
FYS 3120 Classical Mechanics and Electrodynamics
Spring semester 2009

Problem Set 9

Problem 9.1

An electron moving in a storage ring of radius R = 10m with a speed that gives
γ = 30. Find the velocity of the particle. What is the lab time spent on one circulation
in the ring, and what is the proper time. Find the acceleration a and the the proper
acceleration a0 (in the instantaneous rest frame).

Problem 9.2

A particle moves with coordinates

x = ut, y =
1
2
gt2, z = 0

(u and g are constants) in an inertial frame. What is the acceleration in this frame, and
what is the proper acceleration a0. What will happen with the proper acceleration as t
increases?

Problem 9.3 (Midterm Exam 2008)

A pendulum can rotate freely about a horizontal axis A as shown in the figure. The
pendulum consists of a rigid rod and attached to this a wheel which rotates about
a point B on the rod. A motor (not included in the figure) affects the rotation of the
wheel, so that the angular velocity measured relative to the direction of the rod changes
linearly with time, ω = αt, where α is a constant over the period of time which we
consider. For simplicity we assume that all other effects of the motor can be neglected
and that friction can be disregarded. We also consider the mass of the pendulum rod to
be negligible. The mass of the wheel is m and the moment of inertia about B is I . The
distance between the points A and B is b. The gravitational acceleration is g and the
angle of the pendulum rod relative to the vertical direction is denoted φ. We assume
that the pendulum can perform full rotations about the axis A.

a) Show that the Lagrangian of the system, with φ as coordinate, is

L =
1
2
mb2φ̇2 +

1
2
I(φ̇ + αt)2 + mgb cos φ (1)

and find Lagrange’s equation for the variable φ.
b) From general theory we know that we can modify the Lagrangian by adding a

total time derivative

L(φ, φ̇, t) → L′(φ, φ̇, t) = L(φ, φ̇, t) +
d

dt
f(φ, t) (2)

without changing the equation of motion.
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Show that if we in the present case choose

f(φ, t) = −Iαφ t− 1
6
Iα2t3 (3)

then the new Lagrangian L′ will have no explicit time dependence. Show that La-
grange’s equations for the new Lagrangian L′ is the same as for L.

c) Introduce the dimensionless acceleration parameter

λ =
I

mgb
α (4)

and determine the angular position of equilibrium points of the pendulum, with φ given
as function of λ. Explain why, depending on the value of λ, there are three different
situations, so that for |λ| < 1 the pendulum has two equilibrium points, for λ = 1
it has one and for |λ| > 1 the pendulum has no equilibrium point. Draw a circle
corresponding to different directions for the pendulum rod, and mark the positions of
the equilibrium points for the parameter values λ = 0, 0.5 and 1.0. Indicate in the
figure whether the equilibrium points are stable or unstable.

d) Find the canonical momentum p′
φ corresponding to φ with L′ as Lagrangian and

determine the corresponding Hamiltonian H ′. Explain why H ′ is a constant of motion.

e) Make a two dimensional contour plot of the phase space potential function
H ′(φ, p′

φ), for different values of λ, for example for λ = 0, 0.5, 1.0. Explain how the
plots can be read as flow diagrams for the phase space motion and indicate in the plots
the direction of motion. Give a qualitative description of the different types of motion
that can be read out of the diagrams and comment on how the situation changes with
increasing λ.

(The contour plot should show equidistant potential lines corresponding to constant
values of H ′. Choose length scales in the plots so that small oscillations for λ = 0
are described by circles in the phase space diagram – see corresponding figure in the
lecture notes.)
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