
FYS 3120/4120 Classical Mechanics and Electromagnetism

Note on Symmetry and Constants of motion

1 What is a symmetry?

Symmetry in physics may have slightly different meanings depending on whether
we consider static or dynamical situations. A body is symmetric under rotations
if it looks identical when viewed from rotated positions. Similarly a crystal is
symmetric under a group of transformations that may include rotations, transla-
tions and reflections, if the lattice structure is left invariant (unchanged) by these
transformations. These are static situations, where the symmetry transformations
leave unchanged the body or structure that we consider.1

In a dynamical situation we refer to certain transformations as symmetries
when they leave the physical laws invariant rather than physical bodies or struc-
tures. In general the physical laws take different forms depending on the coordi-
nates we use, but in some cases a change of coordinates will introduce no change
in the form of the physical laws. A well-known example is the case of inertial
frames, where Newton’s 2.law has the same form whether we use one inertial ref-
erence frame or another one that is moving with constant speed and not rotating
relative to the first one.

Let us describe the time evolution of system by a set of coordinates q =
{qi, i = 1, 2, ..., D}, where D is the number of degrees of freedom of a sys-
tem. A particular solution of the equations of motion we denote by q = q(t). A
coordinate transformation is a mapping

q → q′ = q′(q, t) , (1)

where we may regard the new set of coordinates q′ as a function of the old set q
(and possibly of time t). One way to view the condition for this to be a symmetry
transformation is that any solution q(t) of the equation of motions is mapped into
a new solution q′(t) of the equations of motion.

There are two equivalent ways to view a symmetry transformation. It may
be viewed as a passive transformation, which means that we describe the same
physical situation (the time evolution of the system) in two different coordinate
systems. If q(t) and q′(t) describe one and the same evolution of the system, ob-
viously if q(t) is a solution of the equation of motion (in the old coordinates), then

1The symmetries we consider are often restricted to space-transformations (or space-time trans-
formations), but more general types of symmetry transformations may be considered, which in-
volve mappings of one type of particles into another, changing the colour of a body etc.
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q′(t) is a solution of the equations of motion (in the new coordinates). For general
transformations q → q′ (not symmetries), the form of the equations of motion
in the the two coordinate systems is different. This means that q(t) and q′(t) are
not solutions of the same set of (differential) equations even if they describe the
same evolution. However, if the transformation is a symmetry transformation,
the equations are left unchanged by the change of coordinates, and q(t) and q′(t)
are solutions of the same set of equations. This explains the view of a symme-
try transformation as a mapping between different solutions of the equations of
motion.

The mapping between different solutions of the equations of motion motivates
an alternative view on symmetry transformations, different from the passive view.
They are considered as transformations between different time evolutions of the
system, described in the same coordinate frame. This is called an active trans-
formation. It is a transformation between different physical sitations, rather than
a transformation between two different descriptions of the same situation. Note
that in our description of the time evolution we cannot make distinction between
a passive and an active symmetry transformation. It is up to us what we find
convenient, to interpret the transformation in one way or the other.2

2 Why are symmetries important?

Symmetries in physics is a subject of utmost importance. This so for many rea-
sons. Symmetries of the fundamental laws of nature tells us something basic
about nature that in many cases can be viewed as even more basic than the laws
themselves. A well-known example is the space-time symmetries of the special
theory of relativity. The Lorentz transformations were first detected as symme-
tries of Maxwell’s equations, but Einstein realized that they are more fundamental
than being symmetries of these equations. After him the relativistic symmetries
of space time have been the guiding principle for formulation of all (new) funda-
mental laws of nature.

In a similar way, when extending the laws of nature into new territories, in
particular in elementary particle physics, the study of observed symmetries have
often been used as a tool in the construction of new theoretical models.

When systems become complex and a detailed description becomes difficult,
the symmetries may still shine through the complexities as a simplifying prin-

2Also in the static situation we may consider symmetries in these two ways. To study the
rotational symmetry of a body we can either rotate the body and look for changes (active trans-
formation), or we can leave the body at rest and rotate the observer around the body (passive
transformation). In the latter case we may view the rotation of the observer as a rotation of the
coordinate system used to describe the body.
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ciple. In the study of condensed matter physics the identification of important
symmetries is often used as a guiding principle to obtain a correct description of
the observed phenomena.

In the present case where we focus on the description of mechanical systems
we have already noticed the posible use of symmetries as generating new solutions
from old solutions of the equations of motion. There is another important effect
of symmetries that we will focus on, the connection between symmetries and
constants of motion. Loosely speeking, to any (continuous) symmetry there is
associated a conserved quantity.3

The study of constants of motion is important for the following reasons. On
one hand these constants may tell us something important about the time evo-
lution of the system even if we are not able to solve the full problem given by
the equations of motion. On the other hand the presence of constants of motion
may simplify the problem since they effectively reduce the number of variables
of the system. For example the equations of motion for a particle in a rotation-
ally symmetric potential can be reduced to a differential equation in one variable
(the radial variable) by use of the conservation of angular momentum. For several
types of attraction this makes it possible to solve the problem analytically. This
constrast with the general three-dimensional problem with several coupled differ-
ential equations, which can only be solved by some approximation method or by
use of numerical methods.

