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Spring semester 2014

Problem Set 13

Problem 13.1

Three point charges, two with charge +q and one with charge −q are positioned in the sequence
(+q,−q,+q) along the x-axis. The distance between neighboring charges are equal to d, and the
middle charge is placed at the origin x = 0.

a) Find an expression for the full Coulomb potential of the three charges in the x, y-plane and
make a contour plot of the potential (which shows equipotential lines of the potential).

b) Determine the monopole moment (total charge) qtot, dipole moment p, and the quadrupole
moment Qn of the charge distribution, where n demotes a unit vector in the x, y-plane.

c) Find the corresponding three contributions to the Coulomb potential, and make a contour plot
of the sum of the three contributions. Compare this plot with that of the full potential in a).

Problem 13.2

A Lambda particle (Λ) has energy E = 3GeV (= 3000MeV ) and velocity vΛ along the x-axis in the
laboratory frame SL. The mass of Λ is mΛ = 1116MeV/c2.

a) In its rest frame SΛ, the Λ particle has (average) life time τΛ ≈ 2.6 × 10−10s. What is
the corresponding life time in the laboratory frame SL? How far does the Λ particle travel in the
laboratory frame SL, if we assume that it lives exactly the time τΛ in its rest frame SΛ?

b) The Λ particle decays to a nucleon N and a pion (π-meson) π. They have masses mN =
940MeV and mπ = 140MeV , respectively. The velocity (vπ)Λ of the pion make an angle 45◦ with
the x-axis in the rest frame SΛ of Λ. Find the velocity (vπ)L of the pion and velocity (vN )L of the
nucleon in the laboratory frame SL. More precisely, find the x- and y-components of the vectors
(vπ)L and (vN )L and the angles (θπ)L and (θN )L they make with the x-axis in the laboratory frame
SL.

Problem 13.3

A charged particle, which moves in a magnetic field, tends to spiral around the magnetic flux lines.
When the flux lines are converging, the component of the particle velocity along the field will be
reduced until it stops and the particle is reflected back in the opposite direction. A well-known conse-
quence of this effect is the presence of the van Allen radiation belts in the earth magnetic field, where
charged particles from the sun are trapped in a continuous motion along the field lines between the
two magnetic poles.

In this problem we study this phenomenon in a simplified version, where the magnetic field is
almost homogeneous (constant), with direction along the z-axis, but with a small inhomogeneous
modification, which makes the field lines slowly converge towards the z-axis. We consider the particle
motion to be non-relativistic, and we do not include effects of gravity.

First assume the magnetic field, B = B0 = B0k, to be time independent and homogeneous, with
k as a unit vector in the z-direction. A particle with charge q and mass m is moving in this field.
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Initially, at time t = 0 the particle has velocity v0, with u0 as the component in the z-direction and
w0 as the component in the x, y-plane.

a) Show that the equation of motion of the particle has solutions of the form

r(t) = ρ0(cosω0t i + sinω0t j) + vztk (1)

and determine the constants ρ0, ω0 and vz in terms of the initial velocity v0 and magnetic field strength
B0.

We now introduce an inhomogeneous modification of the magnetic field. The magnetic field can
be expressed in terms of the vector potential as B = ∇ ×A, and expressed in cylinder coordinates
the components of A now take the form

Aρ = 0 Aφ =
1

2
ρB0f(z) Az = 0 , (2)

with

f(z) = 1 + z2/d2 (3)

where d is a parameter with dimension length, which measures how rapidly the magnetic field is
changing along the z-direction.

b) Show that the magnetic field, when expressed in cylinder coordinates, has the components

Bρ = −1

2
ρB0

df

dz
Bφ = 0 Bz = B0f(z) . (4)

Find the expressions for the Lagrangian and Lagrange’s equations for the charged particle, expressed
in cylinder coordinates.

Assume that initially the particle is moving, similar to (1), in a circle of radius ρ0 in the x, y-plane
(with z = 0), with a small velocity component u0 in the z-direction. Under the assumption that
u0 << ρ0 ω0, the particle will feel a slowly changing magnetic field as z changes, and we make the
ansatz that the angular velocity then satisfies to a good approximation

φ̇ ≈ − q

m
Bz (5)

even if Bz is changing with z.

c) Show that under the above condition the following approximations are valid

qBzρ
2 ≈ −Lz

1

2
mż2 − 1

2m
qBzLz ≈ T (6)

with Lz and T as constants of motion. What are the physical interpretations of the two quantities?

d) Based on Eqs. (6) show that the motion of the particle in the z-direction is limited by the
extremal z coordinates ±a and determine a. Also determine, with the given initial conditions, how
the radius ρ of the particle orbit changes with z. Make a sketch or plot of the particle trajectory, and
indicate in the figure the direction of the field lines of the magnetic field.
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