Summary Fys2160

Statistical mechanics
Models
Thermodynamics laws
Thermodynamic processes

Last days:

* Group sessions: this week and next week

* Problem solving sessions: Tue 12:15-14 this week and
next week

Check that you have 40 points
* Last lecture tomorrow

* Exam: Nov 28, 15:00, 4 hours
* Approved calculator

* One A4 sheet with notes (2 pages)
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Statistical mechanics =
Thermodynamics of microscopic models

microstate & macrostate

fundamental assumption
NVE

multiplicity
probability

central limit, normal
entropy

NVT

uvT

* Great potential ® = —kTInZ;

Boltzmann factor

relative probabilities
Partition function, Z

Free energy F = —kTInZ
Probability

Gibbs factor, Gibbs sum Z;

indistinguishable: 1/,

* equipartition

Quantum systems
* Fermi-Dirac
* Bose-Einstein
* density of states
* radiation

Microscopic models

States of microscopic particles,

simple enough to calculate

multiplicity, partition function or

Gibbs sum

calculate Helmholtz, mean
energy, mean particle
number,density of states

find equation of state

=> all can be calculated

Two state models

* two-sided box
* polymer

* paramagnet

* random walker
* hemoglobin

Einstein crystal
Ideal gas

Free electron gas
Photon gas

Debye crystal
Molecular dynamics
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Mentimeter

exam 2017, problem 2

We will now use a microscopic model of the rubber band made of a polymer.
Assume the polymer being stretched consistes of N monomers of length § The
monomers are attached to each other andcan extend either to the right or to
the left. That is, each monomer has two possible states

_ | +1  hgyre
5= { -1 venstre (7)

that are equally probable. When the rubber band is stretched some of the turns
(change of direction between neighbours) are straightened out. The dilatation

of the rubber band is then [ =4, s;.

(d) If Nj, is the number of monomers directed to the right show that the mul-
tiplicity of the rubber band is

N
Q(Np,N) = 8
)= () ®
and use Stirling’s approxmation In(N!) & NIn N — N to find the entropy.
9)

(e) show that the force is given by

kT N&+1
femoo

26 "No—1 (10)
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The analysis of the rubber band model shows that the force is related to the
entropy, that is, how ordered the polymer is. In order to test if the internal
energy matters we wil make a model where each monomer has the energy de
independent of s;. This signifies that the (total internal) energy of the polymer
in state 7 is ¢; = Nde. We may now write the partition function as

exam 2017, problem 2

Z =Y e /M = Q(Ny, N)e No/*T, (12)

(k) Use the partition function to find an expression for the force and compare
to the expression we found for the microcanonical ensemble. Comment the
result.

Isolated system at equilibrium
microcanonical

Multiplicity of macrostate (N, V, U)

system Q(N,V,U)=number of “equally probable”* accessible microstates
indistinguishable particles: N! permutations do not count =>
(N,V,U) constant n " ingul parti permutati u
EQ N,V U)

Probability of a microstate s (for a given macrostate (N, V, U)):

1
P(s) = Q(NV,U)

Boltzmanns entropy:
S(N,V,U) =kInQ(N,V,U)
=—kY;P(s)InP(s)

*fundamental assumption of statistical mechanics
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Mentimeter

System in a thermal bath

canonical (NVT)

NRr VRr URI
Q

Exchanges Q with (NVE) reservoir to keep T constant

probability ratio:

Boltzmann factor:

Partition function = weighted
sum over all microstates:

N distinguishable, ident, indep.

N indistinguishable, ident, indep.

Boltzmann distribution =
Probability of a microstate:
Free energy: Helmholtz

Internal energy:

Equation of state:

P(s1) _ e—Be(s1)
P(sp) e Pets2)
e_ﬁq

Z = Zi e_BSi
Zy(v,T) = ZNW,T)
IyW,T) =—ZN(V,T)

P = E_Bsi/z
F=—kTInZ

UN,V,T) = — ("’;’;Z)VN
P(N,V,T) = — (g—g)”

10
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System in thermal & particle reservoir
Grand canonical, (uVT)

Exchanges Q & particles with (NVE) reservoir to keep T & p constant

P(s1) _ e~ B(e(s1)—uN(s1)
P(sy) e~ B(e(s2)-uN(s2)

Gibbs factor: e~ B(ei—uNy)

probability ratio:

Gibbs sum: weighted sum over

all possible microstates: Zs(T,u) = Y, e Fei—uny
Probability of a microstate: P, = e—ﬁ(si—uwi)/ZG
Free energy: Grand potential, O =—kTInZg=U—-TS —uN

12
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Thermodynamics

Study of transfers of matter and energy in systems that can be driven (by
their surroundings) from one state of equilibrium to another.

