
FYS 3120 Classical Mechanics and Electrodynamics
Midterm Exam, Spring semester 2013

Return of solutions
The problem set is available on the course page from Friday, April 5.
Deadline for return of solutions is Friday, April 12.
Return of written/printed solutions to Ekspedisjonskontoret in the Physics building.
Language
The solutions may be written in Norwegian or English depending on your preference.
En engelsk-norsk ordliste finnes etter oppgavesettet.
Questions
concerning the text can be posed to Magnar Bugge (office Ø392) or Jon Magne Leinaas (office Ø471).
The problem set
consists of 3 problems printed on 4 pages.

PROBLEM 1
The Focault pendulum

In the lobby of the Physics building there is a Focault pendulum, which is the subject of our study.
The idea is to use the Langrange method to study its motion, and in particular to derive the period
of rotation of the pendulum due to the effect of earth’s rotation. The length of the pendulum wire is
l = 14m and the mass of the brass sphere at the end of the wire is m = 20kg. Oslo is situated at the
latitude 60◦ north.
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We introduce three orthogonal unit vectors ek, k = 1, 2, 3, which are fixed relative to the building.
These are defined with e3 pointing in the vertical direction, e1 pointing to the north, and e2 orthogonal
to the two. The three unit vectors are used as the basis vectors of an earth-fixed reference frame S,
with the origin of the reference frame taken as the equilibrium position of the pendulum sphere. In
addition we introduce k as a unit vector in the plane spanned by e1 and e3, with direction parallel to
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the earth’s rotational axis. The angle between e3 and k we refer to as θ.

The vertical direction is the direction opposite to the effective gravitational acceleration g, which
deviates from the true gravitational acceleration because of the centripetal acceleration of the Physics
building, caused by earth’s rotation. However, this effect is small and is not important for the present
problem. We shall therefore simply consider the origin of the of the reference frame S to be non-
accelerated, with g pointing towards the center of the earth. The fact that the reference frame S
rotates with the angular velocity of the earth is however important for the effect to be studied. This
rotation can be expressed in terms of the time derivatives of the basis vectors as

ėk = ω × ek , k = 1, 2, 3 (1)

with ω = ωk as the angular velocity of the earth.
The position vector of the pendulum sphere we express in the following as

r = xe1 + ye2 + ze3 (2)

where the coordinates satisfy the constraint x2 + y2 + (l − z)2 = l2, with l as the length of the
pendulum wire.

a) Find the velocity vector ṙ expressed in terms of the basis vectors of S, and use this to derive
the kinetic energy T , expressed in terms of the coordinates (x, y, z) and their time derivatives. Use
the angle θ as a parameter in the expressions. Terms that are quadratic in ω are very small and may
be dropped. Give a comment on why this is a good approximation. Also give the expression for the
potential energy V .

b) Make use of x and y as the generalized coordinates of the pendulum, and assume small oscil-
lations x/l << 1 and y/l << 1. Show that with this assumption the Lagrangian L(x, y, ẋ, ẏ, t) is
approximated by the following expression

L =
1

2
m(ẋ2 + ẏ2) +mω cos θ(xẏ − yẋ)− 1

2l
mg(x2 + y2) (3)

c) The form of the Lagrangian suggests that a change to polar coordinates may be convenient. Do
that and derive the corresponding Lagrange’s equations.

d) Show that the equations have a solution with constant angular velocity, and with oscillations
in the radial variable. Find this solution and determine the angular velocity ωφ as well as the circular
frequency ωp of the pendulum oscillations.

e) At 12 o’clock on a particular day, the pendulum is performing oscillations in the x, z-plane. At
12 o’clock the next day, the pendulum is swinging in a plane which is rotated by the angle ∆φ relative
to the original plane of oscillations. Determine the value of ∆φ.

