
FYS 3120 Classical Mechanics and Electrodynamics
Midterm Exam, Spring semester 2015

Return of solutions
The problem set is available from Friday, March 13.
Deadline for return of solutions is Friday, March 20. Students who take the course FYS2140, with
home exam the same week, are allowed to delay the return of solutions until Tuesday, March 24.
Return of written/printed solutions to Ekspedisjonskontoret in the Physics building, before closing
time at 15:00. Use candidate numbers rather than full names.
Language
Note: The problem set is available also in Norwegian.
The solutions may be written in Norwegian or English depending on your preference.
Questions
concerning the text can be posed to Lars Musland (Monday 12.15-14.00 in room Ø455) or to Jon
Magne Leinaas (office Ø471).
The problem set
consists of 3 problems printed on 4 pages.

PROBLEM 1
Rotating pendulum.
A rotating pendulum is illustrated in the figure. It is composed of several parts; a fixed vertical rod
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V R, on the top of this a horizontal rodHR, which rotates about its midpointO with a constant angular
velocity ω, finally a pendulum with a rod, which is at on end fixed at point A of the horizontal rod
HR and at the other end connected to a pendulum bob B. The pendulum rod we consider as massless
and rigid, while the mass of the pendulum bob is m. The pendulum moves without friction, but is at
all times constrained so that the pendulum rod lies in the plane orthogonal to the the direction of HR.
The distance OA is a and the length of the pendulum rod is b. The angle between the pendulum rod
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and the vertical direction is denoted θ.

a) Find the Cartesian coordinates (x, y, z) of a fixed reference frame expressed in terms of the
coordinates (x′, y′, z) of a rotating frame, which rotates with the horizontal rod HR. Assume O to
be the origin of both coordinate systems, the z-axis to point in the vertical direction, and choose the
x′-axis to point along the horizontal rod in the directionOA. Use this to find the Cartesian coordinates
(x, y, z) of the pendulum bob expressed in terms of θ and t.

b) Use the results from a) to show that the Lagrangian L has the following form, as a function of
θ and θ̇,

L =
1

2
mb2θ̇2 +mabω cos θ θ̇ +

1

2
mb2ω2 sin2 θ +mgb cos θ (1)

c) Show that Lagrange’s equation for the system gives an equation of the form

θ̈ + f(θ) = 0 (2)

and determine the function f(θ). If θ is a equilibrium point, what is the condition f(θ) should satisfy
at this point, and what is the condition for the equilibrium to be stable?

Determine the position of the equilibrium points, and show that the number of points changes
from two to four for a given value of the rotation frequency, ω = ω0. What is ω0?

d) Show that θ = 0 is a stable equilibrium point only for ω < ω0, while for ω > ω0 the two new
equilibrium points, at positions denoted θ±, are stable.

What are the angular frequencies (Ω0 and Ω±) of small oscillations around the stable equalibria
in the two cases?

e) Give the expression for the Hamiltonian H of the system, and explain why H is a constant of
motion. Is H in this case equal to the total (kinetic plus potential) energy of the pendulum?

f) The Hamiltonian H can be considered as a potential function in the phase space, with θ and
pθ as coordinates. Make two-dimensional phase-space plots, which show the equipotential lines of
H(θ, pθ), for the cases ω = 0.5ω0 and ω = 1.5ω0. Use a convenient choice of scales for the variables
in the plot, with a = b as a suggested good choice.

g) Give a short description of the different types of motion shown by the plots, and indicate in
the diagrams the location of the separatrices, which are the curves that separate the different types of
motion. Indicate also the direction of motion of the system in the diagram.

PROBLEM 2
Particle in an accelerator ring

A particle is circulating with constant speed in an accelerator ring of radius R = 10m. The speed
of the particle corresponds to a relativistic gamma factor γ = 100.