Macroscopic, measurable properties, axiomatic (4 «laws»)

Models exchange of energy, work, heat & matter
* from well defined initial equilibrium
* specified thermodynamic operation (change in walls or surroundings)

* => calculate final equilibrium state

13
State variables
* A state variable for a system depends only on the equilibrium state of
the system and not the path to reach that state
*mV,p,N,P,T
* energies: U,H,G,F
* entropy: S
» Example: change of P(t), V(t) with time of ideal gas (PV = NkT = U)
ty
AU = UG, t) = | POV© =PE)V(E) - PE)V(E)
t1
_ (V(t) P(t2)
= fv(tl) PdV+fP(t1) VdP
* Integral depends only on end points.
* State functions have use exact differentials “d” in dV, dP, dU,...
* Thermodynamic state variables are only strictly defined in equilibrium
14
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Path dependent variables

* Heat, Q, and work, W,
* are not state variables

* are process quantities / path functions
* values depend on the path between equilibrium states

2 t2 dv(t)
AW = W(ty,t,) :f —PdVJ —P(¢) dt
) ‘. dt

* P(t) and V(t) must be known along the whole path

¢ An infinitesimal increment of work 6W = —PdV

* “§” is an inexact differential, it can only be integrated with full
knowledge of path

15

First law of thermodynamics

Energy is conserved:

There are two ways of changing the internal energy of a
system: heat and work.

AU=Q+W
Infinitesimal change in U is path dependent:

dU = 6Q + oW

Schroeder: dU=Q+W

16
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Entropy & second law

For all changes/processes AS;,; = 0

Equilibrium maximizes entropy
N=Ns+Ng, V=V1+Vs, U=Ua+Us, all (N,V,U) constant, a € (N,V,U),

. . . I aSp 0Sa
- ) — = ——
Stot =S4 + Sg is maximum in equilibrium ap  dag
er . . 0S4 _ 9Sp 1_ .08
Thermal equilibrium: =22 = =22, = = Gy

. Ll s . 0S4 _ 0Sp _ as
Mechanical equilibrium: TR P= T(av NU

. . T 0S4 _ 0Sp _ as
Diffusive equilibrium: 522 =222, 4= —TGR)uy

17
Reversible & irreversible processes
* All processes where AS;,; > 0 areirreversible
* All real processes are irreversible
* Areversible process, AS;,; = 0, is
* quasistatic g || sotmen
* incremental, infinitesimal changes ‘
* an idealized, mathematical limit
* Example: Quasistatic volume change:
* W =PAV ]
° When Q — 0 Adiabitic proces:
* If return along same path .
e W=0 Work done 4
« AS=0 |:I
18
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. . . N —»
Thermodynamic identity v
* Change in entropy due to energy, volume, particle number
has a total differential:
as=(2) awr(ZD) () an
~\au V.N av UN N uyv
I 1_ ,0S — 7,08 _ as
hd USE def|n|t|0ns: ? = %)N,VI P = T(W)N,U’ ‘u = _T(ﬁ)U,V

ds = sau + Lav —Pan
T T T

* =>Thermodynamic identity for U(S,V, N)

dU = TdS — PdV + udN

* The thermodynamic identity holds true for any infinitesimal

change in a system .

19

exam 2017, problem 2

A rubber band of length L(T') = lo(T) + (T) is stretched with a force f at each
end. When f = 0 the length is L = [y and when f > 0 the dilatation is [ > 0.

|(a) Write an expression for the thermodynamic identity of the rubber band.

