
Figure 1: The electromagnetic wave and the inertial systems S and S’ in Prob-
lem 10.1

Problem Set 10

Problem 10.1

A monochromatic electromagnetic plane wave in vacum is in the inertial system
S described by the fields:

E(r, t) = E0 cos(k · r − ωt), B =
1

c
n×E

where E0, k and ω is constants satisfying the relations E · k = 0 and ω/k = c
(k ≡ |k| and n ≡ k/k).

a) Express E(r, t) in terms of Xµ ≡ (ct, r) and Kµ ≡ (ω/c,k).

The wave can be described in an inertial frame S’ moving with a velocity v

relative to S. S’ is related to S via the special Lorentz transformations (see
Figure 1).

b) Find the field E
′(r′, t′) in S’ and show that it can be written as E

′ =
E

′

0
cos(k′ ·r′−ω′t′). Express E

′

0
, k′ and ω′ in terms of the given constants.

c) Explain that Kµ (Kµ′ ≡ (ω′/c,k′)) is a four-vector. Show that Kµ
′Kµ′ =

KµKµ = 0, and use this result to find the wave’s velocity in S’.

d) Derive the the transformation formula for the frequency ν, ν ′ = γ(1 −
β cos θ)ν, where β = v/c and θ is the angle between the propagation
direction and the x-axis is S (the Doppler-effect).

e) Write down the transformation formula for the three cases where the wave
relative to S propagate

1) in the positive x-direction.

2) in the negative x-direction.

3) in the y-direction (positive or negative).
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f) Assume that v/c � 1 and find the approximate expressions to the lowest
order in (v/c) for the transformation formulas in the three cases.

g) Find the transformation formulas for the wavelength λ and the angle θ.

Problem 10.2

a) Use the transformation properties of E and B to show that E · B and
E2 − c2B2 are invariant.

In the laboratory system, S, we have a constant homogeneous electric field E

which is perpendicular to a constant homogeneous magnetic field B. We assume
that E is less than cB, i.e. E = αcB, where α < 1. In these crossed fields there
is a particle with rest mass m0 and charge q.

b) Show that there exists an inertial system S’ where the field is purely mag-
netic.

c) Solve the relativistic equations of motion for the particle in the system S’.

d) Find the particles motion in the laboratory system by the use of the Lorentz
transformations.

Problem 10.3

A particle with charge q is moving with constant velocity v along the x-axis in
the laboratory frame S. The particle passes through the origin at time t = 0.

a) Use the transformation formulas (from the particle’s rest frame to the lab
frame) for electromagnetic fields to find the fields E(x, y, z, t) and B.

b) Show that E can be written

E =
qR

4πε0R3
·

(1 − β2)

(1 − β2 sin2 θ)3/2
,

where β = v/c and R is the distance to the field point from the particles
position at time t. θ is the angle between R and the particle’s velocity v

(see Figure 2).

c) Give a qualitative description of the instantaneous electric field compared
to the field from a particle at rest. Make a sketch of the field. What is
the flux of the field trough a surface that encloses the charge?
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Figure 2: The geometry in Problem 10.3
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