
Week 14 – Plan

I Highlights of last week

I Partial differential equations cont

I Orthogonal functions

I This presentation also contains the highlights of THIS
week i.e. all remaining summary slides

Problem set 13 covers all parts of PDEs (last and this week’s
lectures), and orthogonal functions. It is not for handing in but
equally important as the hand-in sets.



Week 14 – Highlights of last and this week (1)

Partial differential equations

I DEs with partial derivatives with respect to two or more
variables

I Many important examples in physics.

I Powerful solution method (e.g. 1D wave equation):
I) Separation of variables, write e.g. u(x , t) = F (x)G (t) to
get two ordinary DEs.
II) Find (an infinite set of) solutions for those two DEs by
imposing boundary conditions. Eigenfunctions.
III) Use Fourier series to find a linear combination of the
solutions from II that matches the initial conditions.

I Variations of this method apply to many of the well known
partial DEs in physics.



Week 14 – Highlights of last and this week (2)

Partial differential equations

I 1D heat equation: similar to 1D wave equation, except first
derivative in t. Fourier sine series if boundary conditions are
u(0, t) = u(L, t) = 0. Cosine series instead if ∂u/∂x is zero at
the ends.

I 2D wave equation: Three independent variables (x , y , t).
Double Fourier series for spatial part, eigenvalues depend on
two indices.



Week 14 – Highlights of last and this week (3)

Partial differential equations - non-cartesian coordinates

I Use coordinates that ’match’ the shape of the boundary

I E.g. 2D wave equation for a circular membrane: Polar
coordinates. General solution takes the form of a
Fourier-Bessel series

I 3D Laplace equation for spherical coordinates (φ-independent
case). General solution is a series expansion involving
Legendre polynomials.

I Both of the above are ’analogous’ to the Fourier series
expansions studied earlier, in that any function
(initial/boundary condition) can be matched by such an
expansion, and the expansion coefficients are found from
orthogonality relations.



Week 14 – Highlights of last and this week (4)

Partial differential equations - solution by integral transform

I A partial DE in, say, two variables can be reduced to a regular
DE by Laplace or Fourier transforming wrt. one of the
variables. After solving this regular DE, including boundary
conditions, find the final solution by inverse Laplace/Fourier
transform. Particularly useful if one of the variables ranges
over < 0,∞ > (Laplace) or < −∞,∞ > (Fourier).

I See also problem set 13 and example 5.1 in the note ”Worked
examples”



Week 14 – Highlights of last and this week (5)

Orthogonal functions

I Certain DEs (with certain BCs) have sets of solutions that are
orthogonal and complete. Have seen several examples, e.g.
{sin(nπx/L)} → Fourier

I Generic form of such DEs (Sturm-Liouville equations):

p(x)y ′′ + p′(x)y ′ + [q(x) + λr(x)]y = 0

I with some BCs at x = a, b, and p(x) > 0 on [a, b].

I If a non-zero solution exists for some value of λ, then y(x) is
called an eigenfunction and λ an eigenvalue of the problem.
Typically the BCs lead to a series of discrete eigenvalues λm
with corresponding eigenfunctions ym(x).

I Examples: Fourier, Legendre, Hermite, Laguerre..



Week 14 – Highlights of last and this week (6)

Orthogonal functions

I Orthogonality: In all of these, the eigenfunctions are
orthogonal with respect to r(x):∫ b

a
r(x) yn(x)y∗m(x)dx = 0, m 6= n

I Completeness: The set {yn(x)} is complete if any function
(without infinite discontinuities) can be expanded as a
convergent series in these eigenfunctions for [a, b]:

f (x) =
∑

anyn(x)

I Coefficients: Determined by orthogonality property

am =

∫ b

a
f (x)r(x)y∗m(x)



Week 14 – Highlights of last and this week (7)

Orthogonal functions

I The eigenfunctions of the DE [D + λr(x)]y = 0 form a
complete, orthogonal set over [a, b], and all eigenvalues are
real, if, for given BCs at a, b, the differential operator D is
Hermitian.∫ b

a
y∗n (x)Dym(x)dx =

∫ b

a
ym(x)Dy∗n (x)dx


