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FYS 4110 Non-relativistic quantum mechanics, fall semester 2006

Oppgavesamling

1 Operator identities
Assume Â and B̂ to be two operators, generally not commuting.
a) Show the following relation

eλÂB̂e−λÂ = B̂ + λ
[
Â, B̂

]
+
λ2

2

[
Â,

[
Â, B̂

]]
... (1)

by expanding in powers of λ.
b) Show in a similar way the relation (Campbell-Baker-Hausdorff)

eλÂeλB̂ = eλÂ+λB̂+λ2

2 [Â,B̂]+ ... (2)

by calculating the exponent on the right-hand side to second order in λ.
c) When

[
Â, B̂

]
commutes with both Â and B̂ the expression (2) is exact without the

higher order terms indicated by ... in (2). Verify this for the third order term in the
expansion.

2 Ehrenfest’s theorem
A (quantum) particle with mass m moves in a potential V (x). Show that the expec-
tation values 〈x〉 and 〈p〉 satisfy similar equations of motion as those of a classical
particle in the potential V (x). Is there any difference? Discuss under what conditions
the classical and quantum expectation value equations are essentially identical.

3 Gaussian integral
The following formula gives the integral of a gaussian function

I ≡
∫ ∞

−∞
dxε−λx

2

=

√
π

λ
(3)

Verify this by writing the I2 as a two-dimensional integral

I2 =
∫ ∞

−∞

∫ ∞

−∞
dx dy e−λ(x2+y2) (4)

and by changing to to polar coordinates in the evaluation.

4 Gaussian wave function
The quantum state of a free particle with mass m in one dimension is described by the
following momentum wave function of Gaussian form,

ψ(p) =
4

√
λ

π
e−

λ
2
(p−p0)2 (5)
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where λ is a parameter that determines the width of the Gaussian. What is the cor-
responding time dependent wave function ψ(x, t) in the coordinate representation?
Show that this function is also a Gaussian, of the form

ψ(p) = N ′e−
λ′
2

(x−x0)2 (6)

with λ′ and x0 as a time-dependent parameters andN ′ as a (x-independent) normaliza-
tion factor. Determine λ′ and x0 and examine how the maximum of the wave packet
moves with time and how the width changes. Compare with the classical motion of
the particle.

5 Particle in a one-dimensional box
A particle with mass m moves freely within a one dimensional box of length L (0 <
x < L). The walls of the box are totally reflecting.

a) Find an expression for the propagator G(x1, t1;x0, t0) = 〈x1, t1|x0, t0〉 by calcu-
lating the relevant matrix element of the time evolution operator. Use as boundary
conditions for the wave functions: ψ(0) = ψ(L) = 0.

b) Show that there is an infinity of classical paths that connect two points (x0, t0) and
(x1, t1). Use the semi-classical approach to the path integral to calculate the propagator
G(x1, t1;x0, t0) and compare with the result above.

c) An alternative set of possible boundary conditions are: dψ
dx

(0) = dψ
dx

(L) = 0. Find
the propagator also in this case. Do you see a way to incorporate the change of bound-
ary conditions in the path integral?

6 Particle on a circle
A particle with mass m moves freely on a circle of radius R.

a) Use the polar angle φ as coordinate and find the angular momentum and energy
eigenstates ψl(φ) = 〈φ|l〉. What is the energy as function of l? Find an expression for
the propagator G(φ1, t1;φ0, t0) = 〈φ1, t1|φ0, t0〉 by a direct calculation of the relevant
matrix element of the time evolution operator. Show that it can be expressed in terms
of the Jacobi theta function θ3(z, t). (Se definition and listing of some of its properties
below.)

b) Show that there is an infinity of classical paths that connect two points (φ0, t0) and
(φ1, t1) and explain in what sense these are different. Use the semi-classical approach
to the path integral to calculate the propagator G(φ1, t1;φ0, t0) and show that the result
also now can be expressed in terms of the Jacobi θ-function. Is the result consistent
with the result of a)? Compare the expressions by using properties satisfied by the
θ-function.
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Definition and properties of the Jacobi θ-function
Definition:

θ3(z, w) =
∞∑

n=−∞
exp(iπwn2 + 2inz) (7)

It satisfies the (quasi-) periodicity relations

θ3(z + π,w) = θ3(z, w)

θ3(z + πw,w) = e−iπw−2izθ3(z, w) (8)

and also has the following property

θ3(z, w) = (−iw)−
1
2 ez

2/iπwθ3(
z

w
,− 1

w
) (9)

