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Spring semester 2013

Problem Set 13

Problem 13.1

The electric field of a monochromatic, electromagnetic plane wave can generally be
described as as a linear superposition of two plane waves with linear polarization in
orthogonal directions,

E(r, t) = E1 cos(k · r− ωt+ φ/2) e1 + E2 cos(k · r− ωt− φ/2) e2 (1)

The propagation is in the direction of the wave vector k, and the two (orthogonal)
polarization vectors e1 and e2 span the plane orthogonal to k. The wave vector is
related to the circular frequency by |k| = ω/c. The magnetic field component has a
similar form, and is related to the electric field by B = n×E/c, with n = k/k.

The polarization of the electromagnetic wave is characterized by the ratio E1/E2

and the relative phase angle φ of the two components. Linear polarization thus corre-
sponds to the situation with φ = 0 (or φ = π), and circular polarization to the situation
with |E1/E2| = 1 and φ = ±π/2.

When the wave is propagating in a transparent medium, which is homogeneous
and isotropic, a similar expression is valid, but the velocity is lower than in vacuum,
which leads to a modified relation between wave number and frequency, k = ω/(ηc),
with η as the refractive index of the medium.

We consider in this problem wave propagation in an anisotropic medium, known
as a birefringent crystal. In this medium the refractive index, and thus the velocity,
depends on the polarization of the wave. A wave with linear polarization (direction of
the E-field) parallel to the optical axis is referred to as extraordinary and a wave with
polarization orthogonal to the optical axis is referred to as ordinary.

Assume in the following the optical axis of the crystal to be oriented in the z-
direction with the wave propagating in the x-direction. Choose the polarization vec-
tors e1 and e2 with orientations in the y- and z-directions respectively. The wave
vectors, for waves with polarization in the two directions (corresponding to the two
wave components in (1)), we write as ke = k + ∆k/2 and ko = k − ∆k/2. We
assume ∆k << k.

a) Assume as initial condition that the wave is linearly polarized at x = 0 with
E oscillating with time along a line midway between the y- and z-axes. Determine
the ratio E1/E2 and the angle φ for this to be the case, and write the corresponding
expression for the electric field, in a form similar to (1).

b) The polarization of the wave will change with increasing value of x. Determine
for what value x = d the polarization has changed to circular polarization.

c) Make plots of the time dependent paths in the y, z-plane, of the vectors E/E0

and B/B0, with E0 =
√
E2

1 + E2
2 and B0 defined similarly, for the following values

x = 0, x = d/2, x = d, x = 3d/2 and x = 2d. Indicate in the plots the direction of
motion of the fields, and characterize the types of polarization in the five cases.
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Problem 13.2 (Midterm 2006)

A space ship leaves earth orbit at local time t = 0 and head for the closest star, Proxima
Centauri, at a distance of d = 4.2 light years. The space ship starts with a velocity
v = 0 relative to earth, and during the first part of the journey it has a constant proper
acceleration a = g in the direction of Proxima Centauri, with g = 9.8 m/s2 as the
gravitational acceleration at the earth surface.

At time τ0 measured in the proper time of the space ship, the acceleration is re-
versed, so that a = −g and the velocity decreases until it reaches Proxima Centauri
with final velocity v = 0. The first part of the trip, with acceleration a = g, we refer
to as part I , the second part, with a = −g, as part II . The space ship visits Proxima
Centauri only for a short time, and we neglect this time interval in our description of
the journey. The return travel to earth is carried out in the same way as the travel to-
wards Proxima Centauri, and we refer to these parts of the journey as parts III and
IV .

During the first part of the journey (part I), the coordinates of the space ship in the
earth fixed reference frame S, define a hyperbolic space-time orbit, given by

x− xI =
c2

a
cosh(

a

c
(τ − τI)), t− tI =

c

a
sinh(

a

c
(τ − τI)) (2)

with xI , tI og τI as constants. Similar expressions are valid for the other parts of the
journey, but with other constants. The coordinates of the earth fixed reference system
are set to x = 0, t = 0 at departure of the space ship. Also the time parameter τ is set
to 0 at this event.

a) Show that the time parameter τ of Eq.(2) can be identified as the proper time
of the space ship. Find the 4-velocity and 4-acceleration for Part I of the journey as
a function of τ and check that the proper acceleration (the acceleration measured in
the instantaneous inertial rest frame) defined by the path (2) is a. Explain why the
space-time path is called hyperbolic.

b) Determine the constants of Eq. (2) for Part I of the journey, and write the form
of the equations with the correct constants and with a = g. Draw a two-dimensional
space-time diagram (Minkowski diagram) which shows the full journey to Proxima
Centauri and back.

c) Determine the proper time value τ0. Find the total time of the journey as mea-
sured on earth and on the space ship.

d) What is the maximum speed reached by the space ship on the journey, as mea-
sured on earth?

Problem 13.3 (Exam 2004)

An electron moves in a circular orbit, under the influence of a constant magnetic field
B. We assume the B field to be oriented parallel to the z axis and the electron orbit
to lie in the x, y-plane, with the origin in the centre of the circular orbit. The radius
of the circle is r = 3.0m and the velocity is v = 0.9998c, with c = 3.0 × 108m/s
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as the speed of light. The electron mass is m = 9.1 × 10−31kg and the charge is
e = −1.6× 10−19C.

a) Determine the relativistic γ-factor and the energy of the electron.

b) What is the acceleration of the electron as measured in the laboratory frame,
and what is its proper acceleration (the acceleration in an instantaneous inertial rest
frame)?

c) Find the strength of the magnetic field B in the lab frame. ( Express it in the SI
unit Tesla, with 1T = 1kgs−2A−1 = 1kgs−1C−1.)

d) Find the strength of the magnetic field B′ and the electric field E′ in the instan-
taneous inertial rest frame of the electron. What are the directions of these fields?

——————————————————–

ORDLISTE

engelsk norsk

monochromatic monokromatisk (med én frekvens)
homogeneous homogen (konstant i rommet)

isotropic isotrop (alle retninger likeverdige)
birefringent dobbeltbrytende
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