
FYS3400: Spring 2020

Module IV: Practical assignments

1. A microscopic model of Two Level Systems (TLS)

In our derivations of the heat capacity and thermal conductivity of a glass, we assumed a constant
density of states for the TLS: gTLS(E) = NTLS. In this problem we will see how this can be justified
from a simple model. We start from the Hamiltonian of a TLS in the basis of the states localized in
the left or right well:
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Here, ∆ is the energy difference between the states localized in the left or right well (but these are not
the energy eigenstates, as we will discuss below) and ∆0 is the matrix element for tunneling between
the two positions. We will make some reasonable assumptions about the distributions of ∆ and ∆0.
As the glass is cooled from liquid to solid, atoms are free to rearrange until the temperature passes
the glass transitions temperature, Tg. The typical thermal energy kTg at that temperature determines
if a TLS will form, or the thermal motion is sufficient to make a rearrangement to remove the TLS.
The possible values of ∆ are then in the range −kTg < ∆ < kTg. Since Tg typically is 100 K or more,
and we are concerned with thermal properties at 1 K or below, we sample only a small fraction of
the distribution of ∆, and we can assume that it is constant. ∆0 is determined by the probability of
tunneling from one side of the double well to the other. It will in general depend on the detailed shape
of the potential, the simplest case being a symmetric double well with a rectangular barrier of width
and heigth V0 for which we know from quantum mechanics that

∆0 = ~Ωe−d
√

2MV0/~2
= ~ωe−λ.

The important feature for us is that λ is proportional to the distance d between the sites. This means
that ∆0 depends exponentially in the distance d.

(a) Explain why this means that the exact distribution of the distances d (or the values of λ) does
not influence the distribution of ∆0 to so large extent, and that to a good approximation we
can assume that λ is uniformly distributed. Overall, we can then assume that the distribution
function P (∆, λ) = P0 is a constant. (Hint: what is the range of variation of λ as ∆0 varies over
the relevant range?)

(b) Show that the probability distribution P (∆,∆0) = P0

∆0
.

(c) Find the energy eigenvalues of the Hamiltonian (1). Show that the energy splitting (the difference
between the eigenvalues) is E =

√
∆2 + ∆2

0.

(d) We have to determine the DOS, gTLS(E), for the TLS, which means that the number of TLS with
energy in the range from E to E + ∆E is gTLS(E)∆E. To find this it is useful to transform from
the variables (∆,∆0) to new variables (E, τ), where τ is the relaxation time of the TLS (which
naturally depends on ∆0 which is the matrix element for tunneling). One can show that if the
TLS is interacting with the phonon bath in the crystal, the relaxation rate is
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Show that the distribution function for the new variables is related to the old by this expression

P (E, τ)dEdτ = P (∆,∆0)
∆0E

2∆τ
d∆d∆0.

(Hint: Recall how to change variables in multiple integrals)



(e) Using the result of question (b), show that

P (E, τ) =
P0E

2∆τ
.

(f) The fact is that for a given E we can not have τ arbitrary small since ∆0 < E in Eq (2). So there
is a minimal relaxation time τmin(E). To account for this, one can show that one has to modify
the distribution function to

P (E, τ) =
P0

2τ(1− τmin/τ)1/2
.

To determine the density of states we have to integrate this distribution over all the relaxation
times. It is important to understand that the DOS of the TLS depends on the time t0 over which
we are measuring. This is because only those TLS with τ < t0 are active, so that we have

gTLS(E) =

∫ t0

τmin

P (E, τ)

Show that if t0 � τmin we have

gTLS(E) ≈ P0

2
ln (4t0/τmin(E)). (3)

(g) Explain why this means that we can to a good approximation set gTLS(E) to be constant, and
discuss the limititations of this approximation.

2. Relaxation of energy

In the previous problem, we derived the DOS for TLS, Eq (3).

(a) Explain that this gives a time-dependent heat capacity C(t0) = A ln(4t0/τmin) where t0 is the
measurement time and A is some constant.

(b) Use this to explain the time dependence of the released power q ∼ 1/t0 as observed in the
experimental results below (Fig. 2.). (Hint: assume good thermal contact to the reservior, so
that all energy stored in TLS with τ < t0 is equilibrated at each time).

3. Spectral heat capacity in the Debye model

Derive the expression

C(ω, T ) = 3k
g(ω)

V

(~ω/kt)2e~ω/kt

(e~ω/kt + 1)2

for the contribution to the specific heat capacity from phonons with frequencies from ω to ω + dω in
the Debye approximation. This was used in the calculation of the thermal conductivity of a glass in
the lectures.

4. Weak localization and dimensionality

To get a simplified understanding of the role of dimensionality on the localization phenomenon we
can make an estimate for the effect of weak localization. Recall that weak localisation is the small
reduction in the conductance occurring when the probability to return to the starting point is small
and interference effects therefore small. Of course, the probability for a point particle to come exactly
to the same point as it started is 0, but electrons are quantum particles with a wavefunction of a
certain extent. We use the de Broglie wavelength λ as a measure for the width of the wave packet. All
formulas in this problem are to be considered as estimates for the order of magnitude, and not exact
results. More detailed calculations are possible and agree with the estimates.



(a) Assume first that the electron moves with a velocity v in a straight line. Show that the electron
passes through a volume of the order Vs = λ2v dt in the time interval dt.

(b) The electron path is not a straight line, because the electron will be scattered by impurities. If
the diffusion constant is D, the mean square distance from the origin grows linearly with time,
∆x2 = Dt. If the motion is in 3D, show that the electron path is curled up inside a volume of
approximate size Vd = (Dt)3/2.

(c) If instead the electron is confined to a plane of thickness b or a wire of diameter b, with b�
√
Dt,

show that the volume is Vd = (Dt)d/2b3−d, with d the dimensionality.

(d) We can estimate the probability that a particle will return to the starting point by how large
fraction of the total volume Vd is actually occupied by the electron path Ve. Show that the
probability is of the order

λ2vdt

(Dt)d/2b3−d

for the short time dt and for paths that take a time t to traverse.

(e) The estimate for the relative change in the conductance is the integral of this over all times

∆σ

σ
∼
∫ τϕ

τ

λ2vdt

(Dt)d/2b3−d
.

Here, τ is the mean free time, which is the shortest time in which the electron can return. τϕ is
called the phase breaking time, and is the time over which random influences from the environment
changes the phase of the electron by order 2π (that is, it completely randomized the phase). It
will be small enough at high temperatures, where there is a lot of thermal motion, and it will be
large at low temperatures. Analyse this integral for d = 1, 2 and 3 in the limit of large τϕ and
comment on the importance of localization in different dimensionalities.