8 Displacement operators in phase space
The following operator

D̂(z) = e(zâ
†−z∗â) (10)

acts as a displacement operator in phase space, in the sense

D̂(z)x̂D̂(z)† = x̂− xc , D̂(z)p̂D̂(z)† = p̂− pc (11)

with

a =
1√

2mh̄ω
(mω x̂+ ip̂) , z =

1√
2mh̄ω

(mω xc + ipc) (12)

Show that displacements in two different directions in general will not commute but
rather satisfy a relation of the form

D̂(za)D̂(zb) = eiα(za,zb)D̂(zb)D̂(za) (13)

with α(za, zb) as a complex phase. Determine the phase as a function of za and zb.
What is the condition for the two operators to commute?

9 The coherent state representation
The energy eigenstates of a harmonic oscillator are denoted by |n〉 and the coherent
states by |z〉.
a) Show that |ψn(z)|2 only depends on the absolute value r ≡ |z|, and find the position
rn of its peak. Plot the wave functions as functions of r for n = 0 to n = 5.

b) Plot the following wave functions (squared) |ψ(z)|2 in the z-plane:
– The energy wave function |ψn(z)|2 for n = 5
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– A coherent state |ψz0(z)|2 = |〈z|z0〉|2, positioned at z0 = 5.
– A position eigenstate |ψx(z)|2 = |〈z|x〉|2, with x-coordinate

√
mω
2h̄
x = −5.

Plot the functions by indicating in the two-dimensional z-plane the peak position and
(estimated) half width of the functions.

10 Spin dynamics
An electron with spin vector and magnetic moment

Ŝ = (h̄/2)σ , µ =
e

mec
Ŝ (14)

is situated in a constant magnetic field B = B0k. The spin motion is assumed to be
independent of the orbital motion of the electron.

a) The spin state is described by a time dependent density matrix

ρ(t) =
1

2
(1 + r(t) · σ) (15)

with r = r0 as initial condition. Find the time evolution of r .

b) An oscillating field is turned on so that the total magnetic field is

B = B0 k +B1(cosωt i + sinωtj). (16)

Find also in this case the time evolution of r. You may make use of the results in Sect.
1.3.2 of the lecture notes.

c) Study the motion found in b) in the case of resonance, ω = ω0 ≡ − eB0

mec
.

11 Density matrix and spin orientation
a) Write up the general expression for the 2 × 2 density matrix ρ of a spin half

system. It should satisfy the density matrix conditions in Sect. 2.1.1. Show that it
can be interpreted as representating a statistical ensemble of spin up states and spin
down states in some direction n. Find the probabilities p+ for spin up and p− for spin
up as well as the unit vector n expressed in terms of the matrix elements of ρ. Is the
vector n uniquely determined? Discuss the special case where the vector is completely
undetermined.

b) Assume the spin-half system is in a pure state. Find the density matrix expressed
in terms of the expectation values 〈σx〉, 〈σy〉 and 〈σz〉. If 〈σx〉 and 〈σy〉 are known,
do these give enough information to specify the state?

c) Assume the spin-half system is in a mixed state. Consider the same question as
under b).
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12 Spin coherent states
We consider two different sets of basis vectors for a spin-half system. The first one is
the standard set of eigenvectors for the Pauli matrix σz,

σz|m〉 = m|m〉 , m = ±1 (17)

The second set is the set of spin up states for all rotated Pauli matrices, which have
been introduced in Sect. 1.3.1 of the lecture notes,

σn|n〉 ≡ n · σ|n〉 = |n〉 , n = sin θ cosφi + sin θ sinφj + cos θk (18)

Clearly this is a much larger set, since it depends on two continuous variables θ and φ.

The set of states |n〉 have several properties similar to the coherent states of a har-
monic oscillator, and are therefore referred to as spin coherent states. In this problem
the objective is to study some of these properties. You may make use of the results of
Sect. 1.3.2.

In order to bring the notation closer to that of the coherent states of the harmonic
oscillator we represent the unit vector n by a complex number z in the following way

z = eiφ cot
θ

2
(19)

and define |z〉 ≡ |n〉.
a) Show that the transition function between the two sets of states can be written in

the form

〈z|m〉 =
z(m+1)/2

√
1 + z∗z

(20)

b) Determine the overlap function

|ψz0(z)|2 ≡ |〈z|z0〉|2 (21)

c) Show that the spin coherent states satisfy a completeness relation of the form

∫ d2z

2π

4

(1 + z∗z)2
|z〉〈z| = 1 (22)

where d2z denotes the standard area element in the two-dimensional plane.

