University of Oslo
FYS3415/FYS4415 — Quantum computing and quantum information

Problem set 1

This problem set will be discussed in the group exercise session on Jan. 28.

Problem 1: Trace and Pauli identities (. gulla, 0. Leinonen)

Throughout this problem we work in the computational basis {|0),|1)} and use

IO R O () N

You may use that the trace is cyclic, Tr(AB) = Tr(BA), as we proved in the lectures.

a) Trace of Pauli matrices. Compute Tr(1) and show that Tr(o,) = Tr(oy) = Tr(o,) = 0.

Solution: The trace is the sum of diagonal entries:
Tr(l)=14+1=2. (2)

For the Pauli matrices
0 1 0 —i 1 0

Tr(o,) =0,  Tr(oy) =0,  Tr(o.) =1+ (—1)=0. (4)

we get

b) Linearity. Let A, B be arbitrary matrices and a,b € C. Show that

Tr(aA + bB) = a Tr(A) + b Tr(B). (5)

Solution: Using Tr(X) = >, (1| X |i),

Tr(aA+bB) =Y (i|l(aA+bB)|i)=ay (i|lAli)+ meB i) = a Tr(A) + b Te(B).  (6)

% %

¢) Outer products in the trace. Let |¢), |¢)) be vectors.

(1) Show that Tr(|¢)(¥]) = (¥|¢).
(ii) Show that for any matrix A, we have Tr(A4 |¢)(¢|) = (¢¥|A|).

Solution:
(i) Using Tr(X) = >, (i|X |7),

Te(lg)(wl) = Y (il (10)(@]) 1d) = D _(ile) (¥]i) = (¥ (Z\ > = (¥]9). (7)

% i
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(ii) Again use Tr(X) = >, (i|X |7):

Tr(A|¢)(]) = > (i[Alg) (] [i) = > (]]i)(i|A|¢) = wr(D )Aw (W[Alg). (8)

1 i

d) Pauli algebra. Recall from Problem set 0 that the Pauli matrices can be written in the
form:

1= 10)(0] + [1)(1],

= [0)(1] + [1)0],
oy = —i|0)X1] +7[1)0],
oz = |0)0] — [1)(1].

(i) Use these expressions to show O';[

(9)

=o; and 0? =1 for i € {z,y,2}.
(ii) Compute the three cyclic permutations:
O30y = 10, Oy0, = 10y, 0,0, = 10y. (10)
Conclude the compact product rule

0,0 = 0;51 + 1 Z €ijkOk, for i,j € {z,y, 2z}, (11)
ke{z,y,z}

where €, is totally antisymmetric (changes sign when any two indices are swapped and
is 0 if any two indices coincide) and €4y, = +1. Deduce in particular that o;0; = —0;0;
for i # j, and that

[UZ‘,O']‘] = QiZEZ’jka, {O’i,Uj} = 2(52']']1. (12)
k

Solution:
(i) Hermiticity:
(10)ANT -+ (J1)0NT = [1)(0] + |0)1| = o,

(=i [0X1D)T + (@ [1(0)T = i [1X0] — i |0X1| = oy,

] —+
I

’ (13)

< —+
I

o
and Ul = 0, is immediate.
Compute the squares:

= (|0)L] + [1)0)? = [0X1[ [1X0] + [1)O] [0X1] = OXO[ + [1)1] = L,

oz
oy = (=i ]0)(1] +7 [1)0])* = (=0) (1) [0X0] + (i)(=) [1)1] = |00 + [11] =1, (14)
2

o2 = (0)0] — [1X1])* = [0X0] + [1)(1] = 1.

(ii) Similarly, compute products:

oy = ([0)(1] + [1XO0) (=2 JOX1] + 2 [1)0[) = #[0X0] — @ [1)(1] = i([0}0] — [1X(1]) = io-,
ay0z = (=i |0)(1] + 2 [1XO[)([0)0] — [1)(1]) = 7 ]0)X1[ 4 ¢ [1)0] = iow, (15)
020 = (|0)0] — [1Y(T)(J0)X1] + [1)0]) = [0)1] = [1)0] = ioy.

