Trial exam

Course: FYS3415/FYS4415

Quantum Computing and Quantum Information

This examination paper consists of 9 pages.

Appendices: Formula sheet

Permitted aids: Approved calculator

Problem 1 (weight 35%)

(a)

(b)

(c)

(d)

Let
3 4
p=I00L o=l =10 +5 .
Compute the fidelity F'(p, o) and the trace distance D(p, o).

For each of the following two-qubit states, decide whether it is pure or mixed, and
whether it is a product state, separable but not product, or entangled:

p1 = [0+)(0+],
pa = [@T)(@T],
ps = 5 100){00] + 2 [11){11],
where |®T) is the Bell state. Justify your answers mathematically.

Consider the two measurement operators
1 1
My = [0)(0] + —= |1)(1], M, = —|1)(1].
o= 1001+ 25 DAL M=
Show that these define a valid measurement. Find the POVM elements
corresponding to this measurement and compute the outcome probabilities for the
input state |[+). Find the post-measurement state corresponding to each outcome.

Consider the three-qubit bit-flip code
|0r,) = 000), |1p,) = |[111).
The error syndrome is measured using the two observables
AVR ZoZs.

Consider an arbitrary qubit state

) =al0)+511), o+ B = 1.
Write down the corresponding encoded qubit state |¢r). List the syndrome
outcomes for the no-error case and the three possible single bit-flip errors, and

state the corresponding correction in each case. Briefly explain why the syndrome
measurement identifies the error without measuring the logical information o and

B.
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(e) Consider the Bell state |®T), and define observables
Ap =cosh Z +sinf X.
First show that
(DT Ap @ Ay |PT) = cos(6 — ¢).

You may use that
cos 6 cos ¢ + sin O sin ¢ = cos(f — ¢).
Then compute the CHSH quantity
S = E(a,b) + E(a,b") + E(d',b) — E(d', V),

for

m
——
47

where
B(0,6) = (07|49 ® A, |0%).
Does this violate the local-hidden-variable bound for S?

(f) Alice chooses a classical bit X € {0,1} uniformly at random. If X = 0, she
prepares |0). If X = 1, she prepares |+). Let Bob receive the state. Compute
the classical entropy H(X), as well as the Holevo quantity x for Bob’s received
ensemble. Compare x with H(X), and briefly explain the result.

Problem 2 (weight 30%)

Alice sends one of the four BB&4 states

0, [, =2t 0oL

with probability 1/4 each. The basis {|0), |1)} is called the Z-basis, and the basis {|+), |—)}
is called the X-basis. Let S denote the sent qubit. An environment qubit F starts in
|0) ;, and the joint system undergoes the unitary

U = [0)(0lg ® Ig + [1){1]g ® R, (1)

_3
RE::< j).
5

Bob receives only qubit S, meaning that from Bob’s perspective, the environment F is
discarded, defining a quantum channel £ from Alice to Bob. When Alice and Bob use the
same basis, we count it as an error if Bob obtains the opposite outcome from the state
Alice sent.

where

UL Ut
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()

(b)

(c)

(d)

(e)

Find Kraus operators for the channel £. Use this to show that the channel can
be written as 9

1
= — —ZpZ.
E(p) = 1P+ 192P
Show that if Alice sends a Z-basis state and Bob measures in the Z-basis, the
error probability is
Perr,z = 0.

If Alice sends an X-basis state and Bob measures in the X-basis, what is the
error probability pe, x7

Suppose Alice and Bob run a BB84 protocol through this channel. However,
suppose they keep only the rounds where Alice sent a Z-basis state and Bob
measured in the Z-basis as their sifted raw key. They test a subset of these
rounds and observe no errors. Assuming that a possible eavesdropper has access
to the environment F, can they conclude that Eve has no information about the
remaining sifted raw key (the part not used for error testing)? Explain.

Suppose now that Alice and Bob run the usual BB84 protocol, keeping all rounds
where they both picked the same basis, either Z or X, as their sifted raw key. After
sifting, they estimate the relevant error rates from test rounds and then apply
error correction and privacy amplification. Assume that the parameter-estimation
test accepts. Is this a device-independent security argument? Explain.

