University of Oslo
FYS3415/FYS4415 — Quantum computing and quantum information

Problem set 9

This problem set will be discussed on Apr. 15.

Problem 1: Trace Distance

For two quantum states p and o, the trace distance is defined by

1
D(p,o) = §Tr lp—ol.

a) Warm-up computation.

Consider the two single-qubit states

(00, o= (1)

Calculate the trace distance D(p, o).

Solution: The difference matrix is

N ]

Its characteristic equation is A% — 1% = 0, so the eigenvalues are AL = i%. Therefore

1 1
D(ﬂaU):QTr\P—U’:2<4 4 -4

b) Maximum projector.

In lecture you proved that for any two states p, o,

D(p,0) = max Tr(E(p - o)),

where the maximum is over all POVM elements E. Let |e;) be the eigenvector of p — o
corresponding to the positive eigenvalue, and let Py = |e4)(e4].

Verify that
Te(P: (p — o)) = D(p, o).

Solution: Let A = p — 0. Its spectral decomposition is

V5
A=plenes +A le el A=Y

Writing also P_ = |e_){e_|, we get

I3

Tr(PyA) = Tr(Py(AL Py + A_P_)) = A Te(Py) + A Tr(PrPo) = Ay = = D(p,0).
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Thus P4 attains the maximum in the formula above.

Problem 2: Fidelity and Uhlmann’s theorem
The fidelity of density operators p and o is

F(p,0) =Try\/\/po/p.

It is not a metric, but it measures similarity: F(p,0) = 1 iff p = o, and F(p,0) = 0 iff the
supports of p and o are orthogonal.

In this problem you prove basic properties of fidelity and derive Uhlmann’s theorem.

a) Special cases.

i) Let py = |¢)(1| be a pure state. Show that for any density operator p,
F(py, p) =/ (¥lp ).

ii) Let
pzzriliﬂi\a UZZSHZ’W

be commuting density operators. Show that

iii) Compute the fidelity between

:<3(/)4 1(/]4>’ 7 %I‘

Solution: i) Since pfp = py, we have

VP PNPE = pyppy = (Ylp ) py

F(py,p) =Tr\/(blp|Y) py = /@l [).

ii) Since p and o are diagonal in the same basis,

VPo Ve =Y rsili)i

Therefore

SO

Fip.o) (zm| ) > v

iii) By (ii),

0):m+m:\/§+\@:\/jj;-
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b) Key lemma.

Show that for any operator A,
max | Tr(UA)| = Tr | 4],

where |A| = VATA and the maximum is over all unitaries U. Hint'.

Solution: Write
A =V]A|

using the polar decomposition, where |A| = VATA > 0, and V is unitary after extending the
partial isometry on the support of |A| arbitrarily to its orthogonal complement.

Now diagonalize |A|:

A=) siliyil,  si>0.
i
Then for any unitary U,

| Tr(UA)| = [Te(UV|A])]

> _GluviAll)

7

> sililUV i)

(2

Here we used that UV is unitary, so each diagonal entry satisfies

|(G|UV |i)] < 1.
To achieve equality, choose
U=vth
Then
| Tr(UA)| = Tr|A|.
Therefore

max | Tr(UA)| = Tr|A|.

¢) Uhlmann’s theorem.

Let p and ¢ be density operators on a system (). Uhlmann’s theorem states that

F(p,0) = max (W],

where the maximum is over all purifications |¢)) of p and |¢) of o onto Q ® R, with R = Q.

! Use the polar decomposition A = V|A| for unitary V, and diagonalize |A]|.
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Prove this in the following steps.

i) Fix an orthonormal basis {|i)} of @, use the corresponding basis on R, and define

Dor =D lolm  Wodgr=WARIR)IV,  lo)gr = (V7 © I)]2).

Show that |1g) and |¢g) are purifications of p and o. Conclude that every purification
of p onto @ ® R has the form (Ig ® URr) |to) for some unitary Ur on R, and similarly
for o.

ii) Using
(Q(A® B)|Q) = Tr(A"B),

where T denotes transpose in the chosen basis, show that

{¥ol(Ig © Wg)|do) = Tr (W'/pV/0)

for any operator Wr on R.

iii) Deduce Uhlmann’s theorem from (i), (ii), and part (b). Also conclude that F(p,0) =
F(o,p).

Solution: i) Since Trr(|)(Q]) = Ig,

Trr |¢o) (Yol = Vo Trr(I2(2)) Vo = p,

and similarly Trg |¢o)(do| = 0. Thus [¢g) and |¢g) are purifications.

Now use the known fact that any two purifications of the same state are related by a unitary on
the purifying system. Hence every purification of p has the form

¥) = (Ig © Ur) [¢0)

for some unitary Ur on R, and similarly every purification of o has the form

|9) = (Ig ® VR) |¢o)-

This follows from the Schmidt decomposition because any purification of p has the same Schmidt
coefficients as [1p) on the @ side, so the only freedom is a unitary change of basis on R.

ii) Using the definitions,

(ol(Z @ W) [d0) = (Q(vp® DI & W) (Vo © 1) |9)
= (Q(/pVT © W)|Q)
= T (V) W) = Te (W7 3a) .
iii) Let
W) =T @U) ), 19) = T @V)|do).