13 Convexity
Density matrices do not satisfy the superposition principle like the state vectors. They
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do however satisfy a convexity criteria in the following form. If ρ̂1 and ρ̂2 are two
density matrices, also the following linear combination is a density matrix,

ρ̂ = αρ̂1 + (1− α)ρ̂2 (23)

with α as a real number in the interval 0 ≤ α ≤ 1. Show this. Can a pure state be
written as such a combination of two other density matrices?

14 Schmidt decomposition
A composite system consists of two two-level systems. The Hilbert space of the com-
posite system is spanned by the four vectors

|00〉 = |0〉 ⊗ |0〉 , |01〉 = |0〉 ⊗ |1〉 , |10〉 = |1〉 ⊗ |0〉 , |11〉 = |1〉 ⊗ |1〉 (24)

Find the Schmidt decomposition of the following three vectors

|a〉 =
1√
2
(|00〉+ |11〉

|b〉 =
1

2
(|00〉+ |01〉+ |10〉+ |11〉)

|c〉 =
1

2
(|00〉+ |01〉+ |10〉 − |11〉)

(25)

15 Quantized electromagnetic field

a) Use the expression for the field operator Â(r) from the lecture notes to find the
expressions for Ĥ = 1

2

∫
d3r(Ê2 + B̂2) and P̂ = 1

c

∫
d3rE×B in terms of the photon

annihilation and creation operators.
b) Show that the electric and magnetic fields do not commute, but rather satisfy the

commutation relation[
Êi(r), B̂j(r

′)
]

= −ih̄c
∑
k

εijk
∂

∂xk
δ(r− r′) (26)

where the derivative of the delta function is a formal expression which should be un-
derstood through its Fourier transform.

c) Assume a single electromagnetic mode with quantum numbers k, a is excited
to a state with photon number nka. Determine the expectation values

〈
Êi(r)

〉
and〈

B̂i(r)
〉

, and determine the correlation functions

CE
ij =

〈
Êi(r)Êj(r

′)
〉
−

〈
Êi(r)

〉 〈
Êj(r)

〉
(27)

and

CB
ij =

〈
B̂i(r)B̂j(r

′)
〉
−

〈
B̂i(r)

〉 〈
B̂j(r)

〉
(28)
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.
16 Life time of excited level
We consider atomic trasitions in a single-electron atom. To first order in perturba-
tion theory, and in the dipole approximation, the life time τA of an excited level A is
determined by

1/τA =
∑
B

wBA =
e2ω3

AB

3πh̄c3
| 〈B|r|A〉 |2 (29)

where ωAB = (EA − EB)/h̄ is the frequency of a photon emitted in the transition
between atomic levels A and B.

The purpose of this exercise is to evaluate the life time of the excited 2p state of
the hydrogen atom. This state decays by a dipole transition to the ground state 1s.

In order to calculate the dipole matrix element make use of the following infor-
mation about the wave functions of the atomic states. In polar coordinates a general
energy eigenstate has the form (with the electron spin not included)

ψnlm(r, θ, φ) = Y m
l (θ, φ)Rnl(r) (30)

where Y m
l (θ, φ) is the spherical harmonics with orbital angular momentum h̄l and z-

component of the angular momentum h̄m, and n is the principal quantum number. For
the ground state 1s (n=1, l=0) and the 2p state (n=2, l=1), the radial wave functions are

R10 = 2√
a3
0

e
− r

a0 (1s) (31)

R21 = 1√
24a3

0

r
a0
e
− r

2a0 (2p) (32)

a0 = Bohr radius.

For the matrix element of r the expression below is found after integration over the
polar angles:

∑
m′
| 〈l′m′n′| r |lmn〉 |2=

{
l+1
2l+1

Rn′l′
nl l′ = l + 1

l
2l+1

Rn′l′
nl l′ = l − 1

(33)

with

Rn′l′

nl = (
∫ ∞

0
drr3Rn′l′(r)Rnl(r))

2. (34)

Show that

| 〈A|r|B〉 |2= 1

2
| 〈A|x+ iy|B〉 |2 +

1

2
| 〈A|x− iy|B〉 |2 + | 〈A|z|B〉 |2, (35)

then express x ± iy og z in terms of spherical harmonics Y m
l (θ, φ) and verify the

expression (34) for the particular case of a transition 2p → 1s. Finally, use this to
evaluate the life time τ2p.


