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Problem 1

a) Hamiltonian.

Solution
The Hamiltonian is a (Legendre) transformation of the Lagrangian.

H(g,p,t) =Y pjdj — L, (1)
i

where we have substituted out the velocities of the generalised co-
ordinates ¢; by using the expression for the generalised momentum

Pi = d;

b) Scalar potential, ¢.

Solution
The scalar potential ¢ is a function whose gradient is a given vector
field. From electrostatics we have that E = —V¢.

c¢) Vector potential, A.

Solution
A vector potential is a vector field whose curl is a given vector
field. For the magnetic field, B we have that B = V x A. In

electrodynamics we have for the electric field E = —V¢ — %—‘:‘.

d) Gauge transformations.

Solution

A gauge transformation is a transformation of scalar and vector po-
tentials that does not change the given (physical and observable)
vector fields (E and B in electrodynamics) and the equations of mo-
tion. A gauge transformation also leaves the Lagrangian invariant
up to a total time-derivative.




Problem 2  Velocities in the Lagrangian

a) Explain the contents and the meaning of the equation below:

d /70U oU
fj—dt(aqj)‘aq;

Solution

gj is the generalized coordinate, j = 1,...,d. F; is generalized force.
U is a potential, that can be velocity dependent.

The equation is the condition a force must satisfy, in order for it to
be included in the Lagrangian as a velocity dependent potential.

b) Assume that L = K — U is the Lagrangian for a particle in a velocity
dependent potential. For instance, this could be a charged particle in
a magnetic field. Will the total energy be conserved in such a case?
Why /why not?

Solution

There is not a straightforward answer to this, as we need to impose
some assumptions on U and the constraints to say if the total energy
will be conserved.

Since the potential is velocity dependent we will have that H #
K + U. However, if there is no explicit time-independence in L then
oL — _dH _ () We might consider the case where the potential is a

ot T T dt
static electromagnetic potential (U(r,7) = ep(r) — ef - A(r)) then,

1
L=K-U= 5mic2 —ed(r) + ef - A(r),

where the scalar and vector potentials (¢(r) and A(r)) are not time-
dependent to ensure that %—f = 0. In this case the total energy of the
particle is the sum of its kinetic and energy and potential energy

1
E = imi'2 + ep(r).
This is conserved, as it is exactly the same as the expression for the
Hamiltonian, H = ﬁ(p —eA)? + eg(r), with p = mv + eA, and
time-independence for L ensures that %—{j = —dd—lt{ =0.
In short, yes, the total energy will certainly be conserved if U is a
time-independent electromagnetic potential. If this is not the case,

we can not say for sure.




Problem 3  Vector potential.

a) Show that the vector potential A = yBye., gives a constant magnetic
field along the x-axis.

Solution
On component form, the vector potential is

AJ::Alzoy
Ay = Ay =0,
Az:A3:yB0-

The magnetic filed is given by B = V x A. We will calulate this
on index form. We use x1,x9,x3 for x,y,2z and find that the i-th
component of the B-field is

ik
Where €5, is the Levi-Civita symbol: €;;, = +1 if (7,7, k) is an even
permutation of (1,2,3) (either (1,2,3), (2,3,1) or (3,1,2)). And
€iji = —11if (4, j, k) is an odd permutation of (1,2,3) (either (1,3,2),
(3,2,1) or (2,1,3)). € = 0 for all other values of (i, j, k). We then

find 9A Y
B = €193 —— 22 = ZyBy—0=By.
1 = €123 Oa + €132 D3 8yy 0 0
0A; 0A3
B = _— _— = — =
2 = €231 D25 + €213 92 0—0
0A 0A
Bs = €319 + €a13— = 0 — 0 = 0.
8331 8.%'2

So we see that, indeed, B = Bye, is constant and directed along the
z-axis (provided that By is constant).

b) Show that A’ = —zBje, gives the same magnetic field as in a).



Solution
On component form the vector potential is
A =0,
Al = —2By,
AL =0.
We then find the components of B
0As 0As 0
By = -— — =0- —zBy) = By.
1 = €123 B + €132 O3 (9,2( zBy) 0
0A; 0As
By = — —=0-0=
2 = €231 D3 + €213 91,
0As 0A,
3 = €312 o1 + €213 )
So we see that, indeed, B = Bye,, is constant and directed along the
x-axis (provided that By is constant).

¢) Find a function x(r,t) such that A = A’ + Vy.

Solution
Inserting for the expressions for A and A’ we see that

yBoe. = —zBoe, +(2Boe, + yBoe.).
N
A A’

So x(r,t) can be solution to the equations

dx
-~ =zB
ay 2D,
X
—— =yBy.
2 YbHo

We then find that x(r,t) = yzBy + f(t), where f is some function of
time that can not be decided from the differential equations above.

Problem 4  Poisson brackets Let f(q,p,t) and g(q,p,t) be two functions



of phase space variables ¢ = {q1,...,q4} and p = {p1,...,ps}. The Poisson
bracket, {-,-} is defined as

. (af ag  Of dg
{£.91= Z (%32% B 3]%3%) '

=1

Use Hamilton’s equations and find {¢;, H}, {pi, H} and {g;,p;}. Can you
make an educated guess of what the “quantum version” of the Poisson bracket
is?

Solution
We find that

and in the same fassion

d
{px, H} = PP {01} = O

In quantum mechanics, we replace the Poisson bracket with the com-
mutator [-,-]. For the quantum operators ¢; and p; we then have

[Gi, Dj] = 1hd;j.

Furthermore, in the Heisenberg picture (time-dependent operators
and time-independent states) the Heisenberg equations read

d ] -

Aizf A’iaH7
% = 7 1pi H]
d 7 .

—p; = —[Gi, HJ.
3P = 716 H]

Where H is the quantum operator Hamiltonian.