Then
(¥]¢) = (thol(I @ UTV) | o).

As W = UTV ranges over all unitaries on R, part (ii) gives

— max Ir T o .
|{/}rm§)l<¢!¢>l— ax | Tr (W7 /pV/o)|
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Since W7 is unitary whenever W is, the lemma from part (b) implies

max [(P]o)| = Tr |\/pVal.

Now let

A= \/,B\E
Then

Al = VATA = \/(/pva) (Vava) = \/Vapva,
since (\/py/0)! = \/o\/p and /p\/p = p. Therefore

max (10} = Te|y/pvo| =Try/vop Vo =F(o,p)
The left-hand side is symmetric in p and o, since |[(¢|¢)| = [(p|1)|. Exchanging p and o therefore
gives

max [(¥l)| = F(p,0)

as well. Hence F(p,0) = F(o,p).

Problem 3: Monotonicity and Contractivity under Quantum Chan-
nels

A key property of physically meaningful distinguishability measures is that noise should never
make quantum states more distinguishable. In this problem, you will prove that quantum
channels decrease trace distance (contractivity) and do not decrease fidelity (monotonicity), and
then verify both properties numerically.

a) Contractivity of trace distance.

Let E(p) = >4 Mk,oM be a trace-preserving quantum operation (), M WM, = I). Use the
POVM element characterization from Problem 1(b) to prove that

D(£(p), £()) < D(p,0).

Hint?2.

Solution: By Problem 1(b),

D(E(p),E(0)) = Jax, TW(E(E(p) — £(9))).

2 Start from the characterization in Problem 1(b). For a POVM element E on the output space, define
E=Y" M|EM,.

Show that E is again a POVM element, i.e. 0 < E < I. For positivity, test E on an arbitrary vector [t)).
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So fix any POVM element F with 0 < F < I. Then

TH(E(E(p) — £(0))) = Tr (EZ M, (p — U)MZ>

k

=" T EM;(p — o) M])
k

=" T MIEM(p — o))
k

=T(E@—UD,

where B
E=Y" MEM,
k

We now show that E is also a POVM element.
First, E > 0. To see this, let |t)) be any vector. Then
(WIMIEM [) = (M| E M),
Since E > 0, the right-hand side is always non-negative. Therefore
(WIMEM, ) >0 for all 1),

so each operator M, ,:[E]W/yC is positive. A sum of positive operators is positive, hence

E=Y" MEM,;>0.
k

Next, we show that E <. Since E < I, we have I — E > 0. Using the same idea as above, for
any vector [¢),

(WIMI(I - )M |$) = (Myy|(I — E) [My) > 0.
So M;I(I — E)Mj, > 0, which is equivalent to

M]EM,;, < M M.

Summing over k gives
E=Y M{EM, <Y MM =1
k k

Thus 0 < E <1, so E is indeed a valid POVM element.
Therefore, by Problem 1(b),
Te(E(p - ) < D(p,).

This holds for every POVM element E, so taking the maximum over all 0 < E < [ gives

D(£(p).£(0)) < D(p,). ¢

b) Monotonicity of fidelity.
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Prove that for any trace-preserving quantum operation &,
F(E(p), E(0)) = F(p,0)
by using Uhlmann’s theorem (Problem 2(c)) together with
E(r) = Trg(U(r ®0)(0|5)UT)

for some unitary U on Q ® E. Hint?.

Solution: By Uhlmann’s theorem, we can choose purifications |v) or of p and \(b)Q p of o such
that

F(p,0) = [(¢]9)|.
Now add the extra system E in the state |0) ,, and define

) ger = Uar @ Ir) ([W)gr @ 10)g),  [¢)gur = Uor ® Ir)(10)gr © 10)k)-

These are pure states on Q ® E ® R. We claim that they are purifications of £(p) and &(0).
For |[¢'), we have

Trwr(|@)(¥']) = Tre (Var (Trr(4)lor) © 10)(0]5) Ubs)
= Tep; (Uqi (p ©10)(0] £) Uz
= E&(p)-
So [¢') purifies £(p). In the same way, |¢) purifies £(c).

The key point is that the overlap is unchanged, because Ugg ® IR is unitary:
(¢ = [(wle)]

Now apply Uhlmann’s theorem to the output states. Since fidelity is the maximum overlap over
all purifications,

F(E(p), E(0)) = |(W'|¢")] = [(|9)| = F(p, o).

Therefore

F(&(p), (o)) = F(p,0). ¥

¢) Numerical verification.

Consider the complete dephasing channel in the computational basis (equivalently, the phase-flip
channel with probability p = %)

E(p) = 5(p+ZpZ).

