
Introdu
tion to numeri
al proje
tsHere follows a brief re
ipe and re
ommendation on how to write a report for ea
h proje
t.
• Give a short des
ription of the nature of the problem and the eventual numeri
almethods you have used.
• Des
ribe the algorithm you have used and/or developed. Here you may �nd it 
on-venient to use pseudo
oding. In many 
ases you 
an des
ribe the algorithm in theprogram itself.
• In
lude the sour
e 
ode of your program. Comment your program properly.
• If possible, try to �nd analyti
 solutions, or known limits in order to test your programwhen developing the 
ode.
• In
lude your results either in �gure form or in a table. Remember to label yourresults. All tables and �gures should have relevant 
aptions and labels on the axes.
• Try to evaluate the reliabilty and numeri
al stability/pre
ision of your results. If pos-sible, in
lude a qualitative and/or quantitative dis
ussion of the numeri
al stability,eventual loss of pre
ision et
.
• Try to give an interpretation of you results in your answers to the problems.
• Critique: if possible in
lude your 
omments and re�e
tions about the exer
ise, whetheryou felt you learnt something, ideas for improvements and other thoughts you've madewhen solving the exer
ise. We wish to keep this 
ourse at the intera
tive level andyour 
omments 
an help us improve it.
• Try to establish a pra
ti
e where you log your work at the 
omputerlab. You may�nd su
h a logbook very handy at later stages in your work, espe
ially when youdon't properly remember what a previous test version of your program did. Here you
ould also re
ord the time spent on solving the exer
ise, various algorithms you mayhave tested or other topi
s whi
h you feel worthy of mentioning.Format for ele
troni
 delivery of report and programsThe preferred format for the report is a PDF �le. You 
an also use DOC or posts
riptformats. As programming language we prefer that you 
hoose between C/C++, Fortranor Python. The following pres
ription should be followed when preparing the report:
• Use Fronter to hand in your proje
ts, log in at blyant.uio.no and 
hoose 'fellesromfys3150'. Thereafter you will see an i
on to the left with 'hand in' or 'innlevering'.Cli
k on that i
on and go to the given proje
t. There you 
an load up the �les withinthe deadline. 1



• Upload only the report �le and the sour
e 
ode �le(s) you have developed. Thereport �le should in
lude all of your dis
ussions and a list of the 
odes you havedeveloped. Do not in
lude library �les whi
h are available at the 
ourse homepage,unless you have made spe
i�
 
hanges to them.
• Comments from us on your proje
ts, approval or not, 
orre
tions to be made et
 
anbe found under your Fronter domain and are only visible to you and the tea
hers ofthe 
ourse.Finally, we do prefer that you work two and two together. Optimal working groups 
onsistof 2-3 students. You 
an then hand in a 
ommon report.Proje
t 4, Two-dimensional wave equation and simplemodels for Tsunamis, deadline November 3 12am (mid-night)In this proje
t will �rst study the simple two-dimensional wave equation and 
ompare ournumeri
al solution with analyti
 results. Thereafter we introdu
e a simple model for atsunami.Consider �rst the two-dimensional wave equation for a vibrating square membranegiven by the following initial and boundary 
onditions
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λ
(

∂2u
∂x2 + ∂2u

∂y2

)

= ∂2u
∂t2

x, y ∈ [0, 1], t ≥ 0

u(x, y, 0) = sin(πx)sin(2πy) x, y ∈ (0, 1)
u = 0 boundary t ≥ 0
∂u/∂t|t=0 = 0 x, y ∈ (0, 1)

.The boundary is de�ned by x = 0, x = 1, y = 0 and y = 1.a) Find the analyti
 solution for this equation using the te
hnique of separation ofvariables.b) Write down the algorithm for the expli
it method for solving this equation and setup a program to solve the dis
retized wave equation. Des
ribe in parti
ular how youtreat the boundary 
onditions and initial 
onditions. Compare your results with theanalyti
 solution. Use a quadrati
 grid.Che
k your results as fun
tion of the number of mesh points and in parti
ular againstthe stability 
ondition
∆t ≤ 1√

λ

(

1

∆x2
+

1

∆y2

)

−1/2where ∆t, ∆x and ∆y are the 
hosen step lengths. In our 
ase ∆x = ∆y. It 
an beuseful to make animations of the results (a simple re
ipe with gnuplot and pythonfor this is available under the proje
t link for proje
t 4 at the webpage).2



We modify now the wave equation in order to 
onsider a 2+1 dimensional wave equationwith a position dependent velo
ity, given by
∂2u

∂t2
= ∇ · (λ(x, y)∇u).If λ is 
onstant, we obtain the standard wave equation dis
ussed in the two previouspoints. The solution u(x, y, t) 
ould represent a model for water waves. It represents thenthe surfa
e elevation from still water. We will model λ as
λ = gH(x, y),with g being the a

eleration of gravity and H(x, y) is the still water depth.The fun
tion H(x, y) simulates the water depth using for example measurements of stillwater depths in say a fjord or the north sea. The boundary 
onditions are then determinedby the 
oast lines as dis
ussed in point d) below. We have assumed that the verti
al motionis negligible and that we deal with long wavelenghts λ̃ 
ompared with the depth of the sea

