
Format for delivery of report and programs
The format of the project is that of a printed file or hand-written report. The programs should
also be included with the report. Write only your candidate number on the first page of
the report and state clearly that this is your report for the last project of FYS3150/FYS4150,
fall 2014. The project counts 50% of the final mark. If you have collaborated with one or
more fellow students, please state the respective candidate number(s). There will be a box
marked ’FYS3150/FYS4150’ at the reception of the Department of Physics (room FV128).

We encourage you to work two and two together. Optimal working groups consist of 2-3
students. You can then hand in a common report.

Final project on simulations of magnetohydrodynamic equa-
tions, deadline Monday December 1, 12pm (noon)
The goal in this project is to develop a numerical code that can perform simulations of the
magnetohydrodynamic (MHD) equations, with an emphasis on one spatial dimension.

Introduction
Due to its high temperature, the upper solar atmosphere (corona) is not stable but instead
streams off into interplanetary space, forming the solar wind. The conductivity of the solar
wind plasma is very high causing the solar magnetic field to be frozen into the plasma. As
the plasma streams away from the Sun it carries the solar magnetic field with it to form the
interplanetary magnetic field.

The terrestrial magnetic field is an obstacle for the solar wind which is streaming with
supersonic speeds past Earth. Quite like an aircraft moving at supersonic speeds through air,
a shock wave is formed in front of the Earth where the solar wind is heated and slowed. In
fact, shock waves are an ubiquitous phenomenon in the plasma universe, from those created
by supernovae1, to galactic shock fronts2, to stellar bow shocks3,4, down to planetary bow
shocks5. In this project you will study shock in one dimension, both hydrodynamical and
magnetohydrodynamical.

As a bonus, you can extend your one dimensional MHD code to two dimensions. This will
allow you to study the boundary between the magnetosheath and the magnetosphere, which
is the cavity formed inside the solar wind where the terrestrial magnetic field dominates.

Along the flanks of that boundary, the magnetopause, the shocked solar wind flows past
the stationary plasma of the magnetosphere. In this region the Kelvin-Helmholtz (K-H)
instability can be observed. This instability occurs when two stratified media are in relative
motion across a boundary layer. In this project you will simulate the conditions near the
magnetopause, i.e., the boundary between the flowing magnetosheath and the stationary

1http://www.newscientist.com/article/dn26477-supernova-shock-waves-create-glowing-arcs-across-
sky.html

2http://www.nature.com/news/gargantuan-galaxy-clash-unleashes-shockwave-1.15379
3http://link.springer.com/article/10.1007%2Fs11214-009-9528-3
4http://www.sciencemag.org/content/336/6086/1291.abstract
5http://news.sciencemag.org/2011/04/alien-worlds-fast-orbit-creates-shock-waves
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Figure 1: Sketch of the average magnetospheric configuration. The solar wind impinges on
the terrestrial magnetic field at supersonic speeds, causing the creation of a shock wave called
the bow shock. Downstream of the bow shock the solar wind flows around Earth’s magnetic
field in a region called the magnetosheath which borders to the magnetosphere at a boundary
called the magnetopause.

magnetosphere. You will also explore various aspects of the K-H instability and its dependence
on various plasma parameters.

Computational aspects and Tasks
The following coupled partial differential equations need to be solved, where ρ = n〈m〉 is the
mass density, n is the number density, 〈m〉 is the average mass per particle, v is the flow
velocity, p = nkBT is the thermal pressure, T is the temperature, B is the magnetic field, E
is the electric field, j is the current density, h = (p/2)1/γ is the internal energy, and γ is the
ratio of specific heats. The coupled differential equations are given by the continuity equation

∂ρ

∂t
= −∇ · (ρv) + ν∆ρ, (1)
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the equation of motion

∂

∂t
(ρv) = −∇ ·

[
ρvv +

(
p+ B2/2µ0

)
1−BB/µ0

]
+ ν∆(ρv), (2)

Faraday’s law
∂B
∂t

= −∇×E, (3)

the energy equation
∂h

∂t
= −∇ · (hv) + γ − 1

2γ h1−γηj2 + ν∆h, (4)

Ampére’s Law
∇×B = µ0j, (5)

and finally Ohm’s law
ηj = E + v×B. (6)

Furthermore, ∆ = ∇2 is the Laplace operator, 1 is the unit matrix, and vv and BB are
dyadic products. Note the inclusion of the terms ν∆ρ in the continuity equation, ν∆(ρv)
in the equation of motion, and ν∆h in the energy equation. These are artificial diffusions
terms intended to damp numerical, i.e., unphysical, grid oscillations. The resistivity term ηj
in Ohm’s Law is included to avoid the evolution of too narrow and too strong current sheets
and allows for numerical "reconnection".

It is easier to make all physical quantities dimensionless such that (all quantities with hats
x̂ are dimensionless)

r = l0r̂ ∇ = 1/l0∇̂ t = τ0t̂ ∂/∂t = 1/τ0∂/∂t̂

ρ = ρ0ρ̂ v = v0v̂ p = p0p̂ B = B0B̂
E = E0Ê j = j0̂j h = h0ĥ ∆ = 1/l20∆̂.

