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Outline

1) Thermal properties of glasses: Two-level systems, heat capacity
and termal conduction

2) Localization of waves. Anderson metal-insulator transition.

3) Weak localization.

4) Hopping transport.



Heat capacity of crystals

Main features:

1) Approaches a constant at high temperatures (Dulong-Petit).

2) CV ∝ T 3 for low temperatures (Debye).

At low temperatures, the low-energy excitations responsible for the
heat capacity are long-wavelength phonons.



Experiments on heat capacity of glasses

The scattering of phonons by
disorder is efficient for phonons
with wavelength comparable to
or shorter than the distance
between defects. Phonons with
wavelength longer than this are
seeing an effective homogeneous
medium, and are relatively little
affected by the disorder.

Since the heat capacity at low tmperature is dominated by long
wavelength phonons we would expect it to show the same
behaviour for a glass as for a crystal. This is indeed the case if the
temperature is relatively high. However, at lower temperatures the
behaviour is very different, with C ∝ T . The reason for this is the
presence of additional low-energy excitations which can be excited
at low temperatures, and therefore give increased heat capacity.



Two Level Systems (TLS)

In a glass there will be many
places where one or a group of
atoms can exist in two different
positions or configurations. The
energies of these configurations
will be very close, and the atoms
can quantum tunnel between the
two configurations.



Heat capacity from Two Level Systems
Average energy for at TLS:

〈E 〉 =
1

Z

∑
i=1,2

Eie
−Ei/kT , Z =

∑
i=1,2

e−Ei/kT

We choose the lowest energy state as the zero of energy: E1 = 0,
E2 = E

〈E 〉 =
E

eE/kT + 1
The contribution of this TLS to the heat capacity is
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The total heat capacity of many such TLS is then

C =

∫
dEgTLS(E )C (E )

where gTLS(E ) is the density of states for TLS (the number of
TLS with energy between E and E + dE ).



We assume as the simplest choice that gTLS(E ) = NTLS is a
constant (this can also be found from calculations on realistic
models) and get

C = NTLSk
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We see that the TLS model can explain the temperature
dependence of the heat capacity observed in experiments.



Relaxation times
So far we discussed only the
energetics of the TLS, but the
timescale of the tunneling
between the states is also
relevant. It depends
exponentially on the heigth and
width of the barier between the
states, and is therefore
distributed over many orders of
magnitude. This means that
some will respond very quickly to
temperature changes, while
others will take a long time. This
can be seen in precision
calorimetric experiments on the
heat release from a sample
cooled to a lower temperature.



Heat conduction

The thermal current is j = −κ∇T , with the thermal conductivity
given by

κ =
1

3
CvΛ

where C is the specific heat capacity, v is the sound velocity and Λ
is the phonon mean free path. We can understand this from the
following argument. Consider first only one dimension, and focus
on the phonons present at position x at some specific time. Their
total density is n, and half of them will be moving to the right and
half to the left. For both groups we assume that they last scattered
a distance Λ away. We assume that their energy distribution will
correspond to local thermal equilibrium at the point of last
scattering. Let the temperature as function of position be T (x)
and the mean energy of phonons at temperature T be E (T ).



Heat conduction

A phonon with velocity v and energy E contributes vE to the
thermal current. Then the phonons moving to the right from x − Λ
contributes n

2vxE [T (x − Λ)], while those moving to the left
contributes n

2 (−vx)E [T (x + Λ)]. The total thermal current is then

j =
n

2
vx [E [T (x − Λ)]− E [T (x + Λ)]] ≈ −nvx

∂E

∂T

∂T

∂x
Λ

where we expanded to lowest order, which is allowed as long as the
temperature change on the distance Λ is small. We have that
n ∂E∂T = C (heat capacity) and Λ = vxτ where τ is the mean free
time. Thus we have the thermal conductivity

κ = Cτv2
x

The transition to 3D is by the fact that v2
x = v2

y = v2
z = 1

3v
2 so we

have

κ =
1

3
Cτv2 =

1

3
CvΛ



Heat conduction in crystals

κ =
1

3
CvΛ

In a crystal there are two scattering mechanisms: Impurities and
phonons.

I At low temperatures, there are few phonons excited, so the
main scattering is from impurities. This means that Λ is
temperature independent, and the heat capacity is the
important part, so κ ∝ T 3.

