
FYS 3120 Classical Mechanics and Electrodynamics
Spring semester 2013

Problem Set 6

Problem 6.1

Two inertial reference frames S and S′ are moving with a relative velocity v. The directions of the
coordinate axes are chosen so that the coordinate transformation between the reference frames takes
the standard form for a Lorentz transformation

x′ = γ(x− vt)
y′ = y

z′ = z

t′ = γ(t− v

c2
x) (1)

A moving object is registered with velocity u relative to reference frame S and velocity u′ relative
to S′. Find how the velocity components u′x, u′y and u′z in S′ are related to the velocity components
ux,uy and uz in S.

Problem 6.2 (Midterm Exam 2007)

According to Fermat’s Principle, a light ray will follow the path between two points which makes the
optical path length extremal. For simplicity we consider here paths constrained to a two dimensional
plane (the x, y plane), in an optical medium with a position dependent index of refraction n(x, y). The
optical path length between two points (x1, y1) and (x2, y2) along y(x) can be written as the integral

A[y(x)] =

∫ x2

x1

n(x, y)
√
1 + y′2dx , y′ =

dy

dx
(2)

y

x

(x1, y1)

(x2, y2)

n1 n2

(0, y0)θ1
θ2

a) Find Lagrange’s equation for the variational problem δA = 0, and express it as a differential
equation for the function y(x). Show that if the index of refraction is constant the equation has the
straight line between the two points as solution.
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b) Assume the medium to have two different, constant indices of refraction, n = n1 for x < 0
og n = n2 for x > 0 (ses Fig. 1). Explain why the variational problem can now be simplified to
the problem of finding the coordinate y = y0 for the point where the light ray crosses the boundary
between the two media at x = 0. Find the equation for y0 that gives the shortest optical path length.
(Solving the equation is not needed.)

c) Show that the equation for y0 at point b) implies that the path of the light ray satisfies Snell’s
law of refraction,

n1 sin θ1 = n2 sin θ2 (3)

with θ1 and θ2 as the angle of the light ray relative to the normal on the two sides of the the boundary.

Problem 6.3 (Midterm Exam 2005)

m

d

m

g

x

Θ

A composite system is shown in the figure. A cylinder with mass m rolls without slipping on a
horizontal table. To the axis of the cylinder is attached a pendulum which oscillates freely under the
influence of gravity. The pendulum bob has the same mass m as the cylinder and the length of the
pendulum rod is d. The rod is considered massless. Choose as generalized coordinates the horizontal
displacement x of the cylinder and the angle θ of the pendulum rod relative to the vertical direction.
The cylinder has radius R and has a homogeneous distribution of mass. Use the following initial
conditions at time t = 0, ẋ = 0, θ̇ = 0 and θ = θ0 6= 0.

a) Find the Lagrangian of the composite system.
b) Formulate Lagrange’s equations for x og θ. What are the constants of motions that you can

identify?
c) Show that by eliminating x that we obtain the following equation of motion for θ,

(1− 2

5
cos2 θ)θ̈ +

2

5
cos θ sin θθ̇2 +

g

d
sin θ = 0 (4)

d) Assume θ0 << 1, so that the pendulum performs small oscillations around θ = 0. Show that
in this case the equation of motion reduces to an harmonic oscillator equation and determine the fre-
quency of the oscilations.
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