Phonon gas and Debye
crystal model
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Thermal vibrations in solids:

Einstein crystal model:
i) S aN. e Each atom in 3D has 3 one-dimensional
Wi A guantum harmonic oscillators
- * The harmonic oscillators are independent
n=1 '/'/—.—’\'\‘\‘\‘

Debye crystal model

* Thermal vibrations are coupled



Einstein crystal model

1 guantum harmonic oscillator
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N quantum harmonic oscillators
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Einstein crystal model

Total energy Uy = qe¢
Energy units q = U—;V
e ge . (N—-1+q)!
Multiplicity Q(gq,N) = VD)
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Heat capacity Cy = 3Nk—~, 5
(e /kT—]_)
Einstein model Cy is too small at low T
Lacks low frequency (long wavelength,
low energy collective modes S
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Debye crystal model

Collective modes of motion (vibration) of atoms in crystal ) /\/\
= Standing (sound) waves in solid of size L:

2L
* wavelength An =— n:Nv\/\/\/\/\/
* minimum wavelength Amin = 2 * interatomic distance
* sound velocity assumed constant ¢, <
hcs  hesn L
* ener E=hy=— =
&Y A 2L

e waves -> phonons -> bosons with u =20
1

* average number of energy units  ngg(e,T) =

ePe—1
* 3 polarizations: 1 long, 2 transv.
 total energy U=3X,, Zny Yn, €N
. 6N\1/3
* sumin 1/8 sphere of volume N Nmax = (—n)
. n T . 3h 1
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*Unlike photons



Debye crystal model

Collective modes of motion (vibration) of atoms in crystal

= Standing (sound) waves in solid of size L:
* wavelength

*  minimum wavelength

* sound velocity assumed constant
*  energy

* waves -> phonons -> bosons with
*  average number of energy units

e 3 polarizations: 1 long, 2 transv.

*  Total energy

* sumin 1/8 sphere of volume N

* almost same integral as photons

* integrate over angles

€ _ hegn

X

* not analytical

* Heat capacity
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Debye crystal model

1/3
Debye temperature Tp = %Sc (%V)
4 Tp 3
Total energy U= 9nTk3T Jy /T—e: 1dx
3 _
H | ¢, = (%) =onkr (L) [ 2 g
eat capacity v=Gr)yy fo (ex 1)2 X
3n* NkT*
Low temperature T < Tp U =3
D
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free electron model Cv=7vT, v =—

...... Law of Dulong and Petit
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- heat at high temp -~ ~
P X Ag, Th=225K

B 2 S

i = S Scaled to their
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4l T2 behavior matches Diamond
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How do we relate models to materials?

Einstein model

* harmonic oscillators:
energy quanta, € = hv, € only material parameter

* temperature scale, kT /¢

kT
Cy(=3)
¢ ex.,—<f— =0.4963 e ,
3Nk - 5L
W //e’j 100 K
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* no coupling between atoms => no elasticity e = v AlL £
* no volume, pressure... Egt / . < Aluminnm 3
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2l v
% D RO T L e TR

Debye models
e elastic waves: ' 100 200 300
hcsn .
* energy quanta, € = hy = oL+ Cs only material parameter

* temperature scale, kT /¢
e same empirical fit possible

: . B
* coupling between atoms => elasticity, c; = \E, B- bulk modulus



