
Introduction to numerical projects
Here follows a brief recipe and recommendation on how to write a report for each project.

• Give a short description of the nature of the problem and the eventual numerical
methods you have used.

• Describe the algorithm you have used and/or developed. Here you may find it con-
venient to use pseudocoding. In many cases you can describe the algorithm in the
program itself.

• Include the source code of your program. Comment your program properly.

• If possible, try to find analytic solutions, or known limits in order to test your program
when developing the code.

• Include your results either in figure form or in a table. Remember to label your
results. All tables and figures should have relevant captions and labels on the axes.

• Try to evaluate the reliabilty and numerical stability/precision of your results. If pos-
sible, include a qualitative and/or quantitative discussion of the numerical stability,
eventual loss of precision etc.

• Try to give an interpretation of you results in your answers to the problems.

• Critique: if possible include your comments and reflections about the exercise, whether
you felt you learnt something, ideas for improvements and other thoughts you’ve made
when solving the exercise. We wish to keep this course at the interactive level and
your comments can help us improve it.

• Try to establish a practice where you log your work at the computerlab. You may
find such a logbook very handy at later stages in your work, especially when you
don’t properly remember what a previous test version of your program did. Here you
could also record the time spent on solving the exercise, various algorithms you may
have tested or other topics which you feel worthy of mentioning.

Format for electronic delivery of report and programs
The preferred format for the report is a PDF file. You can also use DOC or postscript
formats. As programming language we prefer that you choose between C/C++, Fortran
or Python. The following prescription should be followed when preparing the report:

• Use Fronter to hand in your projects, log in at blyant.uio.no and choose ’fellesrom
fys3150’. Thereafter you will see an icon to the left with ’hand in’ or ’innlevering’.
Click on that icon and go to the given project. There you can load up the files within
the deadline.
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• Upload only the report file and the source code file(s) you have developed. The
report file should include all of your discussions and a list of the codes you have
developed. Do not include library files which are available at the course homepage,
unless you have made specific changes to them.

• Comments from us on your projects, approval or not, corrections to be made etc can
be found under your Fronter domain and are only visible to you and the teachers of
the course.

Finally, we do prefer that you work two and two together. Optimal working groups consist
of 2-3 students. You can then hand in a common report.

Project 4, Random walks and simulation of Metropolis
algorithm, deadline November 8 (midnight)
In this project the aim is to show that the Metropolis algorithm generates the Boltzmann
distribution

P (β) =
e−βE

Z
,

with β = 1/kT being the inverse temperature, E is the energy of the system and Z is
the partition function. The only functions you will need are those to generate random
numbers.

We are going to study one single particle in equilibrium with its surroundings, the latter
modelled via a large heat bath with temperature T .

The model used to describe this particle is that of an ideal gas in one dimension
and with velocity −v or v. We are interested in finding P (v)dv, which expresses the
probability for finding the system with a given velocity v ∈ [v, v+ dv]. The energy for this
one-dimensional system is

E =
1

2
kT =

1

2
v2,

with mass m = 1. In order to simulate the Boltzmann distribution, your program should
contain the following ingredients:

• Reads in the temperature T , the number of Monte Carlo cycles, and the initial
velocity. You should also read in the change in velocity δv used in every Monte Carlo
step. Let the temperature have dimension energy.

• Thereafter you choose a maximum velocity given by for example vmax ∼ 10
√
T . This

should include all relevant velocities which give a non-zero probability. But you need
to check whether this is true or not.
Then you construct a velocity interval defined by vmax and divide it in small intervals
through vmax/N , with N ∼ 100 − 1000. For each of these intervals your task is to
find out how many times a given velocity during the Monte Carlo sampling appears
in each specific interval.
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• The number of times a given velocity appears in a specific interval is used to construct
a histogram representing P (v)dv. To achieve this you should construct a vector
P [N ] which contains the number of times a given velocity appears in the subinterval
v, v + dv.

In order to find the number of velocities appearing in each interval we will employ the
Metropolis algorithm. A pseudocode for this is

f o r ( montecar lo_cycles=1; Max_cycles ; montecar lo_cycles++) {
. . .
// change speed as func t i on o f d e l t a v
v_change = (2∗ ran1(&idum) −1 )∗ delta_v ;
v_new = v_old+v_change ;
// energy change
delta_E = 0 .5∗ (v_new∗v_new − v_old∗v_old ) ;
. . . . . .
// Metropo l i s a lgor i thm beg ins here

i f ( ran1(&idum) <= exp(−beta∗delta_E ) ) {
accept_step = accept_step + 1 ;
v_old = v_new ;
. . . . .

}
// t h e r e a f t e r we must f i l l in P[N] as a func t i on o f
// the new speed

P [ ? ] = . . .

// upgrade mean ve l o c i t y , energy and var iance
. . .