(b) Show that the thermodynamic identity for the Helmholtz free energy, F,
can be written

dF = fdl — SdT (4)

(¢) Show that the force f for a given dilatation [ can be written as a derivative

of Helmholtz free energy:
oF
1= (%), ®)

and by the entropy:

20
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12/11/2024
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Quasistatic processes
TDI dU =TdS — PdV + udN
True for
* quasistatic,
* infinitesimal changes
TDI, N=const dU = TdS — PdV
1t law: dU = 6Q + W (dU=Q+W)
=> 6Q =TdS, SW = —PdV (Q =TdS, W = —PdV)
* still path dependent!
* heat always produces entropy!
T
Some (rare) processes are not || - - _ v
* quasistatic, [ e ‘,’<
* infinitesimal changes ’ ]
Figure 3.16. Two types of non-quasistatic volume cl.mngcs: very fast compression
that creates internal disequilibrium, and free expansion into a vacuum.
22
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exam 2017, problem 2

(i) When the rubber band is stretched slowly, will there be heat flowing into the
band, out of the band or will there be no heat flow? Justify your answer.

(j) Draw a cyclic process in a f — L-diagram where the force f = 0 in state 1)
and 3) and f > 0 in state 2). Along the path 1)—2) the rubber band is
stretched slowly. Along the path 2)—3) the force is quickly reduced. Along
the path 3)—1) the force on the rubber band is not changed. Indicate the
heat flow, the type of process of each path and justify the shape of the
path (straight, curved...)

23

Engines & refrigerators

efficiency e=W/Q
copP=Q/W

Rubber band exam could be continued with
efficiency of a rubber engine.

* Quizz:

24
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Mentimeter

25

Exam 2017, Problem 1

a)

b)

d)

The Gibbs free energy of two phases A and B of a pure
substance are equal at the coexistence line in a phase
diagram: G,=Gj. Explain why the coexistence line is
inclined.

For “ordinary substances” there are coexistence lines
between gas-liquid, gas-solid, liquid-gas and between
different crystalline solid phases. Why does only the
coexistence line between gas and liquid end in a critical
point? (All the other coexistence lines end in another
coexistence line or in (TPV) equals zero or infinity:)

Explain the principle of corresponding states

Do systems obeying the 1) ideal gas 2) van der Waals
equation of state have a critical point?

26
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Phase equilibria

* Phases = states of matter

* G, = Gg at the coexistence line

* dG, = dGg to stay on the line, dG = VdP — SdT
o dP/dT = AS/AV =AH/(T AV)

¢ Clausius-Clapeyron

* In all state space (PT,\V...) at least one phase exists

* Boundaries = phase coexistence line = equilibrium

SOLID LIQUID
Pc e " """ 9
5 B e
. / kgm® Melting —> ! Critical
L <— Freezing ' point
%09 | : | 1200 3 !
N v 5 Vaporization —> ]
800 I — a Triple point « <— Condensation |
] \ v / Liquid 150 b il \\0 :
tp ‘ |
g 1 oo Sublimation —> | GAS !
- l"/ <— Deposition 1
00| + + ! :
1h \ 1050 0——— i I
. 1000 Ttp T,
— = 2 Sace Temperature >
Quizz
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Equations of state

* Model specific relation between state variables beyond necessary

thermodynamic relations:

* |deal gas: PV = NkT
2
* van der Waals: <p+ %) (V— Nb) = NkT

* Necessary to evaluate path dependent integrals
f(SW = —deV

* Used to determine phase equilibria

55 .
ooooooo

29

Reduced state variables &
corresponding states

* Non-dimensionalising equations
* use characteristic quantities
e g, oom
* Corresponding states: critical point T, P, V,

Sol
map phase diagrams
P+

onto each other using
Liquid a unique point
->¢g,0,m for Ar
->a, b for Ar
b

!
Ll —
© 80 100 120 140 160 T =

temperature (K) o1

(V — Nb) = NkT

30
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Thermodynamic potentials

Energy nat vars
Internal U(S,V,N)
Enthalpy H(S,P,N)=U+PV
Helmholtz F(T,V,N)=U-TS
Gibbs G(T,P,N)=F + PV
Grand ®(T,V,u) =F —uN

Total differentials => —-S = (a_d’)

Derivatives of TDIs => Maxwell relations

a%u 22U apP
Uis,v): —=—r— = _(g

sav ~ avas
etc...

DI
dU = TdS — PdV + udN
dH = TdS + VdP + udN
dF = —SdT — PdV + udN
dG = —SdT + VdP + udN
dd = —SdT — PdV — Ndu

_ (aa) _ (61-") otc
“\ar/py T \ar/yy’ T

), = ),
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