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A note on ”Small Oscillations”
Consider a system described by a Lagrangian L(q, q̇), for simplicity with only one generalized

coordinate q. Assume that we know that q0 is an equilibrium point, which means that q = q0 is
stationary solution of the equation of motion. If this is a stable equilibrium point, we know that if the
the system is given initial values where the deviations from equilibrium, q − q0 and q̇, are sufficiently
small, the system will oscillate about q0

The purpose of this note is to discuss how a systematic expansion in small quantities, either of
the Lagrangian or the equation of motion, will lead to a harmonic oscillator equation for the deviation
from equilibrium, from which the oscillation frequency can be extracted.

Let us therefore consider a situation where the deviation from equilibrium, ρ = q − q0, is at all
time a small quantity. This can be obtained by making the initial values ρ(0) and ρ̇(0) sufficiently
small. Note that by making the initial values of these variables small, thereby giving a small amount
of energy available for oscillations, this will make not only ρ, but also ρ̇ and ρ̈, to be small for all t.

Let us consider the equation of motion of the system written in the form

q̈ = f(q, q̇) (1)

where the function f(q, q̇) is determined by the Lagrangian. Expressed in the deviation ρ from equi-
librium, the equation takes the form

ρ̈ = f(q0 + ρ, ρ̇) (2)

For small deviations a power expansion in ρ and ρ̇ is meaningful, and by regulating the initial values
of these, the importance of the higher order terms can be reduced to the extent that only the first order
terms are relevant

ρ̈ = f(q0, 0) + ρ
∂f

∂q
(q0, 0) + ρ̇

∂f

∂q̇
(q0, 0) (3)

Since q = q0 is an equilibrium point, and ρ = 0 therefore is a solution of the equation of motion,
the constant term must vanish, f(q0, 0) = 0. Eq.(3), is therefore a linear, homogenous differential
equation in ρ(t), of the form

ρ̈+ aρ̇+ bρ = 0 (4)

with a and b as realvalued constants, determined by the partial derivatives of f .
This equation has oscillationary solutions, ρ(t) = eiωt, provided the secular equation

− ω2 + iaω + b = 0 (5)

is satisfied with real values for ω. This is the case if a = 0 and b > 0, in which case (4) takes the form
of a harmonic oscillator equation. The linearized equation thus gives a consistency condition for the
point q = q0 being a stable equilibrium, and if that is satisfied, it determines the angular frequency of
small oscillations about the point.

As a simple example, we take a particle moving in a potential. The Lagrangian is

L =
1

2
mẋ2 − V (x) (6)
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with the corresponding equation of motion

ẍ = − 1

m
V ′(x) (7)

with V ′ as the derivative of V with respect to x. Assume x = x0 is a point of stable equilibrium, with
η = x − x0 as the deviation from equilibrium. Expanding the potential about x0 gives the linearized
equation

η̈ +
1

m
V ′′(x0)η = 0 (8)

where we have used that V ′(x0) = 0 at the equilibrium point. The secular equation now gives
ω2 = V ′′(x0)/m, which has real solutions provided V ′′(x0) is positive. This is indeed the condition
for the equilibrium to be stable.

As a second example let us take the equation of motion in Problem 3.4 of the weekly exercises,

(1− 1

2
cos2 θ)θ̈ +

1

2
sin θ cos θ θ̇2 +

g

d
sin θ = 0 (9)

Clearly θ = 0 is an equilibrium point, and we therefore linearize the equation in the variable θ. Let us
here do this in two steps. First we note that to first order the trigonometric functions are approximated
by cos θ ≈ 1, sin θ ≈ θ. Inserted in the equation this gives

1

2
θ̈ +

1

2
θθ̇2 +

g

d
θ = 0 (10)

However, this still contains a higher order term, when this term is excluded we finally get the linear
equation

θ̈ +
2g

d
θ = 0 (11)

which has the form of a harmonic oscillator equation with angular frequency ω =
√
2g/l.

Note, that if the ”small oscillation approximation” is performed on the Lagrangian L, rather than
on the equations of motion, this means that L should include terms to second order in the small
quantity. This is because Lagrange’s equations are determined by the partial derivatives of L, and the
quadratic terms in L therefore determines the linear terms in the equations of motion.
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