
FYS 3120 Classical Mechanics and Electrodynamics
Spring semester 2009

Problem Set 9

Problem 9.1

We have below four equations that involve tensors of different ranks. Clearly the
consistency rules for covariant equations are not satisfied in all places. Show where
there are errors in each equation, and show how the equations can be modified to bring
them to correct covariant form.

Cµ = Tµν A
µ , Dν = Tµν Aµ , Eµνρ = Tµν S

ν
ρ , G = Sµν T ναA

α (1)

Problem 9.2

Assume Aµ to be a 4-vector and Tµν a symmetric rank 2 tensor. Show that by making
products and contracting indices with Aµ and Tµν , one can form at least four different
scalars and at least one 4-vector (in addition to Aµ).

Problem 9.3

We have defined the following four tensor fields as functions of the space-time coordi-
nates x = (x0, x1, x2, x3),

f(x) = xµx
µ , gµ(x) = λxµ , bµν(x) = αxµxν , hµ(x) =

xµ

xνxν
(2)

Calculate the following derivatives, and comment on what kind of tensor fields they
represent

∂µf(x) , ∂µg
µ(x) , ∂µb

µν(x) , ∂µh
µ(x) (3)

Problem 9.4

The d’Alembertian is the operator which generalizes the Laplacian ∇2 to four space-
time dimensions. It is defined as

�2 ≡ ∂µ∂µ =
∂2

∂xµ∂xµ
(4)

Show that this operator is invariant under a change xµ → x′µ = Lµν xν between
space-time coordinates of two different inertial reference frames. (Use the chain rule
to express derivatives in one set of coordinates as derivatives in the other set.)
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Problem 9.5 (Midterm Exam 2009)

Fermat’s principle says that a light ray will follow the path between two points that
has the minimal optical length, which is the path that takes the shortest time for light
to propagate. In an optical medium the speed of light (cm) is modified by the index of
refraction n, so that

cm =
c

n
(5)

with c as speed of light in vacuum. If the index is not a constant, but varies through
the medium this implies that a light ray does not follow a straight line, but is bent.

a) Let us assume that the index of refraction depends on the vertical coordinate
y, so that n = n(y). A light ray is sent in the x, y-plane, with x as a horizontal
coordinate, between an initial point with coordinates (x1, y1) and final point with co-
ordinates (x2, y2). Show that Fermat’s principle means that the path of the light ray,
y(x), between these points gives a minimal value of action integral

S[y(x)] =

∫ x2

x1

n(y)
√

1 + y′2dx , y′ =
dy

dx
(6)

b) This minimization problem is equivalent to a Lagrange’s equation. Formulate
this equation and show that it leads to a differential equation for the path y(x) of the
light ray that can be written as

y′′ = [
d

dy
lnn(y)](1 + y′2) , y′′ =

d2y

dx2
(7)

c) Show that the second order differential equation (7) can be integrated to give the
following first order equation(

n(y)

n0

)2

= 1 +

(
dy

dx

)2

(8)

with n0 as a constant.

Θ

L

laser

Figure 1: A laser beam is sent through a container with a sugar solutions. Due to variations
in the strength of the solution the index of refraction decreases with height. This gives rise to
a bending of the beam with θ as deflection angle.

We consider in the following the physical situation where a light ray is sent through
a container with a strong sugar solution. The container has the length L in the x
direction. Due to the effect of gravity the strength of the solution varies with height,
and this gives rise to a variable index of refraction of the form

n(y) = n0 e
−αy (9)
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with n0 and α as a constants.

d) Assume a light beam is sent in the horizontal direction (x direction) into the
container. The point of entering we give coordinates x1 = y1 = 0. Explain why
Eq.(8) shows that the beam is deflected in the direction of increasing strength of the
solution, that means here downwards.

e) Show that Eq.(8) i satisfied if we assume the following relation between y and
x along the light path

e−αy =
1

cosαx
(10)

f) At the end of the container (inside the container at x = L) the light beam is
deflected by an angle θ relative to the incoming beam. Find an expression for the
deflection angle in terms of L and α.

g) After leaving the container the angle of the beam is θ′. Explain why θ′ is differ-
ent from θ and give an expression for θ′.
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