One of the interesting aspects of the Lagrangian formulation is that it gives a
way to make the relation between symmetries and conserved quantities more pre-
cise, and to give a method to derive expressions for the conserved quantities from
the symmetry transformations. In its general form this is referred to as Noether’s
theorem. We shall study this in a more limited form, applicable to a mechanical
system described by a finite (discrete) set of coordinates.

3 Cyclic coordinates and conserved quantities

We assume that the dynamics of a mechanical system is described by a Lagrangian

L = L(q, q̇, t) , (2)

3We may distinguish between discrete and continuous symmetries. The symmetries of a crys-
tal is an example of a discrete set of symmetries. These are specific rotations, translations and
reflections that leave the crystal unchanged. As opposed to this a sphere is invariant under all
rotations, which form a continuous set of transformations. The conserved quantities are associated
with continuous symmetry transformations.
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where q = {q1, q2, ..., qD} is a set of generalized coordinates for the system. In
some cases the Lagrangian is independent of a specific coordinate qm (or several
coordinates) in the set. Such a coordinate is referred to as a cyclic coordinate. We
may express the independence of the coordinate in the following way

∂L

∂qm

= 0 . (3)

From Lagrange’s equations follows

d

dt
(

∂L

∂q̇m

) = 0 . (4)

This means that the quantity

pm ≡ ∂L

∂q̇m

, (5)

which is the conjugate momentum associated with qm is a constant of motion,
ṗm = 0. Thus, for each cyclic coordinate qm there is a constant of motion, namely
the conjugate momentum pm associated with the coordinate qm.

The existence of a cyclic coordinate can be viewed as due to symmetry of the
Lagrangian in the following way. We consider a coordinate transformation of the
form

qi → q′i =

{
qi i �= m

qm + a i = m
(6)

where a is a parameter that can be continuously be varied. The transformation
describes a continuous set of translations in the cyclic coordinate. The fact that
the coordinate is cyclic means that the Lagrangian is invariant under these trans-
lations, and from that follows that if q(t) is a solution of Lagrange’s equation so
is the transformed coordinate set q′(t). Thus, a cyclic coordinate corresponds to a
symmetry of the system.

We shall next discuss more generally how invariance of the Lagrangian under a
symmetry transformation gives rise to a conserved quantity. In the general case the
symmetry may not be made explicit through the presence of a cyclic coordinate.

4 Symmetry transformations expressed
through invariance of the Lagrangian

We consider a continuous set of time independent coordinate transformations

q → q′ = q′(q) , (7)
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and for simplicity we restrict the transformations to be linear. This means that the
new coordinates q′i involves no more than first order in qi when expressed in terms
of the old coordinates qi. Therefore they can be written as

q′i =
∑

k

aikqk + bi , (8)

where aik and bi are constants that do not depend on the coordinates qi. Since the
transformation is time independent, the constants aik and bi do not depend on t.4

We now assume that the Lagrangian is invariant under the coordinate transfor-
mation, in the sense

L(q′, q̇′) = L(q̇, q) . (9)

We will show that from this invariance follows that the transformation is a sym-
metry in the meaning discussed in the beginning of the note. Thus, if we assume
q(t) to satisfy Lagrange’s equations, then as a consequence of the invariance of
the Lagrangian, also q′(t) will satisfy Lagrange’s equation.

We consider the expression

d

dt
(

∂L

∂q̇′m
) − ∂L

∂q′m
=

∑
k

(
d

dt
(
∂L

∂q̇k

∂q̇k

∂q̇′m
) − ∂L

∂qk

∂qk

∂q′m
) . (10)

To reformulate this we consider the transformation of velocities,

q̇′i =
∑

k

∂q′i
∂qk

q̇k , (11)

which gives

∂q̇′i
∂q̇k

=
∂q′i
∂qk

. (12)

We further have

d

dt
(
∂q′i
∂qk

) =
daik

dt
= 0 , (13)

since the transformation is linear and time independent. This gives

d

dt
(

∂L

∂q̇′m
) − ∂L

∂q′m
=

∑
k

(
d

dt
(
∂L

∂q̇k

) − ∂L

∂qk

)
∂qk

∂q′m
. (14)

4A symmetry may also appear as a non-linear transformation. However, to include non-linear
transformation would mean to express the invariance conditions in a more general form and we do
not do that here. We note that the usual space-time transformations are all linear transformations.
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From this follows that if q(t) satisfies Lagrange’s equation the right hand side will
vanish and as a consequence also the left hand side has to vanish. This means that
the transformed coordinates q′(t) also satisfiy Lagrange’s equation.

