
Figure 7 A fi vefo ld axis of svmmetry can
not ex ist in a lattice because it is not possible 
to fill all space with a connected array of 
pentagons. 

(a) 

(c) (tI ) 
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Figure 8 (al A plane of SV1l1metrv paralle l to the bces of a cube. (b) A diagonal plan e of svmme trv 
in a cu be. (cl The three tetrad axes of a cube. (dl The {our triad axes of a cube. (c) The six diad axes 

of a cubc. 
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(a) Square lattice 

lad = la21; cp = 90° 
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(c) Hectangular lattice 
la,1 "" la21; cp = 90° 
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(b) Hexagunal lattice 
lad = la21; cp = 120° 
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(d) Centered rectangular lattice; 

"xes are shown for both the 
primitive cell and for the 
rectangular unit cell, It>r 
which ia,1 "" lad; cp = 90°. 

rcc 

Figure 10 T he cubic space lattices . The cell s shown are the conven tional cells. 

11 



12 

Table 2 Characteristics of cubic lattices" 

Simple Bodv-centercd Face-centered 

Volum e , conventional cell a:3 (1 3 a.3 

Latt ice points pe r cell 2 4 
Volume, primiti ve cell 0

3 ~ a3 ±a:3 

Lattice points pe r unit volume 1/(1:3 2/a3 4/a3 

Number of neares t neighbors" 6 8 12 
Neares t-ne ighbor di stan ce 0 3 l12a/2 = 0.866a a/21 /2 = 0. 707a 

N umber of second ne ighbors 12 6 6 
Second ne ighbor distance 21 /2(1 a II 

Packing Ii'action!> h r hV3 t7TV2 
= 0.524 = 0.680 = 0.740 

"Tables of numbers of neighbors and distances in sc, bcc, ICc, hep, and diamond structures are 
given on pp. 1037-1039 of J. Hirschfelder, C. F. Curtis and R. B. Bird, Molecular theo ry of gases 
and l-iqui.ds , Wiley, 1964. 

"The packing fraction is the maximum proportion of the available volume that can be fill ed 
with hard spheres. 

There are three lattices in th e cubic sys tem: the simple cubic (sc) lattice, 
the body-cente red cubic (bcc) la ttice, and the face-cente red cubic (fCc) lattice. 
The characteristics of the three cubic lattices are summari zed in Table 2, 

A primitive ce ll of the bcc lattice is shown in Fig. 11 , and the primitive 
trans lation vectors are shown in Fig. 12. The primitive translation vectors of the 
fcc lattice are shown in Fig. 13. Primitive cells bv definition contain only one 
lattice point , but the conventional bcc cell contains two lattice points, and the 

fcc cell contains four lattice points. 
Th e position of a point in a cell is specifled by (4) in te rms of the atomic 

coordinates x, y, z . H erc cach coordinate is a fracti on of the axial length aJ , (12, 

(13 in the direction of the coordin ate axis, with th e origin taken at on e corne r of 
the ce ll. Thus the coordinates of the body center of a cell are Ht, and th e face 
centers include H O, C)tt to!. 

In the hexagonal sys te m the primitive cell is a right prism based on a 
rhombus with an included angle of 1200 Figure 14 shows the relationship of the 
rhombic cell to a hexagonal prism. 

INDEX SYSTEM FOR CRYSTAL PLANES 

The orie ntation of' a crystal plane is determined by three points in the 
plane, provided they are not collinear. If each point lay on a diHe re nt crystal 
axi s, the plane could be specified by giving the coordinates of thc points in 

terms of the lattice constants al. (i 2 , (l3 ' 



Figure 11 Body-centered cubic lattice, showing a 
primitive cell. The primitive cell shown is a rhombo
hedron of edge t V3 a, and the angle between adja
cent edges is 109°28'. 
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Figure 12 Primitive translation vectors of the body-cen
tered "ubic lattice; these vectors connect the lattice point 
at the origin to lattice pOints at the bod v cen ters. The 
primitivc cell is obtained on completing the rhombohe
dron . In terms ofthe cube edge a the primitive translation 
vectors arc 

a, = ~a(x + y - z) ; a2 = ta(-x + y + z) 
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a 1 = !a (x - y + z) 
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Figure 13 The rhombohedral primitive ce ll of the face-cen
te red cubic crystal. The primitive translation vcctors a j' az , a:, 
connect the lattice pOint at the origin with lattice points at the 
face centers. As drawn, the primitive vectors are: 

Figure 14 Helation of the primitive cell 
in the hexagonal system (heavy lin es) to 
a prism of hexagonal symmetrv. Here 
a, = {/ 2 ¥ a". 

a, = ta (x + y) ; a2 = ia(y + z) ; 

Thc angles betwecn the axes are 60°. Here X, y, z are the Carte
sian unit Vec(ors. 
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Figure 15 This plane intercepts the a i> a2, a3 axes at 3al , 2a2, 2a.1 ' The 
rec:procals of these numbers are t t ! . The smallest three integers having 
the same ratio are 2, 3, 3, and thus the indices of the plane are (233). 

However, it turns out to be more useftii for structure analysis to specify the 
orientation of a plane by the indices determined by the following rules 
(Fig. 15). 

• Find the intercepts on the axes in terms of the lattice constants aj, a2, a3. The 
axes may be those of a primitive or non primitive cell. 

• Take the reciprocals of these numbers and then reduce to thl'ee integers 
having the same ratio , usually the smallest three integers. The result , en
closed in parentheses (hkl ), is called the index of the Rlane . 

For the plan e whose intercepts are 4, 1, 2, the reciprocals are t , 1, and t; 
the smallest three integers having the same ratio are (142). For an intercept at 
infinity, the corresponding index is zero. The indices of some important planes 
in a cubic crystal are illustrated by Fig. 16. 

The indices (hkl) may denote a single plane or a set of parallel planes. If a 
plane cuts an axis on the negative side of the origin, the corresponding index is 
negative, indicated by placing a minus sign above the index: (hkl ). The cube 
faces of a cubic crys tal are (100), (010), (001), (100), (010), and (001). Planes 
equivalent by symmetry may be denoted by curly brackets (braces) around 
indices; the set of cube faces is {100}. When we speak of the (200) plane we 
mean a plane parallel to (100) but cutting the al axis at tao 

The indices [uvw] of a direction in a crystal are the set of the smallest 
integers that have the ratio of the components of a vector in the desired direc
tion , referred to the axes . The a] axis is the [100] direction; the -a2 axis is the 
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(100) (110) (lJ l ) 

(200) (JOO) 

Figure 16 Indices of important planes in a cubic crvstal. The plane (200) is parallel to (100) and to 
(laO) 

[010] direction . In cubic crystals the direction [hkl] is perpendicular to a plane I 
(hkl) having the same indices, but this is not generally true in other crystal 
systems. 

SIMPLE CRYSTAL STRUCTURES 

vVe discuss simple crystal structures of general interes t: the sodium chlo
ride, cesium chloride, hexagonal close-packed , diamond, and cubic zinc sulfide 
structures. 

Sodium Chloride Structure 

The sodium chloride, NaCl , structure is shown in Figs. 17 and 18. The 
lattice is face-centered cubic; the basis consists of one Na atom and one CI atom 
separated by one-half the body diagonal of a unit cube. There are four units of 
NaCl in each unit cube, with atoms in the positions 

Cl: 000 
Na: Ht 

HO 
oot 

tot 
oto 

OH 
too 
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