
Covariant Lagrangian and action

It seems reasonable to write a Lorentz invariant Lagrangian for a particle asL is a scalar, it
has no

four-indices L (xµ(τ), Uµ(τ), τ)

a function of the proper time τ , the path xµ(τ), and the four-velocity Uµ(τ) = dxµ

dτ

of the particle
Here the path xµ(τ) is the world-line of the particle, and x2 > 0 for all motion
(time-like) for a massive particle
The action S can then be written as the Lorentz invariant functional of the world-line

S[xµ(τ)] =

∫ τ2

τ1

L (xµ(τ), Uµ(τ), τ) dτ

where we can find the extremal values, δS = 0, as a function of the path xµ(τ)
The resulting Lagrange equations are (by calculus of variations)

four equations! d

dτ

∂L

∂Uµ
− ∂L

∂xµ
= 0

Note:

1) The choice of τ as independent variable is not unique

2) We can not use τ for a massless particle. Q: Why? ds2 = c2dτ 2 = 0

3) The structure of L is not unique, multiple choices give same e.o.m.

4) Can only be used for one particle (only one τ)

Lagrangian for a free particle

Attempt 1 Assuming the Lagrangian

L =
1

2
mUµUµ

for a free particle, with Uµ = dxµ

dτ
, we have

∂L

∂xµ
= 0,

∂L

∂Uµ
= mUµ

so that by Lagrange’s equation

d

dτ
(mUµ) =

dpµ
dτ

= 0

so no proper
acceleration

a0 = 0

Thus the four-momentum pµ must be a conserved quantity (conservation of rela-
tivistic energy and momentum) and the four-acceleration Aµ = dUµ

dτ
= 0

However, without other terms in L, m is a constant that we can freely remove
in fact also for

negative masses
In fact we can apply the same Lagrangian also for massless particles

L =
1

2

dxµ

dλ

dxµ

dλ

not τ if massless where λ is some (affine) parameter that parameterises the motion xµ(λ)

1



Attempt 2 Using UµUµ = c2 we can reformulate the Lagrangian as L = amc2

where we have inserted a unitless constant a
Then the action is

S =

∫ τ2

τ1

Ldτ = amc2
∫ t2

t1

dτ

dt
dt = amc2

∫ t2

t1

dt

γ

advantage: can
be extended to

multiple
particles

This is an action with a non-covariant Lagrangian L = amc2

γ

The odd constant can be fixed by looking at

L =
amc2

γ
= amc2(1− 1

2

v2

c2
+ . . .) = amc2 − 1

2
amv2 + . . .

Here we must have a = −1 to get the correct sign for kinetic energy.
With this the Lagrangian is

L = −mc2

γ

The usual Lagrange’s equations

d

dt

∂L

∂ẋi

− ∂L

∂xi

= 0

gives

∂L

∂xi

= 0,

∂L

∂ẋi

= −mc2
∂

∂ẋi

(
1

γ

)
= −mc2

∂

∂vi

√
1− v2

c2
= −mc2

1

2

(
−2

vi
c2

)(
1− v2

c2

)−1/2

= γmvi

so Lagrange’s equation gives again conservation of relativistic momentum

d

dt
(γmvi) = 0

The constant contribution −mc2 = −E0 disappears in Lagrange’s equation
The corresponding relativistic Hamiltonian is

H =
∑
i

∂L

∂ẋi

ẋi−L = γmv2+
mc2

γ
= mc2γ

(
v2

c2
+

1

γ2

)
= mc2γ

(
β2 + 1− β2

)
= γmc2 = E

Attempt 3−∞ Since the action

S = −mc2
∫ τ2

τ1

dτ

in GR called the
geodesics

is proportional to cdτ (the length of the world-line/trajectory), finding the path
from δS = 0, is the same as finding the minimal or maximal length trajectory of
spacetime

2



An infinite number of non-covariant Lagrangians can now be found using the invari-
ant line element

ds2 = dxµdxµ = c2dτ 2

compare to:
s =

∫
ds =∫ √

dx2 + dy2 =∫ √
(dx
dt
)2 + (dy

dt
)2dt

to write

S = −mc2
∫ τ2

τ1

dτ = −mc2
∫ τ2

τ1

1

c

√
dxµdxµ = −mc

∫ λ2

λ1

√
gµν

dxµ

dλ

dxν

dλ
dλ

for a parameterisation λ of the path xµ(λ), with the Lagrangian

L = −mc

√
gµν

dxµ

dλ

dxν

dλ

Covariant Lagrangian for particle in e.m. field

For a charged particle in an e.m. field the covariant Lagrangian is

L =
1

2
mUµUµ + qUµA

µ

where Aµ(x) = (ϕ/c,A) is the four-potential
We can find Lagrange’s equations from

∂L

∂xµ

= ∂µ(qUνA
ν) = qUν∂

µAν ,

∂L

∂Uµ

= mUµ + qAµ = pµ + qAµ,

d

dτ

∂L

∂Uµ

=
d

dτ
(pµ + qAµ) = Kµ + q

dAµ

dτ
= Kµ + q

dAµ

dxν

dxν

dτ
= Kµ + q(∂νAµ)Uν

giving
Kµ = qUν∂

µAν − qUν∂
νAµ = qUν(∂

µAν − ∂νAµ) = qUνF
µν

Which is the same e.o.m. we found in Lecture 17the Lagrangian
is correct

because it gives
the correct

e.o.m.

We call this Lagrangian the minimal coupling prescription

We can alternatively start from the non-covariant Lagrangian

L = −mc2

γ
− U = −mc2

γ
− qϕ+ qv ·A

arriving at the same answer through

∂L

∂xi

= −q
∂ϕ

∂xi

+ qv · ∂A
∂xi

,

∂L

∂ẋi

= γmvi + qAi,

d

dt

∂L

∂ẋi

=
dpi
dt

+ q
∂Ai

∂xj

vj + q
∂Ai

∂t
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which gives the Lagrange equation

dpi
dt

= −q
∂ϕ

∂xi

− q
∂Ai

∂t
+ q

(
vj
∂Aj

∂xi

− vj
∂Ai

∂xj

)
or

dp

dt
= q(E+ v ×B)

where we have used

ϵijkvjBk = ϵijkϵklmvj
∂Am

∂xl

= (δilδjm − δimδjl)vj
∂Am

∂xl

= vj
∂Aj

∂xi

− vj
∂Ai

∂xj
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