
FYS 3120 Classical Mechanics and Electrodynamics
Midterm Exam, Spring semester 2014

Return of solutions
The problem set is available on the course page from Monday, March 17.
Deadline for return of solutions is Monday, March 24.
Return of written/printed solutions to Ekspedisjonskontoret in the Physics building.
Language
The solutions may be written in Norwegian or English depending on your preference.
Questions
concerning the text can be posed to Jon Magne Leinaas (office Ø471) or to Lars Musland (students’
study room Ø463). Lars is present only Thursday and Friday.
The problem set
consists of 3 problems printed on 3 pages, with a short English-Norwegian dictionary on page 4.

PROBLEM 1
Rotating pendulum.

A circular hoop is rotating with constant angular velocity ω around a symmetry axis with vertical

ωt

mΘ

g

R

orientation, as shown in the figure. Inside the hoop a planar pendulum can perform free oscillations,
while the plane of the pendulum rotates with the hoop. The mass of the pendulum bob ism, the length
of the pendulum rod is R and the gravitational acceleration is g. The pendulum rod is considered as
massless. As generalized coordinate we use the angle θ of the pendulum relative to the vertical axis.

a) Express the Cartesian coordinates of the pendulum bob as functions of θ and ω. Find the
Lagrangian of the pendulum, and show that it can be written in the form

L =
1

2
mR2θ̇2 −W (θ) (1)
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withW (θ) as an effective potential. W (θ) has an extra contribution in addition to the potential energy
due to gravity. Do you have a physical interpretation of this term?

b) Derive Lagrange’s equation for the system, and find the oscillation frequency Ω for small
oscillations about the equilibrium point θ = 0.

c) Show that θ = 0 is a stable equilibrium only for ω < ωcr and determine ωcr. Show that for
ω > ωcr there are two new equilibrium points θ± 6= 0, π and determine these points as functions of
ω.

d) Show that θ± are points of stable equilibrium (for ω > ωcr). Make a plot of the functionW (θ),
for two values for ω, one smaller and one larger than ωcr (for example ω = 0.5ωcr and ω = 1.5ωcr).

e) Find the Hamiltonian H of the system as function of θ and its conjugate momentum pθ, and
explain why H is a constant of motion. (A complete proof is not needed.)

f) The Hamiltonian H(θ, pθ) can be considered as a potential function in the phase space, with θ
and pθ as coordinates. Make a two-dimensional phase-space plot, which shows the equipotential lines
of H(θ, pθ), for the case ω = 1.5ωcr. Use a convenient choice of scales of the two coordinate axes.

Give a short description of the different types of motion shown by the plot, and indicate in the dia-
gram the location of the separatrices, which are the curves that separate the different types of motion.
Indicate also the direction of motion of the system in the diagram.

PROBLEM 2
A space travel

An unmanned spacecraft is sent from the earth to investigate a newly detected object which is
located at a distance of D = 1 light month (= 30 light days) from the earth. By use of its very
efficient engine the spacecraft is able to rapidly accelerate to a velocity v which is 3/5 of the speed
of light c. It keeps a constant velocity on the journey from the earth, and after a short stop, with
investigation of the object, it returns to earth with the same speed as on the journey out from the earth.
For simplicity we disregard the short periods of acceleration and consider the speed of the spacecraft
to be constant, v = 3c/5 both on the way out and the way back.

a) What is the total time of flight of the spacecraft, measured on earth (Te) and measured on board
the spacecraft (Ts)?

b) Every hour a signal is sent from the earth station to the spacecraft, with the time interval between
subsequent signals denoted ∆0. Show that the time interval between the signals, when received in the
spacecraft, is ∆1 = 2 ∆0, on the way from the earth. What is the time interval ∆2 between the
received signals, when the spacecraft is on the way back to earth? (In both cases we refer to the time
measured onboard the spacecraft.)

Draw a Minkowski diagram, as appearing in the rest frame of the earth, which shows the world
lines of the earth and of the spacecraft, and also the sequence of signals sent from earth. (Include a
reasonable number of signals by making a convenient choice for the time interval in the diagram.)

c) Signals are also regularly sent from the spacecraft to the earth, at intervals of one hour as
measured on the spacecraft. Explain why, during the first part of the spacecraft’s journey the time
interval between the signals received on earth is identical to ∆1, and during the second part it is
identical to ∆2. At what time Tt does the length of the time interval change, and for what reason?

Draw a similar Minkowski diagram as in b), but now showing the world lines of the signals sent
from the spacecraft back to earth. Indicate where the time Tt is on the time axis.
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d) Let NR1 denote the number of signals received on the spacecraft on the way out, and NR2 on
the way back. Similarly NS1 is the number of signals sent from the spacecraft on the way out, and
NS2 on the way back. Based on the values for the time intervals on the spacecraft, find what these
numbers are. Determine the ratio (NR1+NR2)/(NS1+NS2) and explain why this should be identical
to the ratio Te/Ts. Check if your results are consistent with this identity.

PROBLEM 3
Fermat’s principle

According to Fermat’s Principle, a light ray will follow the path between two points which makes
the optical path length extremal. For simplicity we consider here paths constrained to a two dimen-
sional plane (the x, y plane), in an optical medium with a position dependent index of refraction
n(x, y). The optical path length between two points (x1, y1) and (x2, y2) along y(x) can be written
as the integral

A[y(x)] =

∫ x2

x1
n(x, y)

√
1 + y′2dx , y′ =

dy

dx
(2)

y

x
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(0, y0)θ1
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a) Find Lagrange’s equation for the variational problem δA = 0, and show that if the index of
refraction is constant the equation has the straight line between the two points as solution.

b) Assume the medium to have two different, constant indices of refraction, n = n1 for x < 0
og n = n2 for x > 0 (see the figure). Explain why the variational problem can now be simplified to
the problem of finding the coordinate y = y0 for the point where the light ray crosses the boundary
between the two media at x = 0. Find the equation for y0 that gives the shortest optical path length.
(Solving the equation is not needed.)

c) Show that the equation for y0 at point b) implies that the path of the light ray satisfies Snell’s
law of refraction,

n1 sin θ1 = n2 sin θ2 (3)

with θ1 and θ2 as the angle of the light ray relative to the normal on the two sides of the the boundary.
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ORDLISTE

engelsk norsk

circular hoop sirkelformet metallbånd
pendulum bob pendelkule
pendulum rod pendelstang

Lagrangian Lagrangefunksjon
equilibrium position likevektspunkt

oscillations svingninger
angular frequency vinkelfrekvens

Hamiltonian Hamiltonfunksjon
momentum bevegelsesmengde, driv
phase space faserom

initial conditions startbetingelser / initialbetingelser
equipotential lines ekvipotensialkurver

reference frame referanseramme
rest frame hvilesystem
world line verdenslinje

index of refraction brytningsindeks
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