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FYS 4110 Non-relativistic quantum mechanics
Fall semester 2004

Problem set 2

2.1 Spin dynamics
An electron with spin vector and magnetic moment

Ŝ = (h̄/2)σ , µ =
e

mec
Ŝ (1)

is situated in a constant magnetic fieldB = B0k. The spin motion is assumed to
be independent of the orbital motion of the electron.

a) The spin state is described by a time dependent density matrix

ρ(t) =
1

2
(1 + r(t) · σ) (2)

with r = r0 as initial condition. Find the time evolution ofr .

b) An oscillating field is turned on so that the total magnetic field is

B = B0 k +B1(cosωt i + sinωtj). (3)

Find also in this case the time evolution ofr. You may make use of the results in
Sect. 1.3.2 of the lecture notes.

c) Study the motion found in b) in the case of resonance,ω = ω0 ≡ − eB0

mec
.

2.2 The coherent state representation
The energy eigenstates of a harmonic oscillator are denoted by|n〉 and the coher-
ent states by|z〉.
a) Show that|ψn(z)|2 only depends on the absolute valuer ≡ |z|, and find the
positionrn of its peak. Plot the wave functions as functions of r forn = 0 to
n = 5.

b) Plot the following wave functions (squared)|ψ(z)|2 in the z-plane:
– The energy wave function|ψn(z)|2 for n = 5
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– A coherent state|ψz0(z)|2 = |〈z|z0〉|2, positioned atz0 = 5.
– A position eigenstate|ψx(z)|2 = |〈z|x〉|2, with x-coordinate

√
mω
2h̄
x = −5.

Plot the functions by indicating in the two-dimensionalz-plane the peak position
and (estimated) half width of the functions.

2.4 Particle on a circle
A particle with massm moves freely on a circle of radiusR.

a) Use the polar angleφ as coordinate and find the angular momentum and energy
eigenstatesψl(φ) = 〈φ|l〉. What is the energy as function ofl? Find an expres-
sion for the propagatorG(φ1, t1;φ0, t0) = 〈φ1, t1|φ0, t0〉 by a direct calculation of
the relevant matrix element of the time evolution operator. Show that it can be
expressed in terms of the Jacobi theta functionθ3(z, t). (Se definition and listing
of some of its properties below.)

b) Show that there is an infinity of classical paths that connect two points(φ0, t0)
and(φ1, t1) and explain in what sense these are different. Use the semi-classical
approach to the path integral to calculate the propagatorG(φ1, t1;φ0, t0) and show
that the result also now can be expressed in terms of the Jacobiθ-function. Is
the result consistent with the result of a)? Compare the expressions by using
properties satisfied by theθ-function.

Definition and properties of the Jacobiθ-function
Definition:

θ3(z, w) =
∞∑

n=−∞
exp(iπwn2 + 2inz) (4)

It satisfies the (quasi-) periodicity relations

θ3(z + π,w) = θ3(z, w)

θ3(z + πw,w) = e−iπw−2izθ3(z, w) (5)

and also has the following property

θ3(z, w) = (−iw)−
1
2 ez2/iπwθ3(

z

w
,− 1

w
) (6)


