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Spring semester 2014

Problem Set 6

Problem 6.1

Two inertial reference frames S and S′ are moving with a relative velocity v. The directions of the
coordinate axes are chosen so that the coordinate transformation between the reference frames takes
the standard form

x′ = γ(x− vt)
y′ = y

z′ = z

t′ = γ(t− v

c2
x) (1)

with γ = (1− (v/c)2)−1/2.

a) Equivalence between the reference frames S and S′, implies that the transformation formula
above should be correct if we interchange the the primed and unprimed variables, and only change
the sign of the relative velocity v. Show that this is indeed the case by inverting the transformation to
express x and t in terms of x′ and t′.

b) A moving object is registered with velocity u relative to reference frame S and velocity u′

relative to S′. With the velocity components defined in the usual way as ui = dxi/dt, u
′
i = dx′i/dt

′,
i = x, y, z, use the transformation formula (1) to find the corresponding transformation formula for
the velocity components.

c) Assume now that the relative velocity of the two reference frames is v = 0.5c, and that the
object moves, as measured in S′, with velocity u′ = 0.8c in the direction with angle 45◦ to the x′

(and y′) axis. What is the absolute value of the velocity and direction of the velocity (angle to the x-
axis), as measured in S? If we instead of using the Lorentz transformations we had used the Galilean
transformations, what had the results been?

Problem 6.2 (Midterm Exam 2009)

A particle of mass m moves in a one-dimensional periodic potential

V (x) = V0(sinx+ a sin2 x) (2)

with x as the coordinate in the direction of motion, a as an external parameter that can be varied, and
V0 as a constant that measures the strength of the potential. We assume both V0 and a to be positive.

a) Determine the equilibrium points of the potential for different values of a, and indicate which
of the equilibrium points that are stable and which ones are unstable. Discuss separately the cases
a < 1/2 and a > 1/2.

b) Illustrate the situation by plotting the potential for the three values a = 0, 0.5 and 1. Discuss in
what sense the situation changes when a increases through the value 1/2 and relate this to the results
of point a).
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c) Give the expression for the Lagrangian of the particle and use Lagrange’s equation to find the
equation of motion of the particle.

d) Assume the particle performs small oscillations about one of the stable equilibrium points,
with coordinate denoted by x0. We write the postion coordinate as x = x0 + ξ with |ξ| << 1. Show
that this condition allows us to simplify the equation of motion so it takes the form of an harmonic
oscillator equation for ξ. Determine the oscillation frequency as a function of a for a < 1/2 and
a > 1/2.

e) Find the Hamiltonian H(x, p) of the system, with p as the conjugate momentum of the coordi-
nate x. Explain what is meant by considering H(x, p) as a phase space potential, and describe how
the motion in the two-dimensional phase space is related to the equipotential lines.

f) Make a contour plot of the phase space potential which show equipotential lines for the three
different situations a = 0, 0.5 and 1. Indicate in the diagrams the direction of motion of the particle.
Discuss, based on the plots, what are the different types of motion of the particle and indicate in the
diagrams the location of the limiting curves, called separatrices, that separate the different types of
motion.
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