}

a) Make your own algorithm which sets up the histogram P (v)dv, find mean velocity,
energy Ē, energy variance Var(E) and the number of accepted steps for a given
temperature. Study the change of the number of accepted moves as a function of δv.
Compare the final energy with the closed form result Ē = kT/2 for one dimension.
Find also the closed-form expressions for the energy variance and the mean velocity
and compare your calculations with these results. Use T = 4 and set the intial
velocity to zero, i.e., v0 = 0. Try different values of δv. Check the final result for the
energy as a function of the number of Monte Carlo cycles.

b) Make thereafter a plot of ln(P (v)) as function of E and see if you get a straight line.
Comment the result.

c) In our analysis under [a) we have not discussed how the system reaches the most
likely state, that is whether equilibrium has been reached or not. Make a plot of

3



the mean velocity, energy, energy variance and the number of accepted steps for a
given temperature as function of the number of Monte Carlo samples. Perform these
calculations for several temperatures, namely T = 0.5, T = 1, T = 2 and T = 10 and
comment your results. Can you find a rough measure for when the most likely state
has been reached?

d) The analysis in point [c) is rather rough and obviously user dependent, in the sense
that it is very much up to the user to define when an equilibrium situation has been
reached or not. To improve upon this, compute the so-called time autocorrelation
function defined here as

φ(t) =
1

tmax − t

tmax−t∑
t′=0

Ē(t′)Ē(t′+t)−

(
1

tmax − t

tmax−t∑
t′=0

Ē(t′)

)
×

(
1

tmax − t

tmax−t∑
t′′=0

Ē(t′′ + t)

)

for the mean energy E (̄t) and plot it as function of the number of Monte Carlo steps
for the temperatures in [c). The time t corresponds to a given number of Monte Carlo
cycles. Can you extract an equilibration measure? How does the correlation time
behave as function of temperature? Comment your results. Be careful in choosing
values of t, they should not be too close to tmax. Compute the autocorrelation function
for all temperatures listed in [c) and compare your results with those in [c). Comment
your results.

e) In the previous analysis we computed the time autocorrelation function. This quan-
tity can be related to the covariance of our measurements. To achieve this you need
to store the results of all contributions to the measurements of the mean energy and
its variance σ2

E given by

σ2
E =

1

n2

n∑
k=1

(Ek − Ē)2 +
2

n2

∑
k<l

(Ek − Ē)(El − Ē) (1)

Here we assume that n corresponds to the number of Monte Carlo samples in one
experiment and that we repeat these experiments a given time. We can assume here
that we repeat these experimentsm = n times. The value Ē is the mean energy while
Ek,l represent individual measurements. The first term is the same as the error in the
uncorrelated case. This means that the second term accounts for the error correction
due to correlation between the measurements. For uncorrelated measurements this
second term is zero.

Computationally the uncorrelated first term is much easier to treat efficiently than
the second.

Var(E) =
1

n

n∑
k=1

(Ek − Ē)2 =

(
1

n

n∑
k=1

E2
k

)
− Ē2

We just accumulate separately the values E2
k and Ek for every measurement Ek we

receive. The correlation term, though, has to be calculated at the end of the experi-
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ment since we need all the measurements to calculate the cross terms. Therefore, all
measurements have to be stored throughout the experiment.

Let us analyze the problem by splitting up the correlation term into partial sums of
the form:

fd =
1

n

n−d∑
k=1

(Ek − Ē)(Ek+d − Ē)

The correlation term of the error can now be rewritten in terms of fd:

2

n

∑
k<l

(Ek − Ē)(El − Ē) = 2
n−1∑
d=1

fd

The value of fd reflects the correlation between measurements separated by the dis-
tance d in the samples. Notice that for d = 0, f is just the sample variance, Var(E).
If we divide fd by Var(E), we arrive at the so called autocorrelation function:

κd =
fd

Var(E)

which gives us a useful measure of the correlation pair correlation starting always at
1 for d = 0.

The sample variance can now be written in terms of the autocorrelation function:

σ2
E =

1

n
Var(E) +

2

n
· Var(E)

n−1∑
d=1

fd
Var(E)

=

(
1 + 2

n−1∑
d=1

κd

)
1

n
Var(E)

=
τ

n
· Var(E) (2)

and we see that σ2
E can be expressed in terms the uncorrelated sample variance times

a correction factor τ which accounts for the correlation between measurements. We
call this correction factor the autocorrelation time:

τ = 1 + 2
n−1∑
d=1

κd (3)

For a correlation free experiment, τ equals 1. From the point of view of Eq. (2)
we can interpret a sequential correlation as an effective reduction of the number of
measurements by a factor τ . The effective number of measurements becomes

neff =
n

τ
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From the previous exercise you needed to store all experiments Ek in order to com-
pute the time autocorrelation function. You can reuse these data in this exercise
and compute the full variance σ2

E, the covariance, the autocorrelation time τ and
the effective number of measurements neff . It is sufficient to choose only one of the
temperatures from exercise [c). Comment your results. Can you relate the corre-
lation time τ to what you found in [d)? What about the covariance and the time
autocorrelation function?
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