
FYS 3120 Classical Mechanics and Electrodynamics
Spring semester 2013

Problem Set 7

Problem 7.1

This problem is an exercise in using the postulates of special relativity in an elementary way.

A railway carriage is moving in a straight line with constant velocity v relative to the earth. The
earth is considered as an inertial reference frame S, and in this reference frame the moving carriage
has the length L. The situation is shown in Figure 1, where A and B indicate points on the rear wall
and front wall of the carriage, respectively. C is a point in the middle of the carriage.
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Figure 1:

a) In Figure 2 we have drawn the world line (space-time trajectory) for the midpoint C in a two-
dimensional Minkowski diagram of reference frame S. Draw the world lines for the points A and
B in the same diagram and show that the angle α between these lines and the time axis is given by
tanα = v/c. (Choose the origin of the coordinate system in S so that A has coordinate x = 0 at time
t = 0.)
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Figure 2:

At a given time t0 a flash tube is discharged at point C. We will call this event (space-time point)
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E0. Some of the light will propagate backwards in the compartment and some will propagate forwards.
Let E1 and E2 be the events where the light signals hit the rear wall and front wall, respectively. Let
us assume that the light is reflected from A and B, and that the two reflected light signals meet at a
space-time point E3.

b) Draw the world lines of the light signals as well as the four events E0, E1, E2 and E3 in the
Minkowski diagram of reference frame S.

c) We introduce the co-moving reference frame S′ of the carriage. Explain why E1 and E2 are
simultaneous in this reference frame and why E0 and E3 are at the same point in space in in S’. Is this
consistent with the drawing of point b)?

d) Draw the straight line from from E1 to E2 in the Minkowski diagram of S and show that the
angle between the x-axis and this line is α.

e) Show that if a signal should connect the two space-time points E1 and E2 it must have the
velocity c2/v (which is greater than c).

f) Let E be any event, i.e., any space-time point, inside the carriage. Plot in the Minkowski
diagram of S the events in the carriage system that are simultaneous with E in the co-moving frame
S′. Plot in the same diagram the events that occur at the same place as E in reference frame S′.

Let the coordinates x′ and t′ of reference frame S′ to be chosen such that x′ = 0, t′ = 0 corre-
sponds to x = 0, t = 0.

g) In the Minkowski diagram of S, the coordinate axes of x and t appear as orthogonal lines.
Draw in this diagram the coordinate axes of x′ and t′, corresponding to t′ = 0 and x′ = 0.

h) The lines plotted in g) define non-orthogonal axes for x′ and ct′. The space-time position for
any event E can in the diagram be read out either as x and ct in the orthogonal coordinate system of
S or as x′ and ct′ in the non-orthognal coordinate system of S′. Explain how.

Problem 7.2 (Midterm Exam 2006)
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Figure 3:

A circular hoop is rotating with constant angular velocity ω around a symmetry axis with vertical
orientation, as shown in Fig. 3. Inside the hoop a planar pendulum can perform free oscillations, while
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the plane of the pendulum rotates with the hoop. The mass of the pendulum bob is m, the length of
the pendulum rod is R and the gravitational acceleration is g. The pendulum rod is considered as
massless. As generalized coordinate we use the angle θ of the pendulum relative to the vertical axis.

a) Express the Cartesian coordinates of the pendulum bob as functions of θ and ω and find the
Lagrangian of the pendulum.

b) Derive Lagrange’s equation for the system. Find the oscillation frequency for small oscillations
about the equilibrium point θ = 0

c) Show that θ = 0 is a stable equilibrium only for ω < ωcr and determine ωcr. Show that for
ω > ωcr there are two new equilibria θ± 6= 0, π and determine the values of θ+ and θ− as functions
of ω.

d) Study small deviations from equilibrium, θ = θ± + χ, with χ << 1. Show that, for ω > ωcr,
the system will perform harmonic oscillations about the points θ+ and θ−. What are the corresponding
oscillation frequencies?

The phenomenon where the original stable equilibrium θ = 0 splits into two new equilibrium
points θ+ and θ− is referred to as a bifurcation.

e) Find the Hamiltonian H of the system as function of θ and its conjugate momentum pθ and
derive the corresponding Hamilton’s equations.

f) Consider the Hamiltonian H(θ, pθ) as a potential function of the two phase space variables θ
and pθ. Make a sketch of the equipotential lines H(θ, pθ) = const for the region around the equi-
librium point θ = pθ = 0, first in the case ω < ωcr, and next in the case ω slightly larger than ωcr
(include in this case the new equilibrium points (θ±, pθ = 0) in the drawing). Indicate in the drawing
the direction of motion in the two-dimensional phase space. (A qualitative drawing is sufficient.)
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