Problem 3 (weight 35%)

Grover’s algorithm searches for certain bit strings using a phase oracle

Oy |z) = (=1)7 |z), (2)

where f(x) is a Boolean function with f(x) = 1 for solution strings and f(x) = 0 for all
other bit strings. Here we let x = x1 25 x3 be a three-bit string. Consider the following
implementation of a Grover phase oracle on three query qubits, two work qubits, and one
ancilla qubit:

qi:|z1)
G2: |2)
qs: |x3)
wy:]0) 4
wy: |0)
«|-)

A\

fanY

A\
—~
w
~—~—

D
A\
D
A\

fan)
A\
fan
A\
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()

(b)

(d)

Determine the Boolean function f(x1, 2y, x3) implemented by this oracle, and
list the computational-basis states that are solutions. Why is the ancilla qubit
initialized in |—) rather than in |0) when this circuit is used as a Grover oracle?

Grover’s algorithm proceeds iteratively, where one Grover iteration consists of
applying the oracle and a diffusion operator. Describe qualitatively how the
probability of measuring a solution state behaves as the number of Grover iterations
increases, and explain what this implies for choosing the number of iterations
before measuring.

Show that the following circuit identity holds when the bottom qubit is initialized
to |0) and the first two qubits are arbitrary:

0y —— 7z 4

A

A\
=)
~

Simplify the oracle circuit (3) to a circuit of the form:

q1 —
Uy
e— H (5)
Uy
q3 ——— —

Determine U; and Us. To do this, first analyze how a CNOT acts when its target
is |—), and replace each such CNOT by a one-qubit gate on its control. Then use
(4) and gate commuting.

Why is the final oracle circuit (5) preferable for real hardware compared with the
original circuit (3)7 Give at least two reasons.
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Formula sheet

Linear algebra

Cauchy—Schwarz:
(@) 2 < )P N )12

Triangle inequality:

) + 1o < 1o+ [l )l

Completeness:
1= [i)il
i
Trace:

tr(A) = Z(i|A |7)

7

Partial trace:

trp(paB) = Y plil papli)p

i
Spectral decomposition:

A= N oe) (v
"

Operator functions:

FA) =7 F(Ak) [ow) (x|
P

Absolute value:

|A| = VATA
Normal operator:
ATA = AAT
Hermitian operator:
H=H!
Unitary operator:

Ul =uvut=1

Positive operator:

E>0 < ($|E[Y) >0 V)

Projector (orthogonal):

pPl=p pPi=p

Page 5

States

Z-basis (computational basis) states:

X-basis states:
WORUEAL
\/i )
Y -basis states:

S
\+Z>—7ﬂ , =) =

Qubit pure state:
W) =al0)+B1), |af+[8=1

0) —2[1)
V2

Bloch vector:
7 = (sin 0 cos ¢, sin f sin ¢, cos )

Bell states:

|01) 4 |10) _ |01) — |10)

oty = = ) =
V2 V2

~100) 4 [11) _, _ |00y —|11)

Schmidt decomposition:

V) ap = Z \/Tk|uk>,4 [Uk)
k

A > 0, Z)\k:1
k
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Density operators Bloch sphere

Density operator: A

p=p', p>0, tr(p)=1

Ensemble:
p =3 vk |vr) (Yl
k
Pe>0, Y pp=1
k x
Bloch vector:
7= (rsinf cos ¢, rsinfsin ¢, r cos ) |—1)
=tr(ps), = (X,Y,2)
Purification: 1)
pa=>_ N |vi)(vk|
k Sine and cosine values
= W>AR:ZV>\I<:|UI§>A|]€>R .
k 0 10 § I 35 3
sinf | 0 % ? @ 1
V3 V2 1
COSG 1 5 9 b) 0
Single-qubit gates
Matrix representations are in the computational basis.
10
1= ( ) 1 0
0 1 o »
NOT =X =01 = 10 Uﬁ(np):eﬂf(""’):cos—I—zs1n§ﬁ-a
V= gy — 0 —i Us(p) = e72% = cos I—zsm%X
—72 oo
[ cosE  —ising
7 = g — ((1) 01> - \—isin§  cos¥
L1 Uy(w):e_igyzcosgf—isingY
H=—
V2 (1 _1> B (cos‘g — sin ‘5)
\sin€  cos?
1 0 2 2
§=vz= 0 Z) _i2z P P
Us(p)=e"2% = cos—[—zsm§Z

[
P o) -

[a)
SIS
(@]
.
SIS
N~
[\
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Multi-qubit gates

In the expressions below, tensor factors from left to right correspond to wires from top to bottom.

