy cannot be created or destroyed, it can be transformed

A change in the internal energy (energy of a state) of a system is equal to heat exchage
or work exchange (energies in action) with its surroundings

!" = $% + $'

A change in the internal energy (energy of a state) of a system on a reversible path

!" = (!) − +!,
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Recap
• Entropy is a state variable (path-independent)

!(#, %, &) = )* lnΩ(#, %, &)

• S is maximum for the thermodynamic state that is the most likely one
(highest probability, maximum number of microstates) 

• When the system is in a state that has a lower probability, it will
spontaneously go into the most likely state. This is the free relaxation to
equilibrium
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Recap

• 2nd law of thermodynamics: 
Entropy of an isolated system can be created, but never destroyed

!" ≥ 0
On a reversible path, entropy change is due to heat exchange between the system and its surroundings at a given temperature T

%!" = '()*+
Mechanical analogue to heat and entropy: volume change due to reversible work at a given pressure

−-!. = '/)*+
On an irreversible path, not all heat gives rise to entropy change or available work (some of it is lost or dissipated into the environment) 

!" ≥ '(
%

!0 ≤ %!" − -!.
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Recap
• Thermodynamic identity: 
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(
% !) −

+
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% = ./
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12

3,5
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.3 0,5
, + = −% ./
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• 2nd law implies that
ØHeat flows from hot to cold
ØVolume expansion happens from high pressure to low pressure
ØParticle migration is from high chemical potential to low chemical potential
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