Reversing the order flips the sign (e.g. o0, = (o'mo'y)]L = —i0,), 80 0,0 = —0j0; for i # j.
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The pattern is exactly
0,05 = 5@']1 +Z.Z€ijko'k, (16)
k

which implies

[0i,05] = 0i05 — 0j0; = 2@ Z&‘jkgkz, {0s,05} = 0i0j + 0j0; = 26;41. (17)
k

Problem 2: Bloch sphere rotations (. Gulla, 0. Leinonen)

Throughout this problem we work in the computational basis {|0),|1)} and use o,,0y,0..
Consider the normalized qubit state

=20+ = (). (13)
The Bloch vector of a pure state is defined by
7(¥) = (@IG[¥) = ((loz [¥), (loy [¥), (lo= 1), & = (0w, 0y,0%). (19)
a) Bloch angles and vector.
(i) Explain briefly why any normalized qubit state can be written as
|h(0,9)) = cosg 0) + e sing 1), for 0 € [0, 7], ¢ € [0,27), (20)
up to a global phase. Find (6, ¢) for (18).
(ii) Compute 7(6, ¢) and show
7(0, ») = (sinf cos ¢, sinfsin @, cosh). (21)

Use this to compute 7(1) for (18), and verify that ||7(¢)| = 1. Hint?.

Solution:

(i) Let |¢) = a|0) + B|1) with |a|? + |3|> = 1. Multiply by a global phase so that a becomes
real and nonnegative: o +— |a|. Then set || = cos(0/2), |f| = sin(/2), and define the relative
phase ¢ from f = €'?|3|. This gives the stated form.

For (18), a = v/3/2 > 0, so it is already in this gauge. We have cos(6/2) = v/3/2 = 0/2 =
7/6 = 0 =7/3, and B = €™/3 /2 with sin(0/2) = 1/2, so ¢ = 7/3.

(ii) With |¢(0, ¢)) = (ei?ﬁossif(/;g))’ we compute r; = (|o; [1h):

0 . 6 , 6 0 0 .0
ry = (VY|og [Y) = cos B e sin — + e " sin - cos = = 2cos — sin 2 cos ¢ = sin 6 cos @,

2 2 2 2
ry = (loy 1)) = —icos S € Sing + i sing cosg = 2cos o sin — sin ¢ = sinfsin ¢, (22)
y y 5 5 5 5 5 sin g 7
0 0
r. = (Yloz [¢) = cos” 5 sin? 5= cos .

! Use € + e = 2cos¢ and €' — e™*® = 2isin ¢, and the double-angle identities 2 cos(8/2) sin(f/2) = sin § and
cos?(0/2) — sin?(0/2) = cos 6.
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Hence
7(60, ¢) = (sinf cos ¢, sinfsin ¢, cosb). (23)
For (0,¢) = (x/3,7/3),
o (V3 31
m(Y) = <4, 7 2>. (24)
Then 3 9 )
o 2 i
P = o+ 26+ 5 =1 (25)
so [[F(y)] = 1.

b) Rotation about x and z axes. For parameters «, § € R, define

Us(a) = exp(—i%ax) . ULB) = exp<—i§az> . (26)
(i) You may use that o, has eigenvectors
= O£, ol = £, (27)
Use the spectral theorem to show
Us(@) = e |4 )(+] + €/ |=)(~], (28)
and simplify this to the closed form
Uz(a) = cos % 1 —isin % Og. (29)

Write U, («) as a 2 X 2 matrix in the computational basis.