The above equations are given through a typical length scale of l0 = 1000km, a typical
magnetic field of B0 = 20nT, and a typical particle density n0 = 6 × 106m−3. With an
average mass per particle of 〈m〉 = 2× 10−27kg we obtain typical mass densities ρ0 = n0〈m〉
and hence typical velocities v0 = vA = B0/

√
µ0ρ0. From these values all the other scales can

be derived:
τ0 = l0/v0 p0 = B2

0/2µ0 E0 = v0B0
j0 = B0/µ0l0 η̂ = η/µ0l0v0 ν̂ = ντ0/l

2
0.

In this project you are going to solve the MHD equations in one dimension first, with the
two-dimensional problem as an additional challenge. The x coordinate is along the boundary
(magnetopause), the y direction across it and the z direction completes the right handed
coordinate system. The boundary conditions are periodic in the x direction. We will come
back to the definition of boundary and initial conditions below.

a) Make Eqs. (1) through (6) dimensionless using the factors given above, that is rewrite
the equations in terms of the dimensionless variables marked with a hat. Write then
Eqs. (1) through (6) with only one spatial dimension.
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b) Discretize the one-dimensional MHD equations and set up a finite difference scheme
where the first derivative of x for a given function u(x, t) is given by

∂u(x, t)
∂x

≈ u(x+ h, t)− u(x− h, t)
2h ,

where h is the step length in the x direction, that is h = ∆x. The corresponding second
derivative is

∂2u(x, t)
∂x2 ≈ u(x+ h, t) + u(x− h, t)− 2u(x, t)

h2 .

The first derivative in time is approximated by the forward Euler approximation

∂u(x, t)
∂t

≈ u(x, t+ ∆t)− u(x, t)
∆t ,

with ∆t being the time step. Set up the explicit scheme including the second derivative
terms and discretize all the equations and set up the numerical error in the step lengths
∆t and h. Discuss also the stability of the equations in terms of the parameters ∆t
and h. The explicit scheme, without the second derivatives is called the Lax-Wendroff
scheme [1]. Adding the second derivative, some of the equations look like the diffusion
equation with a drift term (the first derivative in x).

c) Derive thereafter a numerical scheme where we employ the backward Euler formula for
the derivative in time, that is

∂u(x, t)
∂t

≈ u(x, t)− u(x, t−∆t)
∆t .

Use again
∂u(x, t)
∂x

≈ u(x+ h, t)− u(x− h, t)
2h ,

and
∂2u(x, t)
∂x2 ≈ u(x+ h, t) + u(x− h, t)− 2u(x, t)

h2 .

Set up the implicit scheme including the second derivative term and discretize all the
equations and set up the numerical error in the step lengths ∆t and h. Discuss also
the stability of the equations in terms of the parameters ∆t and h. How would you
implement the solution of the implicit equations? (hint: recall your tridiagonal solver
developed in project 1).

There are six variables we are interested in

ρ mass density
vx velocity in the x direction
h internal energy, p = 2hγ

Bx magnetic field in the x direction
j current density
η resistivity
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Once the arrays for the various variables have been filled with values from the initial
and boundary conditions, we advance ρ, vx, h and Bx. Afterwards we recalculate j and η
before advancing again. Before we proceed we need to define the boundary conditions and the
initial conditions. The boundary conditions for x are specified by so-called periodic boundary
conditions, that is (with x ∈ [0, L]), when we have x = 0 − h we shift the function value to
x = L and similarly when x = L+ h we shift to x = 0.

When setting up a numerical scheme that solves Eqs. (1) through (6), you should use the
following form of the resistivity η, dependent on the absolute current density

η̂(̂) =
{
κ(̂− ̂C) if ̂ > ̂C

0 otherwise.

Use κ = 0.02 and ̂C = 1.1. To solve the equations you will need to define the initial conditions
and the boundary conditions. In order to simulate a hydrodynamical shock wave, use the
following initial conditions (remember, all variables are dimensionless and normalized):

ρ(x) = 1 (7)

vx(x) =
{

+10 if x < L/2
−10 otherwise

(8)

h = 16 (9)
Bx = 2 (10)

with x ∈ [0, L] as before.

d) With the above initial and boundary conditions, write a program for both the explicit
and the implicit algorithms and compare the stability of the solutions as functions of
the parameters ∆t and h.

e) The total energy of the system is given as the sum of the kinetic (1/2ρv2), internal
(p/γ − 1), and magnetic (B2/2µ0) energies. How is the energy partitioned at any one
grid point? Why? Is the total energy of the system conserved?

f) Now rewrite the MHD equations allowing also for non-zero By and vy, however keeping
all spatial derivatives except ∂x zero. Use the same boundary and initial conditions as
before (and By = 2). How is the energy partitioned now? Why?

We switch now to two dimensions, using the same dimensionless variables as in the one-
dimensional case. This part is optional and gives an additional 30% to the final result, allowing
you to obtain a score of 130%.

