
Lorentz transformation of electromagnetic fields

As a rank-2 tensor the electromagnetic field strength F µν must transform as

F µν → F ′µν = Lµ
ρL

ν
σF

ρσ

Without loss of generality, let us consider a boost with velocity v in the x-direction

Lµ
ν =


γ −γβ 0 0

−γβ γ 0 0
0 0 1 0
0 0 0 1



F µν = −F νµ

F i0 = −F 0i =
1

c
Ei

F ij = −ϵijkBk

Then

E ′
1 = cF ′10 = cL1

ρL
0
σF

ρσ = cL1
0L

0
1F

01 + cL1
1L

0
0F

10 = c(−L1
0L

0
1 + L1

1L
0
0)F

10

= c(−β2γ2 + γ2)
1

c
E1 = γ2(1− β2)E1 = E1

E ′
2 = cF ′20 = cL2

ρL
0
σF

ρσ = cL2
2L

0
0F

20 + cL2
2L

0
1F

21

= cγ
1

c
E2 + c(−βγ)B3 = γ(E2 − vB3)

E ′
3 = cF ′30 = cL3

ρL
0
σF

ρσ = cL3
3L

0
0F

30 + cL3
3L

0
1F

31

= cγ
1

c
E3 + c(−βγ)(−B2) = γ(E3 + vB2)

We can generalise to fields parallel and transverse to boost E∥ and E⊥, here

E∥ = E1ex, E⊥ = E2ey + E3ez

Then, in general
E′

∥ = E∥, E′
⊥ = γ(E⊥ + v ×B)

Exercise: Show that

B′
∥ = B∥, B′

⊥ = γ(B⊥ − v

c2
× E)

Example: In RF S we have E = 0 and B = B0ez. RF S ′ moves with velocity v in
x-direction. What are the fields in S ′?

E′
∥ = E∥ = 0, B′

∥ = B∥ = 0

E′
⊥ = γ(E⊥ + v ×B) = γ(0 + vex ×B0ez) = −γvB0ey

B′
⊥ = γ(B⊥ − v

c2
× E) = γB⊥ = γB0ez

So E′ = −γvB0ey and B′ = γB0ez

1



Example: Current in a neutral wire in different frames

Current I in neutral wire at rest in RF S. Current driven by imposed electric field
E0 = E0ez inside wire, assumed uniform, no E outside from charges due to neutrality
We have a circular magnetic field B given by Ampère’s law∮

C

B · ds = µ0I

This gives at radius r from centre of wire

B(r) =
µ0I

2πr
eϕ

The current is given from the current density as

I = Aj

where A is wire area, and j = veρe where ve is the velocity and ρe density of electrons
in S
We then have (∥ is in direction of current)

E∥ = E0, E⊥ = 0, B∥ = 0, B =
µ0I

2πr
eϕ

In RF S ′ moving with velocity ve along with electrons (negative z-direction)

E ′
∥ = E∥ = E0, E′

⊥ = γ(E⊥ + ve ×B) = −γve
µ0I

2πr
er (ez × eϕ = er)

B′
∥ = B∥ = 0, B′

⊥ = γ(B⊥ − ve

c2
× E) = γ

µ0I

2πr
eϕ

So stronger B-field, but now E-field out of wire!
What happened to charge neutrality? (no changing B-field to source electric field)

In S, ρ = 0 (total) and j = veρe. Now since jµ = (cρ, j) is a Lorentz vector, in S ′ we
have by a boost in negative z-direction (ve < 0)

ρ′ = γ
(
ρ− ve

c2
j
)
= −γ

v2e
c2
ρe = −γβ2ρe (ρ′ > 0 since ρe < 0)

j′ = γ(j − veρ) = γveρe

The latter equation gives a current I ′ = γI ⇒ B′
⊥ = γB⊥

The charge in a length ∆L′ of wive is ∆Q′ = ∆LAρ′ in S ′

From Gauss’ law this gives an electric field E ′ given by (integrating over wire cylinder)∮
S

E′ · dS′ =
Q′

ϵ0
⇒ E ′ · 2πr ·∆L′ =

∆Q′

ϵ0

So

c2 = 1
ϵ0µ0

E ′ =
∆L′ · A · ρ′

2πr∆L′ϵ0
= −γβ2ρeA

2πrϵ0
= −γβ

jA

2πrcϵ0
= −γve

µ0I

2πr

This is typically a small effect due to small average velocity of electrons
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Lorentz invariants

What sort of quantities are Lorentz invariant for e.m. fields?
The simplest thing to try is F µ

µ but F µ
µ = 0 as F µν is antisymmetric

We can instead calculate

F µνFµν = F µνgµρgνσF
ρσ

= F i0giρg0σF
ρσ + F 0jg0ρgjσF

ρσ + F ijgiρgjσF
ρσ

= −F i0F i0 − F 0jF 0j + F ijF ij

= − 1

c2
E2 − 1

c2
E2 + 2B2 = 2

(
B2 − 1

c2
E2

)
where we have used F ijF ij = (−ϵijkBk)(−ϵijlBl) = 2δklBkBl

We can also form

F µνF̃µν =
1

2
F µνϵµνρσF

ρσ

=
1

2
F i0ϵi0ρσF

ρσ +
1

2
F 0iϵ0iρσF

ρσ +
1

2
F ijϵijρσF

ρσ

=
1

2
F i0ϵi0jkF

jk − 1

2
F i0ϵ0ijkF

jk +
1

2
F ijϵij0kF

0k +
1

2
F ijϵijk0F

k0

= −F i0ϵ0ijkF
jk + F ijϵijk0F

k0

= −F i0ϵ0ijkF
jk − F k0ϵ0kijF

ij

= −2F i0ϵ0ijkF
jk

= −4(
1

c
EiBi) = −4

c
E ·B

where we have used ϵ0ijkF
jk = −ϵijkF

jk = ϵijkϵjklBl = 2δilBl = 2Bi

So
1

2
F µνFµν = B2 − 1

c2
E2 and

1

4
F µνF̃µν = −1

c
E ·B
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