(ii) Show directly, using that o, is diagonal, that

—ifB/2
U.(B) = <6 0 eig/2> = cos g 1 —4sin g 0. (30)

Solution:
(i) The spectral theorem says that if an operator A has an orthonormal eigenbasis {|vg)} with
eigenvalues )\, then we can define operator functions of A as

FIA) =D FO) o)k (31)
p

The Pauli matrices are Hermitian, and thus normal, meaning that they have an orthonormal
eigenbasis. Here o, |+£) = & |£), so the eigenvalues are =1 and the spectral theorem gives

Ual(@) = exp(—=ig 0z ) = e/ |4 )(+] + /2| =) —|. (2)

To simplify, compute the projectors explicitly in the computational basis. Using

m==(1). F=2(2). (33)
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we get

51 =50 T (34)
(e () e ()
g1

7zoz/2 + eza/Q efia/Q _ eia/Q
—ia/2 _ 'La/2 e—ia/2+€ia/2>

M\'—‘

Therefore

cos(a/2)  —i s1n(a/2)>
—isin(a/2)  cos(a/2) )

Finally, since

« L.«
cosill—zsm—am:

: ( cos(a/2) —isin(a/?)) 7 (36)

—isin(a/2)  cos(a/2)

we have shown the required form.

Uz () = cos % 1 —isin % Og. (37)

(ii) Since o, = diag(1,—1),

U.(8) = exp(—ig <(1) _01>> - (6?2 eig/2> . (38)

Also,

cos(B/2) — isin(8/2) 0 > _ (w’ﬁ 20 ) (39)

cos§1—181n502 - < 0 cos(f/2) + isin(5/2) 0 /2

c) Rotation about an arbitrary axis. Let i = (ng,n,,n.) € R3 be a unit vector and define
O =N -0 =Ng0y + Nyoy + N0, (40)

Show that o is Hermitian and that 0?1 = 1. Using the power-series definition of the exponential,
show that

Un,a) = exp(—i%aﬁ) = cos % 1 —isin % Oi. (41)

Show that U (7, a) is unitary. Hint?.

Solution: Since n,,ny,n, € R and each Pauli matrix is Hermitian, we have le = (ngoy +
Nyoy + TLZO'Z)T = Nyp0y + Nyoy + N0, = Op.
To compute 0’%, expand:

U?L = (ngoy + nyoy + nzaz E n + E nin;0;0;. (42)

7]
Since 02 = 1, the first sum gives (n2 + nz +n2)1 = 1 because 7 is a unit vector. For i # j the
Pauli matrices anticommute, so 0;0; = —ojo; and the cross terms cancel in pairs:
nin;o;oj + n;n;o;0; = nmj(aiaj + O'jO'Z') = 0. (43)

2 Use the properties of the Pauli matrices found in Problem 1. Expand (n,o, 4+ nyo, +n.0.)? and see that cross
terms cancel in pairs because o;0; + 0j0; = 0 for i # j. For the power series, split it into even and odd powers.
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Hence a% =1.

Now use the power series:
(o]

. 1 o m
—iaon /2 _ Il S R
e mz_:o " < z2an) . (44)
Because O’%L =1, we have o*%m =1 and cr?lmle = 0y, SO
- 1 o 2m o 1 N 2m+1
it 3 () S e ()
e i i oh
o L.«
=cos— 1 —isin — os.
2 2
Finally, using aji = 04, the adjoint of the closed form is
U (7, a) :cos%]lJrisin%oﬁ. (46)
Multiply and use O'?L =1:
Ut (R, a)U (2, ) = (cos2 % + sin? %) 1=1, (47)
so U(n,a) is unitary.
d) z rotations shift ¢. Let
, 6 » 6
U.(8) = e P7:/2 and  |4(6,¢)) = cos 2100+ €' sin 511 (48)
(i) Show that
U=(8) [9(0,9)) ~ [¢(0, 6+ B)), (49)

where ~ means equality up to a global phase.

