
FYS 3120 Classical Mechanics and Electrodynamics
Spring semester 2013

Problem Set 8

Problem 8.1

A thin rigid rod has rest length L0 (length measured in the rest frame). It moves
relative to an inertial frame S′, so that the midpointA of the rod has the time dependent
coordinates x′A = 0, y′A = ut′, z′A = 0, with u as the velocity of the rod. In this
reference frame the rod is at all times parallel to the x′ axis.

a) Another point B on the rod has the distance b from the midpoint. What are the
time dependent coordinates (measured in S′) of this point?

b) The inertial frame S′ moves with velocity v along the x-axis relative to another
inertial frame S. (The axes of the two frames are parallel.) Find the space coordinates
(x, y, z) of the points A and B as functions of the time coordinate t in the reference
frame S. (Remember that if the time coordinate t in S is fixed, the time coordinates
t′A and t′B of the points A and B are not the same.)

c) What is the orientation of the rod relative to the coordinate axes of S, and what
is the length of the rod measured in this frame?

Problem 8.2
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A particle is circulating with constant speed in an accelerator ring of radius R =
10m. The speed of the particle corresponds to a relativistic gamma factor γ = 100.

The laboratory frame S is the rest frame of the accelerator ring, and we assume
that in the corresponding Cartesian coordinate frame the ring lies in the x, y plane
with the center of the ring at the origin. Since the particle is restricted to move in this
plane we simply suppress, in the following, the z coordinate, and treat space-time as
three-dimensional, with coordinates (ct, x, y).
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a) Determine the velocity v/c of the particle in the lab frame S relative to the speed
of light. What is the period T of circulation and the anguar frequency ω?

b) Explain what is meant by the proper time τ of the particle and relate it to the
coordinate time t of the reference frame S? What is the period of circulation Tτ
measured in proper time?

We assume that the coordinate time t and the proper time τ are defined with
t = τ = 0 at the instant where the particle has coordinates (x, y) = (0,−R), cor-
responding to the point A in the figure.

c) Give the expressions for the coordinates in S of the particle’s worldline (space-
time path), xµ(τ), µ = 0, 1, 2. Express the coordinates as functions of proper time τ ,
radius R and circular frequency ω. Give a qualitative description of the the form of the
particle’s worldline in three-dimensional Minkowski space.

A second inertial frame S′ is introduced, which is the instantaneous inertial rest
frame of the particle at time t = 0. The coordinate axes of S and S′ are parallel and
the particle is at the origin of Cartesian coordinate system of S′ at the instant t′ = 0.

d) Explain what is meant by the instantaneous inertial rest frame, and give the
transformation between the Cartesian coordinates of the two inertial frames S and S′.

e) At time t′ = 0 the accelerator ring defines a deformed circle in S′. Show that it
is an ellipse and determine the lengths of the long and short axes.

f) What are the coordinates x′µ(τ), µ = 0, 1, 2 of the particle’s world line in
reference system S′? Make a graphical representation of the trajectory in the x′, y′-
plane. (A different scale for the two directions of the plane may be used.)

Problem 8.3

Consider an inertial frame S in four-dimensional space-time, with coordinate axes
defined by a set of unit vectors eµ, µ = 0, 1, 2, 3. They satisfy the generalized or-
thonormalization condition

eµ · eν = gµν (1)

with gµν as the standard metric tensor (see the lecture notes). A Lorentz transformation
in the x1-direction will mix two of the vectors in the following way

e′0 = coshχ e0 + sinhχ e1 (2)

e′0 = sinhχ e0 + coshχ e1 (3)

where e′µ define the coordinate axes of a new inertial reference frame S′, with χ as a
velocity parameter called the rapidity.

a) Assume S′ has velocity v relative to S. Show that

coshχ = γ , sinhχ = βγ (4)

with β = v/c and γ = 1/
√
1− β2.

b) Assume the two sets of basis vectors of S and S′, given in (2), are plottet in a
common two-dimensional Minkowski diagram, with e0 and e1 plotted as orthogonal
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vectors. With φ as the angle between the two time axes e0 and e′0 in the diagram,
show that

tanφ = tanhχ (5)

For the cases φ = 15◦ and φ = 30◦ determine the corresponding values of χ and
β = v/c.

c) Show that the vector e′0 will trace out an hypebola when the velocity v changes,
and that e′1 will trace out another hyperbola.

d) Draw a two-dimensional Minkowski diagram, as referred to in b), where the
basis vectors of S′, for both angles φ = 15◦ and φ = 30◦, are shown. Also plot in the
diagram the two hyperbolas referred to in c), as well as the lines of the light cone.
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