I At high temperatures, C is constant and Λ is inversely
proportional to the phonon density:

Λ ∝ 1

n
= e~ω/kT − 1 ≈ ~ω

kT
∝ T−1

So κ ∝ T−1.



Heat conduction in glasses: Experiments

We see that a crystal shows the
expected behaviour, as described
above. The glass has κ ∝ T 2 at
low temperature, a temperature
independent plateau at
intermediate temperatures, and
approaches the value of the
crystal at high temperatures.



Heat conduction from TLS-model

In a glass there is an additional scattering by the TLS. A TLS will
only scatter resonant phonons (where the phonon energy ~ω = E ,
the energy difference of the TLS states). This means that the
mean free path will depend on the energy and we have to take this
into account by finding the contribution to the thermal
conductivity from phonons of different frequencies, and integrate
over the frequencies:

κ =
v

3

∫ ωD

0
C (ω,T )Λ(ω)dω

where C (ω,T ) is the contribution to the specific heat capacity
from phonons with frequencies from ω to ω + dω. We can show
that in the Debye approximation:

C (ω,T ) = 3k
g(ω)

V

(~ω/kT )2e~ω/kT

(e~ω/kT + 1)2



Heat conduction from the TLS-model

We need to find Λ(ω).
Three processes are possible:

I Spontaneous emission of a
phonon as the TLS relaxes
from the excited state. The
rate is Γ0

21.

I Stimulated emission of a
phonon as the TLS is
stimulated by a phonon to
relax. The rate is Γ21.

I Absorption of a phonon by
the TLS. The rate is Γ12.

One can show that both stimulated emision and absorption are
proportional to the number of phonons with the right energy:

Γ12 = B12n(E )

Γ21 = B21n(E )



The rate of change of the number of phonons with energy E is
then (still assuming that gTLS(E ) = NTLS is constant)

dn(E )

dt
= NTLSp2Γ0

21 + NTLSp2Γ21 − NTLSp1Γ12

where p1 is the probability that the TLS is in the ground state, and
p2 the probability for the excited state. One can show that
B21 = B12 = B(E ). Assuming further that the number of phonons
is large, we can ignore spontaneous emission, as it will be much
slower than the other two processes. This seems reasonable since
only those energies where there is a large number of phonons
excited will contribute to the thermal transport. This gives the
simpler rate equation

dn(E )

dt
= −NTLSB(E )(p1 − p2)n(E ).

The solution of this is an exponential decay n(E ) = n0(E )e−t/τ

with the rate
1

τ
= NTLSB(E )(p1 − p2).



In equilibrium, we have that

p1 =
1

1 + e−E/kT
p2 =

e−E/kT

1 + e−E/kT

p1 − p2 =
1− e−E/kT

1 + e−E/kT
= tanh

E

2kT
.

This gives
1

τ
= NTLSB(E ) tanh

E

2kT
.

What about B(E )? This describes the probability that a phonon of
energy E will stimulate a transition in the TLS. The phonon is an
acoustic wave which creates strain in the mateial which changes
the energy levels of the TLS. A long wavelength, low energy
phonon creates very small strains, and is therefore expected not to
be efficient in creating transitions. For shorter wavelengths the
strain is larger, and therefore more efficient. For this reason, we
expect B(E ) to be an increasing function of E . The simplest
choice is B(E ) = AE with some undertermined constant A. It can
be confirmed that this is indeed the correct result for realistic
interactions, but the calculations are beyond our reach.



This gives that

1

Λ(E )
=

1

vτ
=

NTLSA~ω
v

tanh
E

2kT
.

The thermal conductivity is then

κ =
v

3

∫ ωD

0
C (ω,T )Λ(ω)dω

=
k3T 2

2π2~3NTLSAv

∫ yD

0
dy

y3ey

(ey − 1)2
coth

y

2

where y = ~ω
kT and the upper limit of integration is yD = ~ωD

kT .
When the temperature is large, this upper limit depends on
temperature, and we would need to calculate the integral
numerically. When temperature is low, yD →∞ and the integral
becomes temperature independent, and can be shown to be π2. At
low temperatures, the only temperature dependence comes from
the prefactor in front, and we have

κ =
k3T 2

2π2~3NTLSAv
∝ T 2

which is in agreement with the experiments.



Phonon localization

Defects will scatter phonons.
Phonons with wavelength λ
comparable to or shorter than
the localization length ξ between
defects are efficiently scattered.
Phonons with wavelength longer
than this are seeing an effective
homogeneous medium, and are
relatively little affected by the
disorder.