(ii) Use this and 7(6, ¢) = (sin 0 cos ¢, sin @ sin ¢, cos #) to show that U, () rotates the Bloch
vector about the z axis by angle 5:

Ty Ty cosf —sinfg 0
ry | = R(B) [y |, R.(B)=|sinf cosB 0]. (50)
Tz Tz 0 0 1

Solution:
(i) From the previous subproblem,

U.(8) = <e;ﬁ/2 Joe) 51)

Then ; )
U.(B) [ (0, ¢)) = e /2 cos 3 0) + e"#/26 sin 2 1). (52)

Factor out the global phase e~%/2:

U.(8) 100, 6)) ~ cos 3 0) + €@ sin ¥ [1) = [y, + ). (53)
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(ii) Let 7" be the Bloch vector of the state U,(8) [1(0, ¢)). Since 6 is unchanged and ¢ — ¢+ S,
we get
7!, = sin@ cos(¢ + B) = ry cos B — rysin 3,

r; =sinfsin(¢ + 3) = rysin 5 + ry cos 5, (54)
r, =cosf =r,.
Equivalently,
r o cosf3 —sinf 0
ry | =RA8) [y | R.(B)= | sinf cosp 0]. (55)
r, T, 0 0 1

e) Larmor precession. Consider a Spin—% particle in a uniform magnetic field B = B2 with
Hamiltonian

by = hw
Hz—%B-Ez—?az, w = ~B. (56)

Let |1)(t)) = U(t) |1(0)) with U(t) = e~*t/" and define 7(t) from [t)(t)).
(i) Show that
U(t)=e MM = e19:2 = U (—wt). (57)
(ii) Use the previous subproblem to show that if [¢/(0)) = |¢(0o, ¢0)), then
() ~ (6o, po — wt)). (58)
Write down (r4(t), ry(t),r>(t)) in terms of (r,(0),ry(0),7.(0)).
(iii) Show that 7(t) satisfies the Bloch equation

Ft) = —w 2 x 7(t). (59)

Solution:
(i) Insert H = —(hw/2)0,:

U(t) = e H/h — oxp (—22 <—h;"a)> — oxp <zu;ta> - exp<—i(_;”t) az> — U (—wt).

(60)
(ii) From the earlier result, U, (/) shifts ¢ — ¢ + 8 up to a global phase. Here = —wt, so
[9(t)) = Uz(—wt) ¥ (0o, o)) ~ |¥(00, po — wi)). (61)

On the Bloch sphere this is a rotation about the z axis by angle —wt, so
r2(t) = 14(0) cos(wt) + r(0) sin(wt),
ry(t) = —rz(0) sin(wt) + 7,(0) cos(wt), (62)
r,(t) = r,(0).

(iii) Differentiate the expressions in (ii):

T2 (t) = wry(t), Ty (t) = —wry(t), 7,(t) = 0. (63)
Thus

since for 2 = (0,0,1) we have 2 X "= (—ry,r4,0).
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Problem 3: Classical computing, universality, reversibility, and
dual-rail encoding @. Gula)

In this problem we review a few key ideas from classical circuit complexity and reversible

computation, and connect them to the constraints of quantum gates (unitaries). In the last

parts we also consider a simple redundancy encoding, dual-rail, to practice the viewpoint that
logical information can live in a constrained subset, a code space, of a larger physical system.

We use standard Boolean notation throughout:

e Bits are elements of {0, 1}, where 0 means false and 1 means true.

Negation is written T and corresponds to the gate NOT(x).

Conjunction is written x A y and corresponds to AND(z,y).

Disjunction is written = V y and corresponds to OR(z,y).

Exclusive OR (XOR) is written z @ y and means addition modulo 2.

A gate set is called universal if it can be used to implement any Boolean function as a finite
circuit (with wires, and with COPY or constants when allowed).

a) NAND with COPY. The NAND gate is
NAND(z,y) =z Ay. (65)

Assume you have access to fan-out, i.e. a COPY operation, that can be applied to any bit on a
wire. Show that the gate set {NAND, COPY} can generate NOT, AND, and OR without using
external constant inputs. Why does this imply that {NAND, COPY} is universal for classical
computation even though it only contains a single nontrivial gate, NAND? Hint?.