PROBLEM 2
Particle motion in a magnetic field

A charged particle, which moves in a magnetic field, tends to spiral around the magnetic flux
lines. When the flux lines are converging, the component of the particle velocity along the field will
be reduced until it stops and the particle is reflected back in the opposite direction. A well-known
consequence of this effect is the presence of the van Allen radiation belts in the earth magnetic field,
where charged particles from the sun are trapped in a continuous motion along the field lines between
the two magnetic poles.
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In this problem we study this phenomenon in a simplified version, where the magnetic field is
almost homogeneous (constant), with direction along the z-axis, but with a small inhomogeneous
modification, which make the field lines slowly converge towards the z-axis. We consider the particle
motion to be non-relativistic, and we do not include effects of gravity.

First assume the magnetic field, B = B0 = B0k, to be time independent and homogeneous, with
k as a unit vector in the z-direction. A particle with charge q and mass m is moving in this field.
Initially, at time t = 0 the particle has velocity v0, with u0 as the component in the z-direction and
w0 as the component in the x, y-plane.

a) Write the vector form of the equation of motion of the particle and show that it has solutions of
the form

r(t) = ρ0(cosω0t i + sinω0t j) + vztk (4)

Determine the constants ρ0, ω0 and vz in terms of the initial velocity and magnetic field strength B0.

We now introduce an inhomogeneous modification of the magnetic field. The magnetic field can
be expressed in terms of the vector potential as B = ∇ ×A, and expressed in cylinder coordinates
the components of A take the form

Aρ = 0 Aφ =
1

2
ρB0f(z) Az = 0 , (5)

with

f(z) = 1 + z2/d2 (6)

where d is a parameter with dimension length, which measures how rapidly the magnetic field is
changing along the z-direction. Assume as initial conditions that the particle at time t = 0 has
coordinates and velocities given by ρ = ρ0, ρ̇ = 0, z = 0 and ż = u0.

b) Show that the magnetic field, when expressed in cylinder coordinates, has the components

Bρ = −1

2
ρB0

df

dz
Bφ = 0 Bz = B0f(z) . (7)

Find the expressions for the Lagrangian and Lagrange’s equations for the charged particle, expressed
in cylinder coordinates.

c) Assume the following approximation is valid

φ̇ ≈ − q

m
Bz (8)

and show that under this condition the following equations follow

qBzρ
2 ≈ −Lz

1

2
mż2 − 1

2m
qBzLz ≈ T (9)

with Lz and T as constants of motion. Do you have a physical interpretation of the two quantities?

e) Show that the motion of the particle in the z-direction is limited by the extremal z coordinates
±a and determine a. Make a sketch or plot of the particle trajectory with chosen initial conditions.
Indicate in the figure the direction of the field lines of the magnetic field.
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PROBLEM 3
Doppler effect

A space ship is passing earth at great speed, v = 0.8c. The motion is linear, with a shortest
distance a to the earth. When passing, the ship is continuously submitting messages to the earth by
radio, on frequency ν0. An antenna on earth receives the messages and registers the frequency ν(t)
and direction θ(t) of the received signal during the passage.

In an earth-fixed frame S the position of the space ship is described by coordinates

x(t) = vt , y = a , z = 0 (10)

with the antenna located at the origin of the coordinate system. The direction of the incoming signal
is defined with orientation from the emitter to the receiver, and the angle θ of the signal is measured
relative to the direction of the x-axis.

a) A radio signal that is received at time t on earth is emitted a bit earlier, at time te = t − ∆t.
Determine ∆t as function of t

b) Express cos θ in terms of t and ∆t, and plot cos θ as a function of time for an interval around
t = 0. Use t̃ = ct/a as a dimensionless time coordinate.

c) Similarly give the relevant Doppler formula (see Sect. 7.4 of the lecture notes) for the frequency
ratio ν(t)/ν0 and plot also this as a function of t̃. What are the asymptotic values for ν(t)/ν0 when
t→ ±∞?

——————————————————–

ORDLISTE

engelsk norsk

reference frame referanseramme
equilibrium position likevektspunkt

oscillations svingninger
Lagrangian Lagrangefunksjon

angular velocity vinkelhastighet
circular frequency sirkelfrekvens
particle trajectory partikkelbane
initial conditions startbetingelser
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