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FYS 4110 Non-relativistic Quantum Mechanics, Fall Semester 2007

Problem set 1

1.1 Time dependent transformation
Two unitarily equivalent descriptions of a quantum system are related by a time
dependent unitary transformation Û(t), which acts on state vectors and observ-
ables as

|ψ〉 → |ψ′〉 = Û(t)|ψ〉
Â → Â′ = Û(t) Â Û(t)−1 (1)

Show hat the corresponding transformation of the Hamiltonian includes an addi-
tional term

Ĥ → Ĥ ′ = Û(t) Ĥ Û(t)−1 + ih̄
dÛ

dt
Û−1 (2)

1.2 Trace and determinant
An hermitian operator Â has the following spectral decomposition

Â =
∑
n

an|n〉〈n| (3)

and a function f̂(A) of Â is defined by the corresponding decomposition

f̂(A) ≡
∑
n

f(an)|n〉〈n| (4)

The trace and determinant of this operator are defined as

Tr(f̂(A)) =
∑
n

f(an) , det(f̂(A)) =
∏
n

f(an) (5)

Provided the trace of Â exists (which may not necessarily be the case in an infinite
Hilbert space), show that we have the relation

det eÂ = eTr Â (6)

1.3 Operator identities
Assume Â and B̂ to be two operators, generally not commuting.
We define the following to composite operators:

F̂ (λ) = eλÂB̂e−λÂ

Ĝ(λ) = eλÂeλB̂ (7)
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a) Show the following relation

F̂ (λ) = B̂ + λ
[
Â, B̂

]
+
λ2

2

[
Â,

[
Â, B̂

]]
... (8)

by expanding in powers of λ.
b) Show the following relation between Ĝ(λ) and F̂ (λ),

dĜ

dλ
= (Â+ F̂ (λ))Ĝ(λ) (9)

and use this to demonstrate the following expansion (Campbell-Baker-Hausdorff)

Ĝ(λ) = eλÂ+λB̂+λ2

2 [Â,B̂]+ ... (10)

by calculating the exponent on the right-hand side to second order in λ.
c) When

[
Â, B̂

]
commutes with both Â and B̂ the expression (10) is exact without

the higher order terms indicated by ... in (10). Verify this by use of (9) and by
noting that the eigenvalues of Ĝ satisfy a similar differential equation.

1.4 Ehrenfest’s theorem
A (quantum) particle with mass m moves in a potential V (x). Show that the ex-
pectation values 〈x〉 and 〈p〉 satisfy similar equations of motion as those of a
classical particle in the potential V (x). Is there any difference? Discuss under
what conditions the classical and quantum expectation value equations are essen-
tially identical.


