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Exam in: FYS3110, Quantum mechanics
Date: January 2026 (continuation exam H25)

Time: 4 hours

Problem 1

A hermitian operator A operates on the orthonormal energy eigenkets |1) and |2) with

energies F/y and E5 respectively in the following way

~ ~

All) =12), Al2)=11)

1.1 (6 points) Find the eigenvalues and eigenvectors (as combinations of [1) and [2)) of A.

Solution: Adding and subtracting the two equations one finds

A1) +12) = (1) +12))
A1) = 12) = = (11) — 12))

Therefore the normalized eigenvectors and corresponding eigenvalues are

5 (11) +12)), eigenvalue=+1

H3|H

— (|1) = 12)), eigenvalue=—1

V2

No reasoning is required here. It is enough to just write down the eigenstates and their

corresponding eigenvalues. For full score the eigenvectors must be normalized.

1.2 (6 points) A measurement of A at time t = 0 gives as the result one of the
eigenvalues of A. Show that the probability of getting the other eigenvalue of A when
measuring |A) again at time ¢ > 0 is given by P(t) = sin? [(Ey — E;)t/2h].

Solution: Let us assume that the eigenvalue gotten by the first measurement is +1.
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Then the initial state is |+) = %2 (|1) +12)). The time-evolution of this state is

%2 1 , .
|t> — 6—1Ht/h|+> — % (e—ZElt/h|1> + e—lEQt/ﬁ|2>)

The probability amplitude for measuring the other eigenvalue of A is

<_|t> — (ef’iElt/h o e*iEzt/ﬁ) — %ei(EH#»Eg)t/Qh (ef’i(EleQ)t/Zﬁ o ei(Elez)t/Qh)
1

— _Z'efi(E1+E2)t/2h sin El B E2
2h

Thus the probability of measuring the other eigenvalue at time t is

2
E, - F
2 1 2
= Sln (—2 ), q.e.d.

One gets exactly the same result if the initial measurement was —1.

N —

P(t) = ‘—ie_i(ElJrEQ)t/zh sin (—E12_hE2)

For full score the final expression must be convincingly explained. Partial credit will be
given for the correct time-dependent state. Partial credit will also be given for a correct

(intermediate) expression for the probability.

Problem 2

Two stationary spin-1 particles interact with the following Hamiltonian operator
. 1 - =17

J is a real non-zero constant with units of energy, and 5’1 is the spin operator (spin-1) of
particle 4, (i € {1,2}). p is a positive integer. Only consider the spin degrees of freedom in

this problem.

2.1(6 points) Find all the energy eigenvalues of H for general p and J. For what

values of J and p will the ground state have total spin zero?

Solution: Defining the total spin operator §tot = §1 + §2 we have the following rela-
tion
2

— — 1 h
Sl . 52 = 5 (Stzot — S% — Sg) = E (Stot<stot + 1) — 4)

where we have replaced S} and S with their values s(s + 1)h?* = 2h? for spin-1s (s = 1).

The total spin sy € {0, 1,2} which follows from the rules of adding angular momenta. Thus

2



the Hamiltonian takes the form

. 1 p
H=J 5 (Stot (Stot —+ 1) — 4)
The energy eigenvalues are therefore
Stot Ep
0 J(=2)
1 J(=1)
2 J(+1)
From the table it follows that the ground state has s,; = 0 if either

J >0 and pis odd, or J < 0 and p is even.

For full score, all the energy eigenvalues must be stated. And the correct condition for the

ground state having spin zero.

2.2 (6 points) Show that the Hamiltonian can be written

1 p

H=1J 5 (SfSy + Sy Sy + 2575%)

where S = 5% +iSY.

Solution: Inverting we see that Sf = 1(SF+S57) and S = £ (S7 —S5;7). Then

7 7

writing out the operator scalar product, we have

1 11 1
-5 (STS5 + SV + 5787) = L; (81" +87) (S5 +S3) = 7 (S = 87) (S5 = S) + 5795
11
=73 {5 (SfSy +5755) +5f5§]
= % (Ser; + 5785 + 25'555)

and the only thing left to do is to multiply by J and raise the operator to the p’th power:

1 p
H=] {ﬁ (SfSy + 5755+ 251255)] , qed.

To get points on this ”Show that” problem, one must in fact show the algebraic steps

involving the ladder operators and their relation to the cartesian components of the spin
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operators. No credit is given for just stating without any algebra: ”It is easy to see” or

similar. It is ok to do the proof "in reverse”.