Apply this channel to the two states from Problem 1(a):
_(3/4 0 B (172 1/2
P= ( 0 1/4)’ o= = <1/2 1/2)'

3 Take purifications V) or of pand |$),k of 0. Add an extra system E in the state |0) ,, apply Uge ® Ir, and
compare the overlap before and after.
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Compute D(E(p),E(0)) and F(E(p

),E(0)), and verify explicitly that
D(E(p).E(0) < D(p,a),  F(E(p),E(0)) = Flp, o).

Solution: Since p is diagonal, ZpZ = p, so

E(p)=p= (3(/)4 1%) :

For o = |+><+|, we have Z ’+> = |*>7 SO
ZoZ = |=)(—|.

Therefore

E(o) = (\+><+|+|—><—I) 212<1(/)2 192)'

e -c= (%" )= (0" age) = (0" i)

Its eigenvalues are £1/4, so

\V] \

Hence

D(£(p), (o)) = i —0.25.

For the fidelity, the two output states are diagonal in the same basis, so

F(E(p \/7 F f“ ~ 0.966.

For comparison, let us also compute the original trace distance. We have
(14 —1)2
p=o= (—1/2 —1/4> :

whose eigenvalues are ++/5/4. Therefore

For the original fidelity, since o = |+)(+]| is pure,
1
F(p.) = o[ = |2 = == ~ 0707,

So the inequalities are verified explicitly:

DE().E(0)) = - < Y2~ Dip.o)
and /3
F(EQ)LE@) =21 b pip 0.

2v2 T V2

The channel removes the off-diagonal coherence in o, so the two output states are less distin-
guishable: the trace distance goes down, and the fidelity goes up. v
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Problem 4: Relating Trace Distance and Fidelity

The trace distance and fidelity are two different ways to quantify how distinguishable two
quantum states are. The standard relation between them is given by the Fuchs—van de Graaf
inequalities:

1_F(p70) < D(p70) < 1_F(p70)2'

In this problem you will prove the upper bound
D(p,o) < 1-F(p,0)?,
and show that it is tight for pure states. The lower bound
1—F(p,0) < D(p,0)
is stated here without proof.

a) Pure states.

For pure states |a) and |b), show that

D(Ja), b)) = V1 = F(la), [b))*.

Solution: Both D and F' are invariant under applying the same unitary to both states, so we
may choose an orthonormal basis for the span of |a) and |b) such that

@) =10),  [b) =cosf [0) +e¥sing 1), 0<0< .

Then
F(la), b)) = [{alb)| = cos 0.

The density matrices are p, = |0)(0| and

€' cos 0 sin sin2 6

=001 = (

cos? 6 e~ cos A sin 9)

Their difference is )
o sin2 0 —e % cosfsin
Pa=Pb = \ _¢i¢ cos 0 sin 6 —sin?0 '

This matrix is Hermitian and traceless, so its eigenvalues are £\. Since
det(p, — pp) = —\2 = —sin® 0 — cos® fsin® § = —sin’ 6,

we get A = sin 6.

Therefore,

D(ja), 1)) = 3 Tr[pa — ool = S (1A +] = Al) = sinb = VI—cos?6 = \/T— F(la), )2 v

b) Upper bound: D(p,0) < /1 — F(p,0)?.

i) Let X be a Hermitian operator on Q ® R. Show that

Tr|Trp(X)| < Tr|X]|.
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ii) Use part (i), together with Uhlmann’s theorem and part (a), to prove that
D(p,0) < /1= Fp,0)?

for arbitrary density operators p and o.

Solution: i) Write spectral decompositions
XZZ%MZ’WL TrR(X)ZZyj ) (wsl,
i J
with z;,y; € R. Then
yj = (uj] Trr(X) |uj) = sz (| Trr(]d) (i) [ug)-

Define
aij == (uz] Trr(li)(i]) lus).

Each operator Trr(|7)(i|) is positive and has trace 1, so

ai; >0, Y a; = To(Trg(|i)(i])) = L.
J

lyjl < Z‘$i|aij~
%

Hence

Summing over j gives

Tr|Trr(X)| :Z\yﬂ < Z|%‘|Zaz’j =Z|ZL‘¢| =Tr|X|.
j i ; :

ii) By Uhlmann’s theorem (Problem 2c), there exist purifications [¢) of p and |¢) of o on some
larger space @ ® R such that

[(blo) = F(p,0).
Let
A= )W) — o)l
Then A is Hermitian and
p—o="Trg(A).

Applying part (i) with X = A,

Tr|p—o| = Tr|TrR(A)’ < Tr Al

Therefore

D(p,0) = 3 Tr|p — o < 5 Tr|A] = D([¥), [9))-
By part (a),

D([), 16) = V1= [{@[9)]> = V1 -~ Flp,0)?.
Hence

D(p,0) <+/1—F(p,0)2. v
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