
FYS3120 Classical Mechanics and
Electrodynamics

Problem set 6

Deadline for handing in (in canvas): 10 March, 3pm



Problem 1

a) Below we have four equations that involve tensors of different ranks.
Clearly the consistency rules for covariant equations are not satisfied in
all places. Show where there are errors in each equation, and show how
the equations can be modified to bring them to correct covariant form
(there will be multiple alternative solutions but we prefer the simple
ones).

Cµ = Tµ
ν A

µ , Dν = Tµ
ν Aµ , Eµνρ = Tµν S

ν
ρ , G = Sµν T

ν
αA

α.
(1)

b) Assume Aµ and Bµ to be four-vectors and Tµν to be a rank-2 tensor.
Show that by making products of these and by lowering and contracting
indices, one can form several new four-vectors and scalars.

c) Calculate the following four-derivatives: ∂µx
ν , ∂µxν , and ∂µx

µ, where
we remind you that the differential operator ∂µ is defined by

∂µ ≡ ∂

∂xµ
. (2)

d) We have defined the following four tensor fields as functions of the
space-time coordinates x = (x0, x1, x2, x3),

f(x) = xµx
µ , gµ(x) = xµ , bµν(x) = xµxν , hµ(x) =

xµ

xνxν
. (3)

Calculate the following derivatives,

∂µf(x) , ∂µg
µ(x) , ∂µb

µν(x) , ∂µh
µ(x). (4)

Hint: If you are uncertain about results for tensors, a convenient way
to check these is to specify the index values explicitly, e.g., in the first
case, by choosing µ = 1, which gives ∂µ = ∂

∂x , and writing f(x) =
(ct)2 − (x2 + y2 + z2).

e) Show that the gauge transformations of the scalar and vector poten-
tials, ϕ(x) = ϕ(r, t) and A(x) = A(r, t), can be written in terms of the
four-potential Aµ(x) =

(
1
cϕ(x),A(x)

)
as

Aµ(x) → A′µ(x) = Aµ(x)− ∂µχ(x), (5)

where χ(x) is some well-behaved function of four-vector spacetime x.
What sort of tensor is ∂µχ(x)?

f) Show that the electromagnetic field strength tensor defined as

Fµν ≡ ∂µAν − ∂νAµ, (6)

where Aµ is the four-potential, is invariant under gauge transforma-
tions.



g) Explain why FµνFµν is invariant under Lorentz transformations.

h) Find an explicit expression for the matrix for Fµν in terms of the
components of the electric and magnetic fields.

i) Find FµνFµν in terms of electric and magnetic fields.

j) Prove the Bianchi identity

∂µFνσ + ∂νFσµ + ∂σFµν = 0. (7)

k) The dual field strength tensor F̃µν is defined as

F̃µν ≡ 1

2
ϵµναβFαβ, (8)

where ϵµναβ is the Levi-Civita symbol for four-vectors, and Fαβ =
gαµgβνF

µν is the lower index version of the field strength tensor. Find
F̃µν in terms of electric and magnetic fields.


