FYS3120 Classical Mechanics and
Electrodynamics

Problem set 5

Deadline for handing in (in canvas): 3 March, 3pm



Problem 1

a) Show that two successive boosts in the same direction with velocity
and (' is equivalent to one boost with velocity 5" given by

/B// — 18 + B, (1)
1+ 8"
thus, velocity is not an linearly additive quantity in Lorentz transfor-

mations.

b) Show that the corresponding rapidities do add linearly, i.e.

X'=x+x (2)

Problem 2 This problem is an exercise in using space-time diagrams
(Minkowski diagrams) when studying how elementary relativistic effects are
represented in different inertial reference frames. The use of Lorentz trans-
formations should therefore be avoided in this problem.

A railway carriage is moving in a straight line with constant velocity v
relative to the Earth. The Earth is considered as an inertial reference frame
S, and in this reference frame the moving carriage has the length L. The
situation is shown in Fig. 1, where A and B indicate points on the rear wall
and front wall of the carriage, respectively. C is a point in the middle of the
carriage.
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Figure 1: Diagram of the railway carriage.

a) In Fig. 2 we have drawn the world line (space-time trajectory) for the
midpoint C in a two-dimensional Minkowski diagram of reference frame
S. Draw the world lines for the points A and B in the same diagram
and show that the angle o between these lines and the time axis is
given by tana = v/c. (Choose the origin of the coordinate system in
S so that A has coordinate x = 0 at time ¢ = 0.)
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Figure 2: Minkowski diagram for reference frame S.

At a given time tg a flash tube is discharged at point C. We will call this
event (space-time point) Fy. Some of the light will propagate backwards in
the compartment and some will propagate forwards. Let Fq and E5 be the
events where the light signals hit the rear wall and front wall, respectively.
Let us assume that the light is reflected from A and B, and that the two
reflected light signals meet at a space-time point Fs.

b) Draw the world lines of the light signals as well as the four events Ey,
FE1, Es and E3 in the Minkowski diagram of reference frame S.

¢) We introduce the co-moving reference frame S’ of the carriage. Explain
why E; and E» are simultaneous in this reference frame and why Ejy
and F3 are at the same point in space in S’. Is this consistent with
the drawing of point b)?

d) Draw the straight line from from F; to Es in the Minkowski diagram
of S and show that the angle between the z-axis and this line is a.

e) Show that if a signal should connect the two space-time points E; and
E5 it must have the velocity ¢?/v, which is greater than ¢ and thus
forbidden.

Problem 3 A thin rigid rod has rest length Ly (length measured in its
rest frame). It moves relative to an inertial reference frame S’ so that the
midpoint A of the rod has the time dependent coordinates z’y = 0, v/ = ut’,
2!y =0, with u as the velocity of the rod. In this reference frame the rod is
at all times parallel to the 2’ axis.

a) Let B be one of the end points of the rod. What are the time dependent
coordinates of this point measured in S’?



b)

The inertial frame S’ moves with velocity v along the z-axis relative
to another inertial frame S. (The axes of the two frames are parallel.)
Find the space coordinates (x,y, z) of the points A and B as functions
of the time coordinate ¢ in the reference frame S. (Remember that if
the time coordinate ¢ in S is fixed, the time coordinates t/; and t; of
the points A and B are not the same.)

Show that the the rod is not oriented along the z-axis in S, by calcu-
lating the ratio tan¢ = (yp — ya)/(xp — x4). What is the length of
the rod measured in this frame relative to Lg?