This gives rise to the phenomenon of phonon localization. Short
wavelength phonons are scattered back and forth between defects,
and get localized. That means that they can not propagate far
beyond the point where they are created. Often one can take the
localization length to be average distance between defects, which
is of the same order as the mean free path. The crossover
condition for localization is then

Λ ≈ ξ or kΛ ≈ 1

which is called the Ioffe-Regel criterion.



Example: Sintered silica aggregates
The liocalization length was controlled by sintering silica
aggregates of different particle size ξ. The plateau in the thermal
conductivity was interpreted as an effect of phonon localization. In
the Debye theory we can calculate the average phonon wavelength

〈λ〉 =
hv

2.70kT

In this way we can relate the temperature where the plateau
appeas to the wavelength and compare it to the particle size.



Band conduction as an interference effect
In a crystal we have allowed energy bands with forbidden gaps
between. One way to think about this is in terms of interference of
waves scattering between the different atoms.

This is perhaps easiest to see in a
tight binding model where the
Hamiltonian explicitly contain
terms which corresponds to
jumps between neighbouring
atoms

H = E
∑
n

|n〉

+ T
∑
n

(|n〉〈n + 1|+ |n + 1〉〈n|)

We choose the on-site energy E = 0 and write the wavefunction as

|ψ〉 =
∑
n

an|n〉



We guess the solution an = e ikxn where xn is the position of atom
n. Inserting this into the time independent Schrödinger equation
we get

H|ψ〉 = T
∑
m

∑
n

an (|m〉〈m + 1|+ |m + 1〉〈m|) |n〉

= T
∑
n

an (|n − 1〉+ |n − 1〉)

= T
∑
n

(an+1 + an−1) |n〉

= T
∑
n

an
(
e ika + e−ika

)
|n〉 = ~ωk

∑
n

an|n〉

where a is the lattice constant. This gives the dispersion relation

ωk =
2T

~
cos ka.



What this means it that if you start an electron at an , it will
tunnel to the next atom, then part will tunnel back, part will
tunnell on, and so on. For each time the electron comes to an
atom, it will have some probability to move on, and some
probability amplitude to turn back. The total amplitude is the sum
of all these possibilities. In a crystal all the on-site energies E are
the same, and all the tunnel amplitudes T are the same, and the
interference of all these possibilities will lead to propagation of the
electron if it has the proper combination of initial energy and
momentum (which is proportional to the wavenumber k) satifying
the dispersion relation. If it does not satisfy this relation it will not
exist as a stationary state. If the perfect translational symmetry of
the crystal lattice is destroyed, the delicate interference pattern is
lost, and it is not easy to guess what will happen. The anwer is
localization: The electrons will not propagate far from the starting
point.



Illustration: Transparent mirrors

It is important to understand that localization
is not an electron phenomenon, but a wave
phenomenon. It applies to any kind of wave
propagating in a disordered medium: electrons,
acoustic waves (phonons), light, radio
waves......
We can illustrate this using transparent plastic
sheets. The transmissoin amplitude of two
sheets, taking into account all multiple
reflections on the different surfaces is

T12 = T1T2 + T1R2R1−T2 + T1R2R1−R2R1−T2 + · · ·

=
T1T2

1− R1−R2



If we replace amplitudes by intensities (τ = |T |2), which means
that we ignore the phases of the waves and thereby ignore
interference, we get instead.

τ12 =
τ1τ2

1− ρ1ρ2

which can be iterated for N identical sheets (τi = τ) to give

τN,intensities =
τ

τ + 2N(1− τ)

which predicts the intensity to fall as 1/N. If instead we make a
proper analysis using amplitudes (averaging over the thinkness of
the sheets, which is not uniform on the scale of the wavelength of
the light) we get

τN,waves = e−2N log(1τ)

which predicts an exponential decay of transmitted intensity (for
details, see M V Berry and S Klein, Eur. J. Phys. 18, 222 (1997)).



The faster decay of the transmitted intensity in the wave model
compared to the one based on intenisties means that there is in
total destructive interference on the transmitted direction, and
constructive in the reflected. This can be ilustrated with the
follwing two paths.

Two different paths with the
same length. Path a has no
internal reflections; path b has
two internal reflections, one of
which contributes a phase π
because the following space has
larger index of refraction.

The important point is that there exist paths of exactly the same
length, and therefore the same phase, but with a different number
of internal reflections, so that they are always destructively
interfering.





