
FYS 3120 Classical Mechanics and Electrodynamics
Spring semester 2013

Problem Set 12

Problem 12.1 (Exam 2009)

A particle with charge q and mass m moves with relativistic speed through a region 0 < x < L where
a constant electric field E is directed along the y-axis, as indicated in the figure. The particle enters
the field at x = 0 with momentum p0 in the direction orthogonal to the field. The relativistic energy
at this point is denoted E0. (Note that we write the energy as E to avoid confusion with the electric
field strength E.)
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a) Use the equation of motion for a charged particle in an electric field to determine the time
dependent momentum p(t) and relativistic energy E(t) (without the potential energy) of the particle
inside in the electric field. What is the relativistic gamma factor γ(t) expressed as a function of
coordinate time t?

b) Find the velocity components vx(t) and vy(t) and explain the relativistic effect that the velocity
in the x-direction decreases with time even if there is no force acting in this direction.

c) Show that the proper time ∆τ spent by the particle on the transit through the region 0 < x < L
is proportional to the length L, ∆τ = αL, and determine α.

d) What is the transit time ∆t through the region when measured in coordinate time?

We remind about the integration formula
∫
dx 1√

1+x2
= arc sinhx+ C.

Problem 12.2

A thin straight conducting cable, oriented along the z axis in an inertial reference frame S, carries a
constant current I . The cable is charge neutral.

a) Show, by use of Ampere’s law, that the current produces a rotating magnetic field B = B(r)eφ,
where (r, φ) are polar coordinates in the x, y plane and eφ is a unit vector in the direction of increasing
φ. Determine the function B(r).
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Consider next the same situation in a reference frame S′ that moves with velocity v along the z
axis.

b) Use the fact that charge and current densities transform under Lorentz transformation as com-
ponents of a current 4-vector to show that in S′ the conducting cable will be charged. Determine the
charge per unit length, λ′ and the current I ′ in this reference frame.

c) Use Gauss’ and Ampere’s laws to determine the electric and magnetic fields, E′ and B′, as
functions of the polar coordinates (r′, φ′) in reference frame S′.

d) Show that if the fields in S′ are derived from the fields in S by use of the relativistic transfor-
mation formulas for E and B, that gives the same results as found in c).

Problem 12.3 (Exam 2008)

A particle moves on a parabolic surface given by the equation z = (λ/2)(x2 + y2) where z is the
Cartesian coordinate in the vertical direction, x and y are orthogonal coordinates in the horizontal
plane and λ is a constant. The particle has mass m and moves without friction on the surface under
influence of gravitation. The gravitational acceleration g acts in the negative z-direction. The particle’s
position is given by the polar coordinates (r, θ) of the projection of the position vector into the x, y
plane.
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a) Show that the Lagrangian for this system is

L =
1

2
m[(1 + λ2r2)ṙ2 + r2θ̇2 − gλr2] (1)

and find Lagrange’s equations for the particle.
b) Use the fact that there is a cyclic coordinate to show that the equations can be reduced to a

single equation in the radial variable r. What is the condition for the particle to move in a circle with
radius r = r0?

c) Assume that the path of the particle deviates little from the circular motion so that r = r0 + ρ,
where ρ is small. Show that under this condition the radial equation can be reduced to a harmonic
oscillator equation for the small variable ρ and determine the corresponding frequency. Give a quali-
tative description of the motion of the particle.
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