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FYS 4110 Non-relativistic quantum mechanics
Fall semester 2004

Problem set 3

3.1 Spin coherent states
We consider two different sets of basis vectors for a spin-half system. The first one is the standard
set of eigenvectors for the Pauli matrixσz,

σz|m〉 = m|m〉 , m = ±1 (1)

The second set is the set of spin up states for all rotated Pauli matrices, which have been intro-
duced in Sect. 1.3.1 of the lecture notes,

σn|n〉 ≡ n · σ|n〉 = |n〉 , n = sin θ cosφi + sin θ sinφj + cos θk (2)

Clearly this is a much larger set, since it depends on two continuous variablesθ andφ.
The set of states|n〉 have several properties similar to the coherent states of a harmonic

oscillator, and are therefore referred to asspin coherent states. In this problem the objective is to
study some of these properties. You may make use of the results of Sect. 1.3.2.

In order to bring the notation closer to that of the coherent states of the harmonic oscillator
we represent the unit vectorn by a complex numberz in the following way

z = eiφ cot
θ

2
(3)

and define|z〉 ≡ |n〉.
a) Show that the transition function between the two sets of states can be written in the form

〈z|m〉 =
z(m+1)/2

√
1 + z∗z

(4)

b) Determine the overlap function

|ψz0(z)|2 ≡ |〈z|z0〉|2 (5)

c) Show that the spin coherent states satisfy a completeness relation of the form

∫ d2z

2π

4

(1 + z∗z)2
|z〉〈z| = 1 (6)

whered2z denotes the standard area element in the two-dimensional plane.
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3.2 Density matrix and spin orientation
a) Write up the general expression for the2 × 2 density matrixρ of a spin half system. It

should satisfy the density matrix conditions in Sect. 2.1.1. Show that it can be interpreted as
representating a statistical ensemble ofspin upstates andspin downstates in some directionn.
Find the probabilitiesp+ for spin upandp− for spin upas well as the unit vectorn expressed in
terms of the matrix elements ofρ. Is the vectorn uniquely determined? Discuss the special case
where the vector is completely undetermined.

b) Assume the spin-half system is in apure state. Find the density matrix expressed in terms
of the expectation values〈σx〉, 〈σy〉 and 〈σz〉. If 〈σx〉 and 〈σy〉 are known, do these give enough
information to specify the state?

c) Assume the spin-half system is in amixed state. Consider the same question as under b).

3.3 Convexity
Density matrices do not satisfy the superposition principle like the state vectors. They do how-
ever satisfy aconvexity criteriain the following form. If ρ̂1 andρ̂2 are two density matrices, also
the following linear combination is a density matrix,

ρ̂ = αρ̂1 + (1− α)ρ̂2 (7)

with α as a real number in the interval0 ≤ α ≤ 1. Show this. Can apurestate be written as such
a combination of two other density matrices?

3.4 Schmidt decomposition
A composite system consists of two two-level systems. The Hilbert space of the composite
system is spanned by the four vectors

|00〉 = |0〉 ⊗ |0〉 , |01〉 = |0〉 ⊗ |1〉 , |10〉 = |1〉 ⊗ |0〉 , |11〉 = |1〉 ⊗ |1〉 (8)

Find the Schmidt decomposition of the following three vectors

|a〉 =
1√
2
(|00〉+ |11〉

|b〉 =
1

2
(|00〉+ |01〉+ |10〉+ |11〉)

|c〉 =
1

2
(|00〉+ |01〉+ |10〉 − |11〉)

(9)