Wave localization: 3D

The analysis of the localization phenomenon in 3 dimensions is
technically difficult, and we will not attempt to describe it. We will
only try to give a simple picture. In a crystal, the atomic states are
widened into a band of width B. Disorder can be modelled as a
local variation in the energy of each atomic state (and/or the
tunnel matrix elements), distributed over a range W . The result is
that for B >W the the states are extended, while for B <W they
are localized.



One way to think about it is that neighbouring sites with an energy
difference less than B are well connected, and the electron states is
shared between the two atoms. If the energy difference is less than
B, the electron will not move between the two atoms. To
understand the difference between systems of different
dimensionality, consider the following picture. In 1D all atoms are
in a row, and it is sufficient with a single broken bond to stop the
electron from moving across the sample

In 2D there are many more ways to come from one place to
another, and the chance that the current path is broken is much
less



The result of detailed studies is

I If the dimension is 1 and 2 all states are localized for any
W > 0.

I If the dimension is 3 and W is sufficiently large (the
approximate condition being W > B but with some hart to
determine numerical factor). all states are localized.

I If the dimension is 3 and W is small (W < B) the states are
delocalized, and the system will conduct electric current.



Mobility edge
For sufficient disorder, all states will be localized, and no states
extended. But localization is present also at smaller disorder for
states at the edge of the energy band where the density of states is
lower. This gives rise to a mobility edge between localized and
delocalized states.



Metal-Insulator transition
It is important to realize that the distinction between metal and
insulator is not whether it will conduct or not. All materials
conduct to some extent. The dependence of the conductivity on
temperature is important. For a metal, conductivity increases when
temperature decreases, while for an insulator it decreases.



Example: 2DEG in Silicon with changing electron density

As the electron density is changed, the fermi level moves through
the mobility edge, and the sample crosses from metal to insulator.



Weak localization

There is one situation where the analysis of the interference
pattern of all the possible alternative paths is simplified. This is
when the probability to return to the same site is small, so
repeated returns can be ignored. This is far from the insulatng
state, and only is seen as a small reduction in the conductivity,
hence the name weak localization.
Consider the propagation of an electron through a disordered
medium. We picture the disorder as isolated scattering centers
(defects), and assume that the electrons are moving on classical
trajectories between scattering events. This will be a good
approximation if the mean free path, Λ is much larger than the
Fermi wavelength, λF . If Λ . λF we have Anderson, or strong,
localization discussed above.



In the weak localization regime Λ� λF , the amplitude to go from
point A to point B is

AA→B =
∑
i

Aie
iSi ,

where Ai is the weight of each path and Si is a phase
corresponding to the number of wavelengths along the path. The
probability is then

WA→B = |AA→B |2 =
∑
i ,j

AiA
∗
j e

i(Si−Sj ) =
∑
i

|Ai |2+
∑
i 6=j

AiA
∗
j e

i(Si−Sj ).



WA→B = |AA→B |2 =
∑
i ,j

AiA
∗
j e

i(Si−Sj ) =
∑
i

|Ai |2+
∑
i 6=j

AiA
∗
j e

i(Si−Sj ).

The first sum are those for which i = j , and gives the classical
probability (the sum of the individual probabilities). The second
sum are the quantum interference terms. There is no correlation
between Si and Sj for i 6= j , and the phases are typically much
greater than 2π because of the weak localization condition
Λ� λF . The terms in the second sum will then average to zero
because of their randomly distributed phases. Thus, we are left
with independent contributions from each path and no interference.



However, there is a special case where the
quantum corrections are much more important.
This is the case where the path returns to the
starting point. That is, we consider the
probability for the particle to remain at the
point where it started. To each geometrical
closed path there will correspond two quantum
paths, traversing the geometrical path in the
clockwise and counterclockwise directions.

As long as time reversal symmetry is not broken these will have the
same amplitude and the same phase. Considering only one
particular geometrical path, and letting P and P ′ denote the
clockwise and counterclockwise direction, respectively, we get the
probability

WA→A = |APe
iSP + AP′e

iSP′ |2 = 4|AP |2.

The probability to return is twice the classical result because the
two paths always interfere constructively. This means that the
electrons will move less than expected classically, so that the
quantum corrections will reduce the conductivity.



Aharonov-Bohm effect
An electron moving in a magnetic field aquires an additional phase

φ = e

∫
C
A(r)dr

where A(r) is the vector potential (∇× A = B).