Show that the following initial conditions are equilibrium (∂/∂t = 0) solutions of the ideal
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(ν = η = 0) MHD equations:

vx(x, y, t = 0) = 0
vy(x, y, t = 0) = 0
vz(x, y, t = 0) = 0

p(x, y, t = 0) = 1
2(psh + psp) + 1

2(psh − psp) tanh
(
y

l0

)
Bx(x, y, t = 0) = 0
By(x, y, t = 0) = 0

Bz(x, y, t = 0) = 1
2(Bsh +Bsp) + 1

2(Bsh −Bsp) tanh
(
y

l0

)
Assume the following values: Bsh = 25nT, Bsp = 15nT, nsh = 20cm−3, and nsp = 2cm−3.

From these equilibrium conditions work out the temperatures and mass densities on the
magnetospheric and magnetosheath side of the boundary. Set these initial values in your
MHD solver (and ν̂ = 0.02) and verify that this initial conditions are preserved over time.

f) Rewrite Eqs. (1) through (6) in two dimensions. Discretize the two-dimensional MHD
equations and set up a finite difference scheme where we employ the forward Euler
scheme for the time derivatives but use for the spatial derivatives

∂u(x, y, t)
∂x

≈ u(x+ h, y, t)− u(x− h, y, t)
2h ,

where h is the step length in the x direction, that is h = ∆x. We will assume that we
have a square integration domain for x and y, setting ∆x = ∆y = h. The discretization
of time yields a step length ∆t. The corresponding second derivative is

∂2u(x, y, t)
∂x2 ≈ u(x+ h, y, t) + u(x− h, y, t)− 2u(x, y, t)

h2 .

Discretize all the equations and set up the numerical error in the step lengths ∆t and
h. Write thereafter a program which implements the above explicit scheme.

There are now eight variables we are interested in

ρ mass density
vx, vy velocity in x and y direction

h internal energy, p = 2hγ
Bx, By magnetic field in x and y direction

j current density
η resistivity

Once the arrays for the various variables have been filled with values from the initial and
boundary conditions, we advance ρ, vx, vy, h, Bx, and By. Afterwards we recalculate j and
η before advancing again. After advancing we will also have to fix the boundary conditions.

g) The boundary conditions in the x direction are periodic (as explained above) and in
the y direction they are uniform, i.e. ∂y = 0 for x = 0 and x = L. When setting up a

6



numerical scheme that solves Eqs. (1) through (6), you should use the following current
density dependent form of the resistivity η

η̂(̂) =
{
κ(̂− ̂C) if ̂ > ̂C

0 otherwise.

Use κ = 0.02 and ̂C = 1.1. To solve the equations you will need to define the initial
conditions and the boundary conditions. Show that the following initial conditions are
equilibrium (∂/∂t = 0) solutions of the ideal (ν = η = 0) MHD equations:

vx(x, y, t = 0) = 0
vy(x, y, t = 0) = 0
vz(x, y, t = 0) = 0

p(x, y, t = 0) = 1
2(psh + psp) + 1

2(psh − psp) tanh
(
y

l0

)
Bx(x, y, t = 0) = 0
By(x, y, t = 0) = 0

Bz(x, y, t = 0) = 1
2(Bsh +Bsp) + 1

2(Bsh −Bsp) tanh
(
y

l0

)
Assume the following values: Bsh = 25nT, Bsp = 15nT, nsh = 20cm−3, and nsp =
2cm−3. From these equilibrium conditions work out the temperatures and mass densities
on the magnetospheric and magnetosheath side of the boundary. Set these initial values
in your MHD solver (and ν̂ = 0.02) and verify that this initial conditions are preserved
over time.

h) Now use the following magnetic field

Bx(x, y, t = 0) = 1
2(Bsh +Bsp) + 1

2(Bsh −Bsp) tanh
(
y

l0

)
By(x, y, t = 0) = 0
Bz(x, y, t = 0) = 0

and introduce a velocity shear as

vx(x, y, t = 0) = −1
2vsh

(
tanh

(
y

l0

)
+ 1

)
vy(x, y, t = 0) = 0
vz(x, y, t = 0) = 0.

According to an analytical treatment of the KHI, the instability condition is given as

(k · v0)2 >

( 1
ρ1

+ 1
ρ2

)(
ρ1(k · vA1)2 + ρ2(k · vA2)2

)
(11)

where v0 = vsh, vAi = Bi/
√
µ0ρi, and k is the perturbation wave vector. Verify this

condition by running your code multiple times for various initial values of vsh and Bsh
while keeping all the other values constant.
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i) According to an analytical treatment of the KHI, the growth rate of the instability is
given by

q = [α1α2[(v1 − v2) · k]2 − α1(vA1 · k)2 − α2(vA2 · k)2]1/2 (12)

where k is the wave vector of the perturbation, αi = ρi/(ρ1 +ρ2), and vAi = Bi/
√
µ0ρi.

Verify this theoretical results by using the perturbation amplitudes at various locations
in the boundary layer.

j) Implement a test particle tracer, i.e., follow the trajectories of test particles through the
flow field. Is there any net flux of particles from the magnetosheath into the magneto-
sphere? If so, how large is it? Is the KHI a plausible mechanism for plasma entry into
the magnetosphere?
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