Gate Circuit  Expression

CU [0)(0] @ I + |1){(1| @ U

Anti-CU |0)(0] @ U + |1)(1| ® I

CNOT =CX [0)(0] @ Iy + |1){1] @ X

Cz 10)(0] ® I + [1)(1| ® Z

SWAP > ey (yal
z,ye{0,1}

Fredkin = CSWAP 0)(0] ® I + |1)(1] ® SWAP

CCU

(Is — 11)(A1) ® I + [11)(11| @ U

Toffoli = CCNOT = CCX (Iy — 11)(11]) @ I + |11) (11| @ X

HH $H B H H

CcCZ (Is — 11)(11)) ® [ + [11){(11| @ Z
Pauli algebra Quantum channels
3
oioj = 01 +i Z €ijkOk Definition:
, E(p) = trp|U(p  [0)(0] )]
[0i,05] = 2i Z €ijkOk
=1 Operator-sum form:
(01,0} = 20,1 Ep) =Y MypM[, S MIMy=1
k k
8ij = Loi=y Kraus operators / operation elements:
0, i#J

My, = g(k|U|0)p
+1, ijk even perm. of 123
€jk = —1, jk odd perm. of 123

0, otherwise
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Projective measurements:

Definition:
Z Pm = Ia
m
P, =P},
PmPn = 5man
Probability:

p(m) = tI‘(Pmp)

State update:
PrpPr,
tr(Pmp)

Observable:

A:ZaPa

Expectation value:

(4)p = tr(Ap)

p

General measurements: {M,,}

Definition:

SO M) My, =1
m

Probability:
p(m) = tr (MmpM;)
State update:

MmerTn

re tr (MmpM);O

POVM measurements: {£,,}

Definition:

Y En=1,
m

E,>0

Probability:
p(m) = tr(Emp)

Page 8

{P,} State discrimination

Trace distance:

1
D(p,o0) = itr]p— ol

Trace distance for pure states:

D([9), 1)) = /1= [{¢[$)?

Trace distance operational:

D(p,0) = max [tr(Ep) — tr(Eo)|
0<E<I

Triangle inequality:

D(p,7) < D(p,o) + D(0,7)

Joint convexity of trace distance:
D (Z PxpPzx, Zpacax> < ZPID(va Uac)
T T T

Fidelity:

F(p,0) =tr\/\/pop

Fidelity for pure states:
E(l¥),|9) = [(¢]9)]

Fidelity with one pure state:
(), 0) =/ {¥]a]y)

Uhlmann’s theorem:

F(pa,oa) = [(¥plda)]
[¥0) ars|9o) AR e
purifications

Joint concavity of fidelity:
F(prpxasz0x> > Zp:vF(pac;Uac>
T T x

Relations:

1—F(,0,0’) SD(p,O’) < \/1—F(p,0)2

D([), 1)) = /1 — F(1¢),|4))?
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Error correction Quantum entropy

Probability of getting exactly n errors among von Neumann entropy:
N independent trials with error probability p:

N
P — (1 — N—n7
r(n) ( n ) P1-p) Joint entropy:

(N) _ ™ S(A,B) = S(pap)

S(p) = —tr(plogy p)

Conditional entropy:
Bit-flip code encoding;: S(A|B) = S(A, B) — S(B)
0r) = 1000), [1p) = |111)
Mutual information:
Phase-flip code encoding;: I(A: B) = S(A) + S(B) — S(4, B)

OL) = [+++), [lL)=[-—-) ,
Relative entropy:

Shor code encoding;:

(]000) + |111))®3

S(pllo) = tr(plogy p) — tr(plogy o)

|OL) =

2V/2 ’ Holevo quantity:
(1000) — [111))"3

1) = = —_

| L> 2\/§ X S ;pxpx ;pxs(px)
Classical entropy Holevo bound:
Convention: 0log0 = 0. I(X:Y) <x
Binary entropy: Bell tests

hy(p) = —plogy p — (1 — p) logy(1 — p) Correlator:
Shannon entropy: E(zx,y) = ;ﬂ abp(a,b|z,y)

Zp )loga pl= CHSH parameter:

Joint entropy: S=E(0,0)+ E(0,1) + E(1,0) — E(1,1)

H(X,Y) ZP z,y)logy p(z,y) Local hidden-variable theory:

7y
S| <2
Conditional entropy: 15 =

H(X|Y) == p(z,y)log, p(zly)

z,y

= H(X,Y)— H(Y)

Mutual information:

I(X:Y)=HX)+H(Y)—-H(X,Y)

Relative entropy:

H(pllq) = Zp ) logy (i;
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