Solution: Using COPY, we can feed the same bit into both inputs of a NAND gate.

NOT:
NAND(z,z) =z ANz =7 = NOT(z). (66)

AND: Since NAND(z,y) =z Ay,

AND(z,y) =z Ay =2 ANy = NOT(NAND(z,y)) = NAND(NAND(z,y), NAND(z,y)). (67)

OR: By De Morgan,

OR(z,y) =z Vy=7 ANy =NAND(Z,y) = NAND(NAND(z,z), NAND(y,y)). (68)

Thus {NAND, COPY} generates {NOT,AND,OR}. Since {NOT,AND, OR} is functionally
complete, any Boolean function can be built from these gates, so the set is universal.

b) NAND without COPY. Now assume you do not have access to a COPY gate as a primitive
operation. Do not use the shortcut NOT(z) = NAND(z, ). Instead, you are allowed access to
constant inputs 0 and 1 as many times as you need. Show that NAND together with constants
can generate NOT, AND, and OR without using COPY. Which step is the one that uses the
constant 1, and why does this again imply universality?

3 Use De Morgan’s laws: TAy=TVgyand zVy =T AT.
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Solution: Since we are not allowed to use the shortcut NAND(z, z), we implement negation
using the constant input 1.

NOT: Using z A1 =z,
NAND(z,1) =2 A1 =7 = NOT(z). (69)

AND:

AND(z,y) =2z ANy =z ANy = NOT(NAND(z,y)) = NAND(NAND(z,y), 1). (70)

OR: By De Morgan,

OR(z,y) =V y =T Ay = NAND(Z,7) = NAND(NAND(z, 1), NAND(y, 1)).  (71)

Thus, any circuit over {NOT, AND, OR} can be rewritten gate-by-gate using only NAND and
the constants 0,1. Therefore, NAND together with constants is universal. The key use of
constant 1 is to implement NOT; the later uses of 1 are just repeated applications of that NOT
construction.

c) Reversibility.
(i) Explain briefly why quantum gates are always reversible.

(ii) Show that the classical NAND gate is irreversible, and explain why this prevents a direct
implementation of NAND as a quantum gate.

Solution:

(i) Quantum gates are represented by unitary matrices U. A unitary is invertible with inverse
U~! = UT, so the map [¢)) — U |3) is reversible. In other words, there always exists an inverse
operation (the adjoint) that can reverse the action of the gate. Given an output state |¢') = U|v),
the original input state can uniquely be recovered by applying the inverse: |¢) = UT|¢').

(ii) NAND maps two input bits to one output bit:

(a,b) —aNnbd (72)
The truth table is
a b ‘ NAND(a, b)
0 0 1
0 1 1
1 0 1
1 1 0

The gate maps 4 distinct input configurations to only 2 distinct output values, hence it is
many-to-one (not injective). Specifically, three different inputs map to the output 1. It is
therefore impossible to uniquely determine the input given only the output. Therefore, the
NAND gate is irreversible and cannot be implemented as a unitary operator on the same number
of basis states, because unitaries are bijections.

d) Toffoli simulates NAND. The Toffoli gate acts on three bits:
Toffoli(a, b, ¢) = (a,b,c ® (a A D)). (73)
(i) Show that Toffoli is reversible by verifying Toffoli = 1.
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(ii) Show that NAND can be simulated using Toffoli by fixing ¢ = 1. What is the third
output bit?

(iii) What does this imply about the relationship between classical and quantum computation?

Solution:
(1) Apply Toffoli twice:

(a,b,¢) — (a,b,c® (aAb)) — (a,b,(c® (aAD)) ® (aAD)). (74)
Using the property that x & z = 0 for any bit z, the third bit becomes:
(c®(and)®(anb)=cd((aNbd) P (aAb)=cB0=c

Thus, Toffoli?(a,b,c) = (a,b,c). Since applying the gate twice returns the original state, the
gate is its own inverse (U = U~!), which proves it is reversible.

