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Radiation fields

The resulting magnetic field is
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A similar equation can be found for E = —V¢ — %

For large r it is the second term that dominates giving rise to radiation fields,
where we can argue that far from the sources we have plane waves so that
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Here we have used that m becomes a very confused vector:

(M xn)xn)xn=-mxn
since from Rottmann
nx (mxn)=m(n-n)—n(m-n)
(mxn)xn=-m+n(m-n)

Radiation field scales

Derivation of radiation fields depends on assumptions on scales:
e > 1’ ~ a where a is “size” of sources
e > )\ where ) is wavelength of radiation

The latter is important because fields contain (two) time derivative of momenta so
are proportional to (angular) frequency w and the factor 1/rc, which if A > r gives
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so that the 1/r? terms with one time derivative that we threw away become important

If also A > a then p, i > D since the extra time-derivative means it is proportional

to w ~ { and the D-term goes as a® compared to a for the dipole terms



ax(bxc)=
b(ac) — c(ab)

[P]=J/s,
[S] = J/m3s

use variable
substitution
u = cosf

If we compare electric & magnetic dipoles:
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So for non-relativistic sources electric dipole radiation tends to dominate over mag-
netic dipoles
The p term is often referred to as E1, the m term M1 and D as E2

Electric dipole radiation (E1)

When E1 dominates we have
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Poynting’s vector for the electric dipole is
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where 0 is the angle between p and n (direction to observer)

Since S gives the energy current density we see radiation is directed in n-direction
away from source

If we look at the power P emitted through an infinitesimal area dA of a sphere X
surrounding the source this is
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where df) = sin #dfd¢ is the solid angle of the area

We can write this as a differential power per unit solid angle
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Integrating over the sphere gives the total power
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Larmor’s formula

A point charge with path r(¢) has the electric dipole moment

p(t) = /rp(r, t)d*r = q/r&(r —1(t))d*r = qr(t)



If the charge is non-relativistic then contribution from M1 is small so radiation fields
can be approximated as El
Far away from the source we then have the radiated power
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This is called Larmor’s formula
Power can be shown to be a Lorentz invariant so in the relativistic case the acceler-
ation can be substituted by the proper acceleration ag giving
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where v and a is the velocity and acceleration of the particle in some RF S

What is the magnetic dipole moment m here anyways?

m = %/r x jdPr = %/r x qv(t)6(r — r(t))d*r
- %r(t) x v(t) = %r(t) X mv(t) = %L(t)

In QM we often write p = 5=-L

Example: Scattering on a free charged particle

We will investigate Thomson scattering, the scattering of a free e.m. plane-wave

on a free electron of charge e and mass m,

Assume wave propagates in z-direction with linear polarisation in z-direction, then
1

E
E(r,t) = Epé, coswt, B(r,t) = Eéz xE= féy cos wt,

Poynting’s vector (the energy current) for the incoming wave is
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The electron feels a force from the electric field
F. = eE = eEyé, coswt

From the magnetic field F;, = |ev x B| = eEjy| coswt|?, which we ignore under the
assumption v < ¢
v < cif With initial conditions v = 0 at ¢ = 0 the motion in the z-direction is then
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The power radiated from the electron per unit solid angle is then
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can also write

% (3)'
where « is the
fine structure
constant and A,
is the Compton

wavelength

1 barn =
10728 m?

Rottmann
p. 143

where O is angle between direction of dipole acceleration (z-direction) and observer
We can relate this angle to the spherical coordinates of the observer r = (7,0, ¢) by

sin? © = 1 — sin? 4 cos® ¢
Using the classical electron radius ry = €?/(4megm.c?) = 2.82 - 10715 m, we get
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We can now integrate over the solid angle to get the total radiated power, however,
we already know from Larmor’s formula that
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The amount of energy (per unit time) scattered by the particle, divided by the
incoming flux of energy (energy per unit time per unit area) is used to define the
(Thomson scattering) cross section o as
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Notice how this has units of area. This is interpreted as an effective area for the
electron measuring its ability to “eat” radiation

For an electron this is numerically o = 6.65 - 1072 m? or 0.665 barn

This can easily be generalised to a particle with charge ¢ = Ze and mass m as
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The cross section can also be generalised to other fields, and to QM and QFT where
the cross section is a ratio of probabilities (probability current)

We can similarly find the differential cross section
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We can average over the polarisation direction ¢ (xy-plane) to get the result for
unpolarised incoming e.m. wave:
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