
Generalised Momentum and Hamiltonian Density

We define generalised momentum density π(x) of field ϕ(x) byin mechanics
p ≡ ∂L

∂q̇

notice extra
factor of c in

this definition

π(x) ≡ ∂L
∂(∂0ϕ)

The Legendre transformation to the Hamiltonian density H gives

H(ϕ,∇ϕ, π, x) ≡ π(x)∂0ϕ(x)− L(ϕ, ∂µϕ, x), with H ≡
∫

Hd3r

We assume that π(x) is solved for ∂0ϕ and used to remove it from Hamiltonian
The generalised momentum and Hamiltonian are not Lorentz covariant/invariant
Generalised momentum can be written on covariant form in the De Donder-Weyl
formalism by defining

πµ(x) ≡ ∂L
∂(∂µϕ)

and a corresponding Lorentz invariant Hamiltonian density can be constructed

Noether’s Theorem for Classical Fields

We consider transformations of coordinates xµ and field ϕ(x) that leave the Lagrange
equation form invariant

xµ → x′µ ≡ xµ + δxµ(ϕ, x),

ϕ(x) → ϕ′(x) ≡ ϕ(x) + δϕ(ϕ, x).

Criterion of form invariance similar to mechanics

L[ϕ′, ∂′
µϕ

′, x′]

∣∣∣∣∂(ct′, x′, y′, z′)

∂(ct, x, y, z)

∣∣∣∣ = L[ϕ, ∂µϕ, x] +
d

dxµ
F µ

F has same role
as total

time-derivative
function in
mechanics

where F µ(ϕ, x)
Assuming transformations are infinitesimal Jacobian evaluates to∣∣∣∣∂(ct′, x′, y′, z′)

∂(ct, x, y, z)

∣∣∣∣ = det(δµν + ∂νδx
µ) = 1 + ∂µδx

µ

and we expand left-hand Lagrangian to first order in infinitesimals as

L[ϕ, ∂µϕ, x] +
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ) + ∂µLδxµ

Must be careful with δ(∂µϕ) since we are varying both field and coordinates

δ(∂µϕ) ≡ ∂′
µϕ

′ − ∂µϕ = ∂µϕ
′ − (∂µδx

ν)∂νϕ
′ − ∂µϕ = ∂µδϕ− ∂νϕ(∂µδx

ν),

where we use that to first order in infinitesimals

∂′
µ ≡ ∂

∂x′µ =
∂xν

∂x′µ
∂

∂xν
=

∂

∂xµ
− ∂δxν

∂xµ

∂

∂xν
= ∂µ − (∂µδx

ν)∂ν
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Keeping terms to first order in infinitesimals we have

∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
∂µδϕ− ∂L

∂(∂µϕ)
∂νϕ∂µδx

ν + L∂µδxµ + ∂µLδxµ =
d

dxµ
δF µ

where δF (δϕ, δxµ) is F written in terms of infinitesimal to first order
symmetry

before e.o.m.
δxµ(ϕ, x) and δϕ(ϕ, x) must fulfil this to be an off-shell symmetry
Using

dL
dxµ

=
∂L
∂ϕ

∂µϕ+
∂L

∂(∂νϕ)
∂µ∂

νϕ+ ∂µL

=

(
d

dxν

∂L
∂(∂νϕ)

)
∂µϕ+

∂L
∂(∂νϕ)

∂µ∂
νϕ+ ∂µL

=
d

dxν

(
∂L

∂(∂νϕ)
∂µϕ

)
+ ∂µL,

to remove ∂µL and the Lagrange equation, the on-shell symmetry is(
d

dxµ

∂L
∂(∂µϕ)

)
δϕ+

∂L
∂(∂µϕ)

∂µδϕ− ∂L
∂(∂µϕ)

∂νϕ∂µδx
ν + L∂µδxµ +

dL
dxµ

δxµ

− d

dxµ

(
∂L

∂(∂µϕ)
∂νϕ

)
δxν =

d

dxµ
δF µ

We pull out the total derivative and get

d

dxµ

(
∂L

∂(∂µϕ)
δϕ− ∂L

∂(∂µϕ)
∂νϕδx

ν + Lδxµ − δF µ

)
= 0

or using generalised momentumchange to
partial assuming
e.o.m. solved for

ϕ(x) and
substituted into
current so it is

explicitly a
function of x

only

∂µ (π
µδϕ− πµ∂νϕδx

ν + Lδxµ − δF µ) = 0

This is Noether’s theorem for fields
Defining the Noether four-current

δNµ ≡ πµ(δϕ− ∂νϕ δx
ν) + Lδxµ − δF µ

Noether’s theorem is a continuity equation

1

c

∂N0

∂t
+∇ ·N = 0

relating some (abstract) charge density N0/c and current density N of the same
Integrating over a volume V where the current disappears on the surface S we haveGauss’ theorem ∫

V

∇ ·NdV =

∫
S

N · dS = 0

which gives the conservation law d
dt
Q = 0 for the Noether charge

Q =

∫
V

N0

c
dV
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The Energy-Momentum Tensor

compare to no
explicit t

dependence in
mechanics

For a Lagrangian L with no explicit dependence on coordinates xµ a translation

xµ → x′µ = xµ + aµ

is a symmetry transformation (with δF µ = 0).
The corresponding Noether current is

Nµ = −πµ∂νϕa
ν + Lδµνaν ≡ −T µ

νa
ν

There are then four conserved currents ∂µT
µν = 0, where

T µν = T µ
ρg

ρν = πµ∂νϕ− Lgµν

is called the canonical energy-momentum tensor.
The four conserved Noether charges under translation invariance (symmetry) are

P ν =
1

c

∫
T 0νdV

Here T 00 is the Hamiltonian density

T 00 = π0∂0ϕ− L = π∂0ϕ− L = H

and the Noether charges can be written

P 0 =
1

c

∫
HdV =

H

c

P i =
1

c

∫
π0∂iϕ dV = −1

c

∫
π∂iϕ dV

Since P µ is a four-vector, and Hamiltonian represents the total energy of the system,
the vector components of P µ must be the (three) momentum of the field

P = −1

c

∫
π∇ϕdV

P µ then contains the energy and momentum of the field P µ = (H/c,P)

3