For spin-1 the ladder operators act on the S* eigenstates |m), m € {—1,0,1} in the

following way:

St —1) = Bv2|0) S| —1) = |null)
SF|0) = Bv2|1) S710) = Av2| — 1)
S*(1) = |null) S™I1) = Bv2|0)

where |null) is the null ket with zero norm.
In the following set p = 1 and assume that J is such that the ground state has total spin zero.

2.3(6 points) Calculate H|1,—1) and H]|0,0). Here the notation |my,ms,) indicates

the S, quantum numbers (m; and msy) of the two spins.

Solution: Using the expression in 2.2 we have
~ J
HIL,=1) = o5 (S7Sy + 785 +28785) 1, 1)

J
— 5o | SESEIL—1) + STSHL -1) +25155/1,-1)

Vv Vv
[null) 252(0,0) —2h2|1,—-1)

=J(10,0) = |1, -1))

and

) J
H0,0) = — (S7 85 + 87 S5 +25755)10,0)

2h?
J + Q- - Q+ zQz
= on2 S175510,0) + 57 577(0,0) + 2575310, 0)

TV
202(1,—1) 2h2|—1,1) |null)

=J(L-D+]|-11)

For full score here the results must be correct. Partial credit will be given for partially

correct results.



2.4(6 points) Use the variational method with the trial state |¢)) = «afl,—1) + £|0,0) +

al — 1,1), where a, 8 are real to find an upper bound on the ground state energy of H.

(Hint: It can help to parameterize o = \%COS f, and you may also need the identity
2 _ 1
COS (29) = m.

Solution: Let us first normalize the wave function
L= () = 20> + 5> = 5 =1-207

Using the parameterization suggested in the hint o = % cos 6 we see that 82 = 1 —cos?6 =
sin?f or 3 = sin@. Thus the trial state is normalized when choosing 3 = sinf. Then the

trial energy is

Ey = (Y| H|p)
= (| (1, ~1)a + /0,08 + H| - 1,1)a)
= (| (a7 (10,0) = [1,—1)) + aJ (|0,0) — [ = 1,1)) + BJ (|1, =1) + | = 1, 1)))
= J({|(2a]0,0) + (8 — @) [1,=1) + (B — @) | = 1,+1))
—2J (B + (B —a)a)
=2J (208 — o)
=2J <\/§cosesin9 - %cos2 e>

1 1
=2J | —sin20 — - (1 + cos 260
<\/§ 1 ))

Differentiating w.r.t  and equating to zero gives

dEtr
do

1
=2J (\/500820—1—5sin29) —0 = tan20 = —2v/2

Then using tan 20 = 3820 — _2,/2 — sin 20 = —2v/2cos 26, the minimal trial energy is

cos20

1 1 J
Eipmin = 2J <(—2 — Z) cos 20 — Z) =3 (—9cos20 — 1)

Then finally using the identity

% (20) = ! = ! L o=
o8 C1+tan?(20) 14 (—2v2)2 9 RT3
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we get

|

Etr,min =

1
9= —1) ==2J
(=51)

which is the exact ground state energy.

In fact the best trial state is the ground state. This can be seen by working out the
constants o and 3. First cos?0 = (1 + cos26)/2 which gives cos?# = 2 and implies

cosf = \/g Then sin20 = tan 26 cos20 = %ﬁ = 2sinfcosf = %ﬁ Inserting

cost = \/g we get sinf = —\/Lg. Thus a = \/lg and = —\/Lg and the best trial state is

7(|1 ,—1) —10,0) + [ - 1,1))

which is the exact ground state.
Up to four points are given here for the correct expression for the variational energy before
minimization. Additionally up to two points are awarded for correctly minimizing the

expression and obtaining the correct answer.

An extra term

Hp = = (sty SYST)

is added to the Hamiltonian. D is a positive real constant with units of energy.

2.5(6 points) Treat the Hp as a perturbation and use time-independent perturba-
tion theory to calculate the first and the second order corrections in D to the ground state

energy of H.

Solution: Using the ladder operators, the perturbation can be written as

D D 1
st -5 = ( (51 +55) (S5 = 87) - 3. (57 = 57) (55 +57)
- 27"22 (S+S— 51_5’;)

The ground state of H is non-degenerate and its ground state is the state with total spin-0

as was stated in the text before problem 2.3. Looking up the Clebsch-Gordan table we see



that the grund state of Hj is
1
V3

Then applying the perturbation to this state, we get

|8t0t = O,mtot = 0> = <|1, —1> — |0,0> + | — 1, 1>)

1D

1D _ _ 1

TR V3
iD
=5 (_\/§|1, —1) +v/2[0,0) — v2[0,0) + V2| - 1, 1>)
_iD
V6

This is orthogonal to |si: = 0,m4, = 0), thus the first order energy correction to the

(SYSQ_ — 51_5;) |Stot = 0,401 = 0)

(IL=1) = =1,1))

ground state is 0.

