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Abstract

This note summarizes the basics of complex numbers and complex roots which you are expected
to know from MAT1100 or similar. We will assume that you are familiar with the material
and techniques presented here and will use it frequently without further explanation.
Should you you find anything in these notes that is not completely obvious to you, make sure to
refresh it before getting started on the course! See also Boas 2.1-2.5 and 2.9-2.10

1 Complex numbers

1.1 Basic operations

A complex number can be written as z = a+ ib where a and b are real numbers, and i =
√
−1. Its

complex conjugate is z̄ = a − ib. You may encounter z∗ instead of z̄ as a notation for the complex
conjugate. We can think of a and b as the coordinates of z in the complex plane.

Addition of complex numbers: (a+ ib) + (c+ id) = (a+ c) + i(b+ d).

Multiplication of complex numbers: (a+ ib) · (c+ id) = (ac− bd) + i(ad+ bc).

Division of complex numbers: a+ib
c+id = (a+ib)(c−id)

(c+id)(c−id) = (ac+bd)+i(bc−ad)
c2+d2 .

1.2 Polar form

An alternative way of writing a complex number is in terms of polar coordinates r and θ,

z = x+ iy = r(cos θ + i sin θ) (1)

Here x = r cos θ is the real part of z, often denoted as Re(z). Correspondingly, y = r sin θ is the
imaginary part of z (Im(z)). They can be found from

Re(z) =
1

2
(z + z̄); Im(z) =

1

2i
(z − z̄). (2)

The modulus of z is

r = |z| =
√
z̄z =

√
x2 + y2. (3)

The polar angle θ is called the argument of z. Since (1) is obviously periodic in θ, we restrict θ to
lie in a basic interval of length 2π to make its value unique. The choice of this interval is merely a
convention – in this course (lectures) we will mostly use −π < θ ≤ π. Note that Boas tends to use
0 < θ ≤ 2π which is somewhat less standard but equally valid.
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1.3 Complex exponential function and Euler’s formula

As we will discuss in great detail later, complex numbers may serve as variables to form complex
functions. A very simple example would be

f(z) = z2 = (x+ iy)2 = (x2 − y2) + i · 2xy ≡ u(x, y) + iv(x, y). (4)

The last step is meant to illustrate that in general, a function of a complex variable will itself be
complex, with real part u(x, y) and imaginary part v(x, y). We will get back to this later. Here, we
only want to use this as a motivation to define the complex exponential function, in such a way that it
inherits from the real exponential function the familiar properties ex1+x2 = ex1ex2 and (ex)a = eax:

ez = e(x+iy) = exeiy. (5)

Via the familiar series expansions of the exponential and trigonometric functions one finds

eiy = 1 + iy +
1

2!
(iy)2 +

1

3!
(iy)3 +

1

4!
(iy)4 + ... (6)

= [1− y2

2!
+
y4

4!
− ...] + i[y − y3

3!
+
y5

5!
− ...] (7)

= cos y + i sin y. (8)

(We will get to convergence properties of complex series more properly in the first lecture.) Two
important results follow from this. One is that the exponential function (5) can be written as

ez = ex(cos y + i sin y). (9)

The other is that the complex number z itself (1) can equivalently be written as

z = reiθ. (10)

It is important that you are able to move between the ”x+ iy” representation and the polar repre-
sentation (10) of a complex number without much hesitation or problems, and recognize in a given
situation which of them is the most convenient to use. In particular, let us end this section with a few
super useful identities that will appear frequently in the lectures and problems. I would recommend
you to make sure you have these at the tips of your fingers:

ek2πi = 1; k = 0,±1,±2, ... (11)

eiπ = −1 (12)

eiπ/2 = i (13)

(14)

You can see these most easily by picturing these numbers in a drawing of the complex plane. Two
other very common and useful expressions are:

1

i
= −i (15)∣∣eiθ∣∣2 = (eiθ)∗eiθ = e−iθeiθ = 1. (16)

We often refer to eiθ as a ”pure phase” – a complex number of modulus 1.

1.4 Powers and roots of complex numbers

The n’th power of a complex number is

zn =
(
reiθ

)n
= rneinθ. (17)
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In particular, since (eiθ)n = ei(nθ) one has the de Moivre formula

(cos θ + i sin θ)n = cos(nθ) + i sin(nθ). (18)

The n’th root z1/n of z = reiθ has n values,

wk = r1/n
[
cos

θ + 2πk

n
+ i sin

θ + 2πk

n

]
; k = 0, 1, ...n− 1. (19)

One often refers to w0 as the principal root. The n’th roots of a complex number z are always located
at the vertices of a regular polygon of n sides, inscribed in a circle of radius r1/n about the origin.
A couple of problems to refresh complex roots are included in problem set 1.
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