(ii) If ¢ = 1, the third output bit is

1® (anb)=aANb=NAND(a,b), (75)

since XOR with 1 flips a bit. So the full output is (a,b, NAND(a,b)). The first two outputs are
the unchanged inputs; they are retained to preserve reversibility. If you only care about the
NAND value, these extra outputs are sometimes treated as unwanted (“garbage”) bits, because
they are necessary to preserve reversibility but are not part of the desired logic function output.

(iii) The NAND gate is universal for classical computation and we can simulate NAND using
ancilla bits and Toffoli. The Toffoli gate is represented by a permutation, which acts on basis
states as a unitary matrix. This shows that quantum computers can run reversible embeddings
of classical circuits. (Note however that Toffoli alone is not a universal quantum gate set because
it does not generate arbitrary superpositions/phases.)

e) Dual-rail encoding. Consider the dual-rail encoding of one logical bit into two physical
bits, where valid strings have exactly one 1:

~ 0 ~ 1
(). () o
(i) List the two invalid physical strings.

(ii) Show that a physical SWAP of the two wires implements a logical NOT on valid
codewords.

(iii) Show that any single physical bit-flip error maps a valid codeword to an invalid string.
Explain briefly why this means the encoding can detect (although not correct) a single
bit flip.

Solution:
(i) Valid codewords are (0,1) and (1,0). The remaining strings are invalid:

(0,0), (1,1). (77)

(ii) SWAP exchanges the two physical bits:

(0,1) < (1,0). (78)
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Thus SWAP acts as logical NOT on codewords.
(iii) Flipping exactly one physical bit sends
(0,1) = (0,0) or (1,1), (1,0) = (0,0) or (1,1). (79)

So any single bit flip takes a valid codeword to an invalid string, which can be detected by
checking validity.

f) Logic gates on dual-rail. Assume you can apply the physical gates {AND, OR, COPY}
to the physical bits, and you can also apply physic/a\lSWAP, which acts as logical NOT on
codewords. Show that you can implement a logical AND on encoded bits:

(Z.9) = T Ay (80)

Conclude that NOT and AND form a universal logical gate set on the encoded bits. What
does universality mean here in practice: how would you build a circuit for an arbitrary Boolean
function of the logical bits using only operations on the physical bits? Hint*.

Solution: Let = (x¢,x1) and ¥ = (yo,y1) be dual-rail codewords, where xg is the bit on rail
0 and z; is the bit on rail 1 (and similarly for y). On valid codewords we have z; = Zp and
Y1 = Yo-

We want to construct z = m The truth table for logical AND is:

e 0ANDO=0 = (0,1) AND (0,1) ~ (0,1)
e 0ANDT=0 = (0,1) AND (1,0) — (0,1)
e TANDO=0 = (1,0)AND (0,1) — (0,1)
e TANDI=1 = (1,0) AND (1,0) ~ (1,0)

We see that the first physical bit zg should be 1 only if 29 = 1 and yg = 1. Thus, zg = AND(xq, yo)-
The second physical bit z; should be 1 if 1 =1 or y; = 1. Thus, 23 = OR(z1,y1).

Define a circuit with output rails:
zo = AND(z0, yo), z1 = OR(z1,y1). (81)

Then for valid inputs,
z1=x1Vy1=To Vo =2ToAYo=Z0, (82)

where we used De Morgan’s law w Av =u V ¥ in reverse. Thus (zg, z1) is a valid dual-rail bit,

and it is exactly the dual-rail encoding of m Thus we can perform logical AND on the
encoded bits.

Since SWAP implements logical NOT , and {NOT, AND} is universal for classical computation,
we have universality on encoded bits. Concretely, any classical circuit on logical bits can be
compiled into an encoded circuit by replacing each logical gate by its encoded implementation
acting on the physical rails.

* Write T = (zo,71), ¥ = (yo,%1). Try z0 = o A yo and use De Morgan to express Zo in terms of x1,y:. Find
physical gates that output zo = 2o A yo and 21 = Zo.
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