Note that invariance of the Lagrangian, as given by (9), means that the La-
grangian has the same functional dependence of old and new coordinates. Thus,
q(t) and q′(t) satisfies the same equations of motion.

We conclude that the transformation q → q′ is a transformation between so-
lutions of the equations of motion and is therefore a symmetry transformation in
the sense discussed earlier.

5 Constants of motion

We again assume that the Lagrangian is invariant under a set of continuous co-
ordinate transformations and will show how to derive the expression for a corre-
sponding conserved quantity.

We will focus on “small" transformations q′i = qi + δqi. This means that we
assume that the continuous set of transformations includes the identity transfor-
mation, the “transformation" with no change of coordinates, and δqi can be taken
as being arbitrarily small. We shall treat it as an infinitesimal change in the co-
ordinates and therefore neglect terms that are higher order in δqi. As an example
of such continuous set of transformations we may take the rotations about a given
axis, where any rotation may be built up by a continuous change from the identity.

We consider the Lagrangian L evaluated along the transformed path q′(t) and
relate it to L evaluated along the original path q(t) by expanding to first order in
δq,

L(q′, q̇′) = L(q̇, q) +
∑

k

(
∂L

∂qk

δqk +
∂L

∂q̇k

δq̇k) . (15)

Invariance of the Lagrangian then implies∑
k

(
∂L

∂qk

δqk +
∂L

∂q̇k

δq̇k) = 0 , (16)

which we may re-write as∑
k

(
∂L

∂qk

δqk −
d

dt
(
∂L

∂q̇k

)δqk +
d

dt
(
∂L

∂q̇k

δqk)) = 0 . (17)

Since we assume q(t) to satisfy Lagrange’s equation, the two first terms will can-
cel and therefore,

d

dt
(
∂L

∂q̇k

δqk) = 0 . (18)
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The following quantity is then a constant of motion

K =
∑

k

∂L

∂q̇k

δqk . (19)

To summerize, if we can identify a symmetry of the system, expressed as
invariance of the Lagrangian under a coordinate transformation, we can use the
above expression to derive a conserved quantity corresponding to this symmetry.

6 Example: Particle in rotationally invariant poten-
tial

The kinetic and potential energies are given by

T =
1

2
m�̇r

2
, V = V (r) , (20)

which gives the following Lagrangian in Cartesian coordinates

L =
1

2
m(ẋ2 + ẏ2 + ż2) − V (

√
x2 + y2 + z2 ) , (21)

and in polar coordinates

L =
1

2
m(ṙ2 + r2θ̇2 + r2 sin2 θφ̇2) − V (r) , (22)

The system is obviously symmetric under all rotations about the origin (the
center of the potential), but we note that expressed in Cartesian coordinates there
is no cyclic coordinate corresponding to these symmetries. In polar coordinates
there is a cyclic coordinate, φ. The corresponding conserved quantity is the con-
jugate momentum

pφ =
∂L

∂φ̇
= mr2 sin2 θφ̇ , (23)

and the physical interpretation of pφ is as the z-component of the angular momen-
tum

(m�r × �̇r)z = m(xẏ − yẋ) = mr2 sin2 θφ̇ . (24)

Clearly also the other components of the angular momenum are conserved, but
there is no cyclic coordinate corresponding to these components.
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We use the expression derived in the last section to find the conserved quan-
tities associated with the rotational symmetry. First we note that an infinitesimal
rotation can be expressed in the form

�r → �r′ = �r + δ�α × �r (25)

, or

δ�r = δ�α × �r , (26)

where the direction of the vector δ�α specifies the direction of the axis of rotation
and the absolute value δα specifies the angle of rotation.

We can explicitely verify that to first order in δ�α the transformation (25) leaves
�r2 unchanged. Since the velocity �̇r transforms in the same way (by time deriva-

tive of (25)) also �̇r
2

is invariant under the transformation. Consequently, the La-
grangian is invariant under the infinitesimal rotations (25), which is therefore (as
we already should know) a symmetry transformation of the system.

By use of the expression (19) we find the following expression for the con-
served quantity associated with the symmetry transformation,

K =
3∑

k=1

∂L

∂ẋk

δxk = m�̇r · δ�r = m(�r × �̇r) · δ�φ . (27)

Since this quantity is conserved for arbitrary δ�φ, we conclude that the vector quan-
tity

�l = m�r × �̇r (28)

is conserved. This demonstrates that the general expression we have found for a
constant of motion reproduces, as expected, the angular momentum as a constant
of motion when the particle moves in a rotationally invariant potential.
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