H , that is λ̃/H ≫ 1. We will also negle
t Coriolis e�e
ts.You 
an dis
retize
∇ · (λ(x, y)∇u) =
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,as follows using again a quadrati
 domain for x and y:
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,and
∂

∂y

(

λ(x, y)
∂u

∂y

)

≈ 1

∆y

(

λi,j+1/2

[

ul
i,j+1 − ul

i,j

∆y

]

− λi,j−1/2

[

ul
i,j − ul

i,j−1

∆y

])

.
) Show that this equation has the same trun
ation error as the expressions used in a)and b) and that they result in the same equations when λ is a 
onstant.We assume that we 
an approximate the 
oastline with a quadrati
 grid. As boundary
ondition at the 
oastline we will employ
∂u

∂n
= ∇u · n = 0,where ∂u/∂n is the derivative in the dire
tion normal to the boundary.We are going to model the impa
t of an earthquake on sea water. This is normallymodelled via an elevation of the sea bottom. We will assume that the movement of thesea bottom is very rapid 
ompared with the period of the propagating waves. This means3



that we 
an approximate the bottom elevation with an initial surfa
e elevation. The initial
onditions are then given by (with L the length of the grid)
u(x, y, 0) = f(x, y) x, y ∈ (0, L),and

∂u/∂t|t=0 = 0 x, y ∈ (0, L).We will approximate the initial elevation with the fun
tion
f(x, y) = A0 exp

(

−
[

x − xc

σx

]2

−
[

y − yc

σy

]2
)

,where A0 is the elevation of the surfa
e and is typi
ally 1 − 2 m. The variables σx and σyrepresent the extensions of the surfa
e elevation. In this proje
t we will let σx = 80 kmand σy = 200 km. The 2004 tsunami had extensions of approximately 200 and 1000 km,respe
tively.The variables xc and yc represent the epi
entre of the earthquake.We need also to model the sea bottom and the fun
tion λ(x, y) = gH(x, y). We assumethat we 
an model the sea bottom as depi
ted in the following �gure, with a water depthof 5000 m and a surfa
e elevation of 2 m. We assume the sea bottom depends only on the

Sea bottom

       H= 5000 m

Sea surface elevation

φ = 1

Coast

Figure 1: The sea bottom towards one of the 
oastlines has a shape with an in
li
ation of
1 degree and depth where the earthquake takes pla
e of 5000 m. The surfa
e elevation isexaggerated on the �gure.variable x and has depth 5000 m before it starts in
reasing towards the 
oastline. We �x4



the angle θ = 1 degree. From the �gure you will be asked below to model the x dependen
eof H(x).Your tasks are as follows:d) Develop an algorithm for solving the new wave equation and write a program whi
himplements it. Pay in parti
ular attention to the implementation of the boundary
onditions and the initial 
onditions. Figure out how to deal with the �
titious valuesin time and spa
e for the dis
retized fun
tions. You need also to �nd the fun
tionalform of H(x, y) = H(x).Be 
areful to s
ale the equations properly. With the depth of 5000 m, extensions
σx = 80 km and σy = 200 km you need to �gure out the proper dimensions of thegrid L × L. S
ale the equations so that you 
an use dimensionless quantities.With the above parameters, initial values and boundary 
onditions, study the tem-poral evolution of the wave towards the 
oastline. Comment your results. It 
an beuseful to make animations of the results (a simple re
ipe with gnuplot and pythonfor this is available under the proje
t link for proje
t 4 at the webpage).It also important that you keep in mind the stability 
ondition

∆t ≤ 1
√

maxλ(x, y)

(

1

∆x2
+

1
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)

−1/2e) We keep now the same shape of the sea bottom and the same parameters as in d),but we shift the 
enter of the earthquake to the right, as indi
ated in Fig. 2.The surfa
e elevation is moved 40 km to the right. Whi
h one of the two earthquakeswill produ
e the largest impa
t (wave elevation) at the 
oastline? Comment yourresults.f) (Optional/frivillig) We keep the same shape of the sea bottom as in d) but insteadof using the supplied Gaussian shape of the initial surfa
e elevation we will now userealisti
 data for the surfa
e elevation. These data, with the respe
tive parametersare listed in the �le initial.dat on the webpage of the 
ourse.Write a program whi
h reads in these data sets and use spline interpolation to �nd thedesired values of the surfa
e elevation at t = 0. Your mesh points may not 
oin
idewith the tabulated points and you may therefore need to interpolate between thedata points.To perform the interpolation you 
an use either the spline and splint fun
tions in-
luded in lib.
pp or, based on your results from proje
t 1, write your own qubi
 splineinterpolation fun
tion.Compare then the results you obtain in this 
ase with those from d) and 
ommentyour results. 5



Sea bottom

       H= 5000 m

φ = 1

CoastSea surface elevation

Figure 2: The sea bottom towards one of the 
oastlines has a shape with an in
li
ationof 1 degree. The 
enter of the earthquake is shifted to the right with respe
t to Fig. 1 asindi
ated by the exaggerated surfa
e elevation. In this part the surfa
e elevation is moved40 km to the right.
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