To calculate the second order correction to the ground state energy, we must seek
which states the perturbation couples to. From the previous calculation, it is clear that one
should look for the state |1, —1) —| — 1,1). Inspecting the Clebsch-Gordan table one sees
that the only state which involves an antisymmetric combination of these two is
00 = 1, = 0) = = (11, -1) = | = 1,1))
V2
which lies in the energy level with energy £ = —J. Thus the only contributing matrix

element is
1D
V3

<3tot =1, myy = 0‘D|$t0t =0, mye = O) =

and the second order energy correction to the ground state is

|<3tot =1,my = O|D|3tot =0, Mot = 0>|2 _ _D_2
—2J — (—J) 3J

Ef =

No credit is given for general formulae. To get points one has to apply the perturbation
formulae to this problem. Partial credit will be given for using the Clebsch-Gordan table to
find the unperturbed states, and for carrying out calculation of matrix elements. For full

score both results must be correct.

Problem 3: Two operators 7' and 7't obey the following relations:
TT =0, TiTt=0, TIT+TiT=1
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Assume that there is at least one non-zero state in the Hilbert space H.

3.1(2 points) Show that there exists a state |0) such that T|0) = |null), where

|null) is the null ket with zero norm.

Solution: Let us denote the non-zero state for |¢). Then either T|)) = |null) or
T|1b) # |null). In the first case we can take 1)) = |0) and we have shown what was required.
In the second case we can apply T' once more: T' T|¢> Now since 7T = 0 this must be the
null state: 77|¢) = |null). Thus by denoting T|t)) = |0) we see that also in this case there
is a state |0) for which 7']0) = |null).

For full credit a convincing and logical proof must be presented.

3.2(2 points) Show that TT|0) # |null) and denote TT|0) = |1). What is T|1) and
TT|1>? Use these results to show that H is two-dimensional.
Solution: Apply 7" to TT|O>. We then get

TTt|0) = (1_TTT) 10) = 0) = T]0) # |null)

as otherwise if TT(0) = |null) then T|null) = |null).

Denote |1) = T1[0). Then
1) = 7710y = (1 - TTT) 0) = J0)
TH1) = T1T110) = |null)
Summarizing
T(0) = |null), T110) = |1)
1) = [0), 1) = [l
Thus we see that no other states than |0) and |1) are generated from applying products of
operators T and 7T on H. The Hilbert space is therefore two dimensional as any state can

by written as a linear combination of the two states |0) and |1).

For full credit all four questions must be answered in a convincing way.
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3.3(2 points) Find the eigenvalues and eigenstates of the Hamiltonian H = g (TTT — TTT>,

where ¢ has units of energy.

Solution: Using the relation TT" +T'T =1 we can rewrite the Hamiltonian

A

Hzg(TTT—TTT> :2gTTT—g.

Thus we only need to figure out the eigenvalues and eigenvectors of TTT. Let us write down
the eigenvalue equation with a general eigenvector described by constants o and § and an
eigenvalue \:

T (2|0) + BI1)) = A (a|0) + BI1))

Evaluating the left hand side we find
BI1) = A(al0) + B[1)) = B(1—A)[1) = Aa|0)

This equation has solutions: A\ = 0, = 1,86 = 0, and A = 1, = 0,8 = 1. Thus the

eigenvalues and eigenvectors of TTT are
|0), with eigenvalue= 0 & |1), with eigenvalue= 1.
Finally this gives the following eigenvectors and eigenvalues of H

|0), with eigenvalue= -g, & |1), with eigenvalue= 2g-g=g

Since |0) and |1) are in fact eigenfunctions of H, one will also obtain full score on this
subproblem by just applying H first to |0) and then to |1) and read off the corresponding

eigenvalues.

Problem 4:

A particle with charge ¢ and mass m is in a three dimensional box with length L, depth L,
and height L,. The length and depth are much larger than the height, L > L,. You can

treat the potential outside the box as being infinite.

The wavefunctions of this system are labelled by the quantum numbers n,,n, and



n., and are

8 x . . z
om0 2) = o i (") s (P2 i (1)

4.1(6 points)
Find the energy eigenvalues for this particle-in-a-box system and state the allowed values

of ng,n, and n,.

