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FYS 4110 Non-relativistic quantum mechanics
Fall semester 2004

Problem set 1

1.1 Operator identities
AssumeÂ andB̂ to be two operators, generally not commuting.
a) Show the following relation

eλÂB̂e−λÂ = B̂ + λ
[
Â, B̂

]
+
λ2

2

[
Â,

[
Â, B̂

]]
... (1)

by expanding in powers ofλ.
b) Show in a similar way the relation (Campbell-Baker-Hausdorff)

eλÂeλB̂ = eλÂ+λB̂+λ2

2 [Â,B̂]+ ... (2)

by calculating the exponent on the right-hand side to second order inλ.
c) When

[
Â, B̂

]
commutes with botĥA andB̂ the expression (2) is exact without

the higher order terms indicated by ... in (2). Verify this for the third order term
in the expansion.

1.2 Displacement operators in phase space
The following operator

D̂(z) = e(zâ†−z∗â) (3)

acts as a displacement operator in phase space, in the sense

D̂(z)x̂D̂(z)† = x̂− xc , D̂(z)p̂D̂(z)† = p̂− pc (4)

with

a =
1√

2mh̄ω
(mω x̂+ ip̂) , z =

1√
2mh̄ω

(mω xc + ipc) (5)

Show that displacements in two different directions in general will not commute
but rather satisfy a relation of the form

D̂(za)D̂(zb) = eiα(za,zb)D̂(zb)D̂(za) (6)
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with α(za, zb) as a complex phase. Determine the phase as a function ofza and
zb. What is the condition for the two operators to commute?

1.3 Ehrenfest’s theorem
A (quantum) particle with massm moves in a potentialV (x). Show that the ex-
pectation values〈x〉 and 〈p〉 satisfy similar equations of motion as those of a
classical particle in the potentialV (x). Is there any difference? Discuss under
what conditions the classical and quantum expectation value equations are essen-
tially identical.

1.4 Gaussian integral
The following formula gives the integral of a gaussian function

I ≡
∫ ∞

−∞
dxε−λx2

=

√
π

λ
(7)

Verify this by writing theI2 as a two-dimensional integral

I2 =
∫ ∞

−∞

∫ ∞

−∞
dx dy e−λ(x2+y2) (8)

and by changing to to polar coordinates in the evaluation.

1.5 Gaussian wave function
The quantum state of a free particle with massm in one dimension is described

by the following momentum wave function of Gaussian form,

ψ(p) =
4

√
λ

π
e−

λ
2
(p−p0)2 (9)

whereλ is a parameter that determines the width of the Gaussian. What is the
corresponding time dependent wave functionψ(x, t) in the coordinate representa-
tion? Show that this function is also a Gaussian, of the form

ψ(p) = N ′e−
λ′
2

(x−x0)2 (10)

with λ′ andx0 as a time-dependent parameters andN ′ as a (x-independent) nor-
malization factor. Determineλ′ andx0 and examine how the maximum of the
wave packet moves with time and how the width changes. Compare with the clas-
sical motion of the particle.


