
FYS 3120 Classical Mechanics and Electrodynamics
Midterm Exam, Spring semester 2008

Return of solutions
The problem set is available on the course page from Friday, April 4.
Deadline for return of solutions is Friday, April 11.
Return of solutions to Ekspedisjonskontoret in the Physics building.

Language
The solutions can be written in Norwegian or English.

Questions
concerning the text can be posed to Per Øyvind Sollid (office 469) or Jon Magne Leinaas (office 471).

The problem set
consists of 3 problems printed on 5 pages.

PROBLEM 1
Pendulum with rotating wheel.

A pendulum can rotate freely about a horizontal axis A as shown in the figure. The pendulum
consists of a rigid rod and attached to this a wheel which rotates about a point B on the rod. A motor
(not included in the figure) affects the rotation of the wheel, so that the angular velocity measured
relative to the direction of the rod changes linearly with time, ω = αt, where α is a constant over the
period of time which we consider. For simplicity we assume that all other effects of the motor can be
neglected and that friction can be disregarded. We also consider the mass of the pendulum rod to be
negligible. The mass of the wheel is m and the moment of inertia about B is I . The distance between
the points A and B is b. The gravitational acceleration is g and the angle of the pendulum rod relative
to the vertical direction is denoted φ. We assume that the pendulum can perform full rotations about
the axis A.
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a) Show that the Lagrangian of the system, with φ as coordinate, is

L =
1
2
mb2φ̇2 +

1
2
I(φ̇ + αt)2 + mgb cos φ (1)

and find Lagrange’s equation for the variable φ.
b) From general theory we know that we can modify the Lagrangian by adding a total time deriva-

tive

L(φ, φ̇, t) → L′(φ, φ̇, t) = L(φ, φ̇, t) +
d

dt
f(φ, t) (2)

without changing the equation of motion.
Show that if we in the present case choose

f(φ, t) = −Iαφ t− 1
6
Iα2t3 (3)

then the new Lagrangian L′ will have no explicit time dependence. Show that Lagrange’s equations
for the new Lagrangian L′ is the same as for L.

c) Introduce the dimensionless acceleration parameter

λ =
I

mgb
α (4)

and determine the angular position of equilibrium points of the pendulum, with φ given as function of
λ. Explain why, depending on the value of λ, there are three different situations, so that for |λ| < 1
the pendulum has two equilibrium points, for λ = 1 it has one and for |λ| > 1 the pendulum has no
equilibrium point. Draw a circle corresponding to different directions for the pendulum rod, and mark
the positions of the equilibrium points for the parameter values λ = 0, 0.5 and 1.0. Indicate in the
figure whether the equilibrium points are stable or unstable.

d) Find the canonical momentum p′
φ corresponding to φ with L′ as Lagrangian and determine the

corresponding Hamiltonian H ′. Explain why H ′ is a constant of motion.
e) Make a two dimensional contour plot of the phase space potential function H ′(φ, p′

φ), for dif-
ferent values of λ, for example for λ = 0, 0.5, 1.0. Explain how the plots can be read as flow
diagrams for the phase space motion and indicate in the plots the direction of motion. Give a qualita-
tive description of the different types of motion that can be read out of the diagrams and comment on
how the situation changes with increasing λ.

(The contour plot should show equidistant potential lines corresponding to constant values of H ′.
Choose length scales in the plots so that small oscillations for λ = 0 are described by circles in the
phase space diagram – see corresponding figure in the lecture notes.)

PROBLEM 2
The brachistochrone challenge.

This is a classical problem in analytical mechanics. It was discussed by Galileo Galilei, who
suggested a solution (but not the correct one), and studied the problem experimentally. In 1696 the
problem was formulated as a challenge to the mathematicians at the time by Johann Bernoulli. He
wrote in the journal Acta Eruditorum:

I, Johann Bernoulli, address the most brilliant mathematicians in the world. Nothing is more at-
tractive to intelligent people than an honest, challenging problem, whose possible solution will bestow
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fame and remain as a lasting monument. Following the example set by Pascal, Fermat, etc., I hope
to gain the gratitude of the whole scientific community by placing before the finest mathematicians
of our time a problem which will test their methods and the strength of their intellect. If someone
communicates to me the solution of the proposed problem, I shall publicly declare him worthy of
praise.

The problem he formulated was the following:

Given two points A and B in a vertical plane, what is the curve traced out by a point acted on only
by gravity, which starts at A and reaches B in the shortest time.