Solution: Since the eigenstates are given, the task is to write down the correct Hamiltonian
and let it act on the eigenstates to produce the eigenvalues. The Hamiltonian of this

particle-in-a-box system is

h [ 02 0? 0?
(@ + 8_y2 + @) —i—V(m,y,z)

2m

where V' is 0 inside the box and infinity outside. Performing the derivatives, we find that

the eigenvalues are

R2r? (n2  nr o on?
Enz,n%nz = om (ﬁ+ﬁ+ﬁ> y Ngy Ny, Ny c {1,2,}

The n’s are positive integers. None of them can be 0 as then the state is the zero state.

Neither can any one of them be negative, because that eigenstate is just a phase factor
(minus sign) different from the same state with positive n, and is therefore the same state.
No deep reasoning is required in this problem. Full score is given for the correct energy

eigenvalues and range of ns. Partial credit is given for partially correct answers.

A time-dependent electric field with a tunable frequency w is imposed on the box.
The electric field is linearly polarized and has an amplitude Ej, and an adjustable polariza-
tion direction d (of unit length) that lies in the xy-plane.

Define the reflection operator R as

Rf(z,y,z) = f(L—a,L—y,L, — 2)

4.2(6 points) Show that electric dipole transitions between energy eigenstates with equal

eigenvalues of R are forbidden. Find the frequencies of these forbidden transitions in the
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h2nm2 >

interval [0, 5mL2h

Solution: The electric dipole transition element is —gEd - (f|ri). Let us also assume that

the energy eigenfunctions are eigenstates of R (they are!), and write

Ryp(x,y,2) =p(L—2a,L—y,L, — z) = Apps(2,y, 2)

R is hermitian and R? = 1 which also implies R~! = R, thus the eigenvalues A of R are 41.

To prove that R is hermitian consider the following

*

(IR = 10y = | [ dodydzv (o, 2)ali )
= /dxdydza*(L —xz,L—y, L, — 2)b(x,y,2) = /dxdydza* (x,y,2)b(Ly — 2, L —y,L — z)
= (a|Rb) = R' =R

Consider the matrix elements of the cartesian coordinates

(fIRzR[i) = (fI(L = x) i) = L{fli) = (flzli) = =(flali)

where we used RxR = L — x which is a consequence of Rz = (L — x)R. On the other hand
the same matrix element is

(fIRzR[i) = ApAi(flali)

Setting them equal leads to
(ApAi +1) (flali) =0

where Af, \; are the R eigenvalues of |f) and |i) respectively. Thus the matrix element
(f|z|i) will be zero if Ay = A;. The same holds for the matrix elements (f|y|i) and (f|z|i).
Here the polarization vector lies in the xy-plane, so only the matrix element that involves z
and y enter the transition probabilities. This concludes the proof.

The action of the operator R on ¥y, n,n. is

8 €T . . z
Rpn iy, (,y,2) = 72 sin (ngﬂr — %x) sin <ny7r — %y) sin <nz7r — nLWz>

8 . mym \ . (mym \ . [n.m
= — cos (n,m) cos (n,m) cos (n,m) ﬁ&n(Tx) sm(Ty) sin{ ——z

= — cos (n,m) cos (1, ) cos (M) Vn, nym. (T, Y, 2)
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Thus the eigenvalue

Mgy, = — €08 (ngm) cos (n, ) cos (n.m)

2 (1 2
=g\t

increasing n, will lead to energy increases in multiples of

The ground state energy is

Rl
2mL2*

Thus to keep the excitation

K22
2mL2

energies lower than above the ground state, the quantum number n, must be one.

Thus the states in the low-energy interval [0, %) above the ground state are

y ( ) 8 ,(nﬂ)_(nﬂ), 7T
e o 1(T, Y, 2) = sin{ —a ) sin( ——y ) sin| —=z
ey 1T Y L.L? L LY L.

h2m? ng—l—n?j 1
Enyng1 = 57 ( 732 +ﬁ>, ng,ny €1{1,2,...}

Angyny,l = COS 1T COS Ny T

The ground state is an eigenstate of R with eigenvalue \; = A\j17 = —cos®(m) = +1. As

shown above electric dipole transitions are forbidden if the excited state also has Ay = +1. In

the energy interval [0, f;—’fg) this corresponds to states with n,,n, both odd, or both even.
The forbidden electric dipole transitions in the sought low-energy interval have therefore

frequencies

hwnx,ny,l -

R2r? (n?+ ni -2
2m L?

) ,  TNg,n, both even or both odd.

Up to four points are given for the proof. Up to two points are given for obtaining the
correct forbidden frequencies in a convincing way.

——— THE END
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