Weak localization in an external magnetic field

How can we measure the quantum correction to conductivity? The
answer lies in the magnetic field dependence of the correction.
When the sample is subject to an external magnetic field, there
will be some flux Φ through the loop. This will introduce some
additional phase shift because of the Aharonov-Bohm effect. The
equation will then read

WA→A = |APe
i(SP+2π Φ

2Φ0
)

+ AP′e
i(SP′−2π Φ

2Φ0
)|2

= 2|AP |2 + 2|AP |2(e
2πi Φ

Φ0 + e
−2πi Φ

Φ0 ),

where Φ0 = 2π~/2e is the flux quantum. We see that the
interference term acquires a phase, and if this phase is larger than
2π for typical paths it will be uniformly distributed, and thus
average to zero when all paths are taken into account. Thus, we
expect the quantum correction to vanish, and the classical
conductivity to be restored.



Change in conductivity as
function of magnetic field at
different temperatures (black
phosporus)

I All curves show that the conductivity increases when a
magnetic field is applied because the weak localization is
removed.

I The effect is more pronounced at low temperatures. This is
because at higher temperatures, the thermal motion of the
defects will give random phase changes to the electron waves,
and thereby reduce or destroy the phase correlation between
the two directions of transversing a loop. Quantum
intereference is lost by dephasing, and weak localization
disappears.



Hopping transport
The impurity band of a semiconductor with compensated doping
(both donors and acceptors, but in this example more donors).

Some of the donor electrons will be captured by acceptors, but
since there are more donors, there will be both empty and filled
donor sites. Electrons can tunnel from one donor to the next, and
we can get transport without ever exciting to the conduction band.



Temperature dependence of the resistivity

I A: Intrinsic conduction (excitation from the valence to
conduction band)

I B: All donors excited to the conduction band, weak
temperature dependence.

I C: Reduction in the number of electrons in the conduction
band as temperature decreases

I D: Hopping transport between donors



Phonon assisted hopping
Since the energies of the donors are randomly distributed, each
jump will involve an energy change. The energy difference must be
supplied by an emitted or absorbed phonon. Emission is always
possible, but absorption requires the presence of a phonon with the
right energy. This gives rise to a specific temperature dependence
of the conductivity. One can calculate the rate of transition from a
state with energy εi to one with energy εj :

Γij = γije
−2rij/a−εij/kT

where it is assumed that the wavefunction on a donor atom decays
as ψ(r) ∝ e−r/a. rij is the distance between the two sites and

εij =
1

2
(|εi − εj |+ |εi − µ|+ |εj − µ|) .

It can be shown to be equivalent to a resistor with resistance

Rij =
kT

e2Γij
= R0

ije
2rij/a+εij/kT



The sample is then equivalent to a random resistor network, and
the temperature dependence of the resistance is given by the
temperaure dependence of each resistor. But the actual path the
current takes will depend on the temperature. The most favorable
resistances are different at different temperatures.



Variable range hopping

The resistance of each resistor is

Rij =
kT

e2Γij
= R0

ije
2rij/a+εij/kT

When the temperature is reduced, the second term becomes large
(because there are few phonons with sufficient energy). It is then
better to jump to a different impurity with larger distance rij but
smaller energy difference εij . To find the balance between the two
the following approximate argument is used (it can be improved
using percolation theory, but we do not have time for that).



Consider a narrow band of energies within energy ε0 from the
Fermi level and use only those for hopping. The concentration of
states in this band is

N(ε0) = 2ε0g(µ)

where g(ε) is the density of states, and we have assumed that ε0 is
so small that g(ε) is close to constant, and can be replaced by
g(µ). To estimate the resistance, we replace rij by the average
distance N(ε0)−1/3 and the energy difference εij by ε0. Then

Rij = R0
ije

1

N(ε0)−1/3a
+
ε0
kT

(ignoring numerical factors). For ε0 too large or too small one of
the terms in the exponent is large.



The minimal resistance occurs when the two terms have the same
size

ε0 =
(kT )3/4

[g(µ)a3]1/4

The optimal exponent is then

(T0/T )1/4 with T0 =
β

kg(µ)a3

where the unknown numerical factor β comes from our neglecting
numerical factors and the inaccuracies of the method (a definite
prediction for β is obtained using percolation theory). This gives
the temperature dependence of the conductivity

ρ(T ) = ρ0e
(T0/T )1/4

which is known as Mott variable range conductance.