Five solutions were obtained from scientist and mathematicians we are all acquainted with, New-
ton, Jacob Bernoulli (the older brother of Johann), Leibniz and de L’Hôpital, in addition to Johann
himself. Johann Bernoulli gave a formulation of the problem where he could use an anology to Snell’s
law of refraction in optics to solve the problem.
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Let us now rephrase the problem with a few more words:
Assume a small body (P in the figure) moves in a vertical plane under the influence of gravity. It
leaves a point A with zero velocity and follows (without friction) a given path in the plane which
passes through a second point B, as shown in the figure. Assume the path between the two points A
and B can be changed, while the points themselves stay fixed. For which path between the two points
does the body spend the least time on the transit from point A to point B?

The challenge for you is the following:
Find the solution to the brachistochrone problem by using the correspondence between the variational
problem (finding the ”path of shortest time”) and the Lagrange equation, in the way discussed in the
lectures.

The body P is to be treated as a point particle of mass m and the path is represented by a function
y(x) with x as the horizontal and y as the vertical coordinate. The boundary conditions, which fix the
positions of point A and B, are specified as, y(xA) = yA , y(xB) = yB . To simplify the equations
assume in the following the initial coordinates are xA = yA = 0.

a) Show that the time T spent by the body on the way between A and B can be expressed as an
integral of the form

T [y(x)] =
∫ xB

xA

L(y, y′)dx (5)
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with y′ = dy
dx and with

L(y, y′) =

√
1 + y′2

−2gy
(6)

For the derivation it is convenient to make use of energy conservation, 1
2mv2 + mgy = 0 (y < 0).

b) With L(y, y′) interpreted as a Lagrangian (x then plays the role of t in the usual formulation)
the canonically conjugate momentum is p = ∂L

∂y′ and the Hamiltonian is H = py′ − L. Explain why
H is a constant of motion and use this fact to show that y(x) satisfies a differential equation of the
form

(1 + y′2)y = −k2 (7)

with k as a constant.
c) The equation has a solution which can be written on parametric form as

x =
1
2
k2(θ − sin θ)

y =
1
2
k2(cos θ − 1) (8)

where θ has been introduced as a curve parameter. Show that (8) is a solution of the differential
equation (7) by changing from x to θ as a variable in the equation and by using the above expression
for y(θ). In what way are the boundary conditions taken care of by this solution?

d) The curve y(x) defined by the solution of the brachistochrone problem is a section of a cycloid,
known for example as the curve traced out by a point on the periphery of a rolling wheel. Make a plot
which shows the form of the curve.

e) Assume that point B lies at the lowest point of the cycloid. Show that in this case the following
relation has to be satisfied, yB = − 2

π xB . Calculate for that situation the time used by the body to
reach point B from A and compare with the time used when the body instead follows a straight line
between the two points.

PROBLEM 3
Hyperbolic motion

In a particular inertial reference frame S the coordinates of a space ship are given as

t =
c

a0
sinh(

a0

c
τ), x =

c2

a0
cosh(

a0

c
τ), y = z = 0 (9)

with a0 as a constant and τ as a time parameter. Since the motion is linear in the x direction we leave
out in the following the coordinates y and z.

a) Give the general definition of the proper time (egentid) for a moving body in relativity, and
show that the time parameter τ in Eq. (9) is the proper time of the space ship. Similarly give the
definition of the proper acceleration and show that the constant a0 is the proper acceleration of the
space ship.

b) Determine the velocity v = v(t) and acceleration a = a(t) of the space ship, as registered in
the inertial frame S. Express them as a functions of the coordinate time t.

c) A space station has coordinate x = c2

a0
and is at rest in reference frame S. It sends radio

messages to the space ship at regular intervals tn, n = 0, 1, 2, .... Due to increasing Doppler shifts
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these are received in the space ship with increasing time difference. Show that only radio signals that
are sent before a certain time, tn < tmax will be received in the space ship as long as it moves with
constant proper acceleration. What is this limit time tmax?

d) Draw the Minkowski diagram of reference frame S with x and ct as coordinate axes and plot
the space-time curve (world line) of the space ship. Plot also the world line of the space station and
indicate the space time path of the radio signal sent from the space station at time tmax.

e) The constant proper acceleration can in reality be sustained only as long as the space ship does
not run out of fuel. Assume the space ship has a very efficient engine that is based on emission of
photons (massless particles). Use conservation of energy and momentum to show that in the rest frame
of the space ship the change in its mass due to emission of photons is given by the equation

dm

dτ
= −a0

c
m(τ) (10)

(It is useful to consider energy and momentum conservation for photon emission in an infinitesimal
time interval dτ .)

f) When the ship finally runs out of fuel, 99% of the original rest mass m0 has been converted
to energy in the form of radiated photons. Find the proper time coordinate τ and velocity v of the
space ship when this happens. Find also the relativistic energy E = γmc2 at that time, as registered
in reference frame S, and show that it is close to half the original rest frame energy E0 = m0c

2.
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