The laboratory frame S is the rest frame of the accelerator ring, and we assume the ring to lie in
the x, y-plane of a Cartesian coordinate system, with the center of the ring at the origin. Since the
particle is restricted to move in this plane we simply suppress, in the following, the z coordinate, and
treat space-time as three-dimensional, with coordinates (ct, x, y).

a) Determine the velocity v/c of the particle in the lab frame S, relative to the speed of light. What
is the period T of circulation and the angular frequency ω?
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Explain what is meant by the proper time τ of the particle and relate it to the coordinate time t of
the reference frame S? What is the period of circulation Tτ measured in proper time?

We assume that the coordinate time t and the proper time τ are defined with t = τ = 0 at the
instant where the particle has coordinates (x, y) = (0,−R), corresponding to the pointA in the figure.

A second inertial frame S′ is introduced, which is the instantaneous inertial rest frame of the
particle at time t = 0. The coordinate axes of S and S′ are parallel and the particle is at the origin of
Cartesian coordinate system of S′ at the instant t′ = 0 (corresponding to the point A).

b) Explain what is meant by the instantaneous inertial rest frame, and give the transformation
between the Cartesian coordinates of the two inertial frames S and S′.

c) At time t′ = 0 the accelerator ring defines a deformed circle in S′. Based on the transformation
formula between S and S′, show that it is an ellipse and determine the lengths of the long and short
axes. Is the result consistent with the relativistic length contraction formula?

d) Find the coordinates x′µ(τ), µ = 0, 1, 2 of the particle’s world line in reference system S′?
Express the coordinates as functions of proper time τ , radius R and angular frequency ω.

Make a graphical representation of the trajectory in the x′, y′-plane. (Different scales for the two
directions of the plane may be used.)

PROBLEM 3
Particle motion in a magnetic field

A charged particle, which moves in a magnetic field, tends to spiral around the magnetic flux
lines. When the flux lines are converging, the component of the particle velocity along the field will
be reduced until it stops and the particle is reflected back in the opposite direction. A well-known
consequence of this effect is the presence of the van Allen radiation belts in the earth magnetic field,
where charged particles from the sun are trapped in a continuous motion along the field lines between
the two magnetic poles. In this problem we study this phenomenon in a simplified version, where the
magnetic field is almost homogeneous (constant), with direction along the z-axis, but with a small
inhomogeneous modification, which makes the field lines slowly converge towards the z-axis. We
consider the particle motion to be non-relativistic, and we do not include effects of gravity.

The magnetic field can be expressed in terms of the vector potential as B = ∇ ×A. Expressed
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in cylinder coordinates the components of A take the form

Aρ = 0 Aφ =
1

2
ρB0f(z) Az = 0 , (3)

with

f(z) = 1 + z2/d2 (4)

where d is a parameter with dimension length, which measures how rapidly the magnetic field is
changing along the z-direction.

a) Show that the magnetic field, when expressed in cylinder coordinates, has the components

Bρ = −1

2
ρB0

df

dz
Bφ = 0 Bz = B0f(z) . (5)

and make a sketch of the form of the magnetic field lines in the x, z-plane

b) A particle with charge q and mass m is moving in this field. Determine the Lagrangian and find
Lagrange’s equations for the particle, expressed in cylinder coordinates.

c) Assume first f(z) = 1 (d =∞), which gives Bz = B0. Show that motion with constant values
for ρ = ρ0, φ̇ = ω0 and ż = u0 is a solution to the equations of motion and determine ω0. Give a
qualitative description of the motion of the particle.

d) Consider next the case where d takes a finite value. Assume as initial conditions, for t = 0, that
ρ, φ̇ and ż are given as in c), and further make the following approximation

φ̇ ≈ − q

m
Bz (6)

Show that under this approximation the following equations follow

qBzρ
2 ≈ −Lz

1

2
mż2 − 1

2m
qBzLz ≈ T (7)

with Lz and T as constants of motion. What are the physical interpretations of the two quantities? Do
you see under what conditions (6) may be a good approximation?

e) Show that the motion of the particle in the z-direction is limited, with |z| ≤ a, and find a. Find
the full solution to the particle motion within the above approximation, and make a plot of the particle
trajectory in three dimensional space, with convenient choices for the parameters in the problem.
Indicate in the figure the directions of the